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Laplace fractional operator: several points of view

o Functional analysis: M. Riesz, S. Bochner, W. Feller, E. Hille, R. S. Phillips,
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Basic example of fractional operator : fractional Laplacian
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A pointwise definition of the
fractional Laplacian
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The working space

We are going to work with the space .%(IR") of L. Schwartz’ rapidly decreasing
functions.
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The working space

We are going to work with the space .%(IR") of L. Schwartz’ rapidly decreasing
functions.

Z(R") is the space C®(R") of functions that

I, = sup sup (1+|x|*)P/2[a"f(x)| <o pEeNU{0}
|

[<px€ER
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The working space

We are going to work with the space .%(IR") of L. Schwartz’ rapidly decreasing
functions.

Z(R") is the space C®(R") of functions that

[f]l, = sup sup. (1—|—|x| )P/2|0%F(x)| <00 pe NU{0}
e[ <pxER

This space endowed with the metric topology

i If—gll,
f - - F
&= L2 g
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First definition motivation

Let f € C2(a, b), then for every x € (a, b) one has

2f(x) — f(x+y)—f(x—y)

" Y
—f"(x) = lim 5

y—0 y
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First definition motivation

Let f € C2(a, b), then for every x € (a, b) one has

2f(x) — f(x+y)—f(x—y)

" Y
—f"(x) = lim 5

y—0 y

If we introduce the spherical and solid averaging operators

sty = TN %/j () dt
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First definition motivation

Let f € C2(a, b), then for every x € (a, b) one has

2f(x) — f(x+y)—f(x—y)

" Y
—f"(x) = lim 5

y—0 y

If we introduce the spherical and solid averaging operators

M (x) = f(X”)erf(X_y) Ay f(x) = %/ijf

then we can reformulate —f”'(x) like this

() = 2t LI ) g, F00 = ()
y—0 y y—0 y
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First definition motivation

n a2f

Thus, if we bear in mind that —Af = — ;;1 7‘% and making an extension of the
spherical and solid averaging operators
Mt = s [ Fydoly) et = [ )y
Tn—1)" S(x,r) Wnr™ JB(x,r)
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First definition motivation

82
Thus, if we bear in mind that —Af = — Z and making an extension of the
=1 0%
spherical and solid averaging operators

1 1
M) n—l)r(n_l) /S(X,r) ) eoly) y() wpr” /.‘;’(X,r) e

then we have

—Af(X)=2nJ@0M (n+2)H0_f(X) - L F(x)
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Finally, as a generalization of the operator (—A)f one can define (—A)*f as an
R" non local operator. If we have u € .(IR"), we define:
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Finally, as a generalization of the operator (—A)f one can define (—A)*f as an
R" non local operator. If we have u € .(IR"), we define:

(=A)u(x) = 7(2'5) / 2u(x) = u<ryj|:4{2>s_ ulx~y) dy, s€(0,1)
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Finally, as a generalization of the operator (—A)f one can define (—A)*f as an
R" non local operator. If we have u € .(IR"), we define:

(=A)u(x) = 7(,;'5) / 2u(x) = u<ryj|:4{2>s_ ulx~y) dy, s€(0,1)

Observation 1: y(n, s) is, at this moment, an unknown constant.
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Finally, as a generalization of the operator (—A)f one can define (—A)*f as an
R" non local operator. If we have u € .(IR"), we define:

(=A)u(x) = 7(,;'5) / 2u(x) = u<ryj|:4{2>s_ ulx~y) dy, s€(0,1)

Observation 1: y(n, s) is, at this moment, an unknown constant.

Observation 2: this is a linear operator.

Group 3 Fractional Laplacian VIII Escuela-Taller

7/ 40



Finally, as a generalization of the operator (—A)f one can define (—A)*f as an
R" non local operator. If we have u € .(IR"), we define:

o <242 || Aoy 0

Observation 1: y(n, s) is, at this moment, an unknown constant.
Observation 2: this is a linear operator.

Observation 3: since as s — 17 the fractional Laplacean tends (at least, formally
right now) to (—A), one might surmise that in the regime 1/2 < 's < 1 the
operator (—A)* should display properties closer to those of the classical
Laplacian, whereas since (—A)° — | as s — 07, the stronger discrepancies
might present themselves in the range 0 < s < 1/2.
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(=A)*u is well-defined

It is important to observe that the integral in the right-hand side is convergent. In
order to see this, it suffices to write:

/ 2u(x) —u(x+y) —ulx—y) dy:/ 2u(x) —u(x+y) —ulx—y)
" \

|y|n+25

2u(x) —u(x+y) —u(x—y)
+/|y21
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(=A)*u is well-defined

It is important to observe that the integral in the right-hand side is convergent. In
order to see this, it suffices to write:

2u(x) —ulxt+y) —ulx—y) . _ 2u(x) —u(x+y) —ulx—y)
/n dy / - dy+

|y|n+25 |y|n+25

+/ 2u(x) —u(x+y)—u(x—y) dy = (a) + (b)
ly|>1

|y| n+2s

Starting with (a):

2ux) = ulx +) — ulx = y)
@< s &
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(=A)*u is well-defined

It is important to observe that the integral in the right-hand side is convergent. In
order to see this, it suffices to write:

2u(x) —ulxt+y) —ulx—y) . _ 2u(x) —u(x+y) —ulx—y)
/n dy / - dy+

|y|n+25 |y|n+25

+/ 2u(x) —u(x+y)—u(x—y) dy = (a) + (b)
ly|>1

|y| n+2s

Starting with (a):

2ux) = ulx +) — ulx = y)
@< s &

Using Taylor 2u(x) — u(x +y) — u(x — y) = —(V2u(x)y,y) + o(|x|3)
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Therefore

_ (V2u(x)y,y) +o(|x[3)]
a /y|51 |y|+2s v
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Therefore

_ (V2u(x)y,y) +o(|x[3)]
a /y|51 |y|+2s v

Using Cauchy-Schwarz inequality

2 3 2 2 3
S/ vV U(X)y||y|+;r|0(|><| ) dyg/ |V U(X)||y|:2r|0(|><| )| dy
y|<1 |y[nt2s lyl<1 |y|nt2s

1
= c/ —_dy =
lyl<1 |y|n—2(1=s)
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Therefore

_ (V2u(x)y,y) +o(|x[3)]
a /y|51 |y|+2s v

Using Cauchy-Schwarz inequality

[V2u(x)y|ly] + lo(|x[?)] [V2u(x)|ly* +[o(Ix[*)]
= /| <1 dy = /| <1 d

|y|n+2s |y|n+2s

= C/y|<1 |y|” 513) / / — 5 do(w) dr < oo
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Therefore

_ (V2u(x)y,y) +o(|x[3)]
a /y|51 |y|+2s v

Using Cauchy-Schwarz inequality

[V2u(x)y|ly] + lo(|x[?)] [V2u(x)|ly* +[o(Ix[*)]
= /| <1 dy = /| <1 d

|y|n+2s |y|n+2s

:c/ // o(w) dr < oo
ly|<1 Iyl” |y|n—2(-5) Sn @)

Now, for (b):

JREECEE IR )
ly[>1

1
[ 28 < Aull Ly (rm) /|y|>1 [ dy < oo
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Translations and dilations

Let h € R" and A > 0, the translation and dilation operators are defined,
respectively, by

Thf(x) = f(x+h); 6,f(x) = f(Ax)
for every f: IR” — R and every x € R"

Fractional Laplacian
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Translations and dilations

Let h € R" and A > 0, the translation and dilation operators are defined,
respectively, by
Thf(x) = f(x+h); 6,f(x) = f(Ax)

for every f: IR” — R and every x € R"

Proposition 1
Let u € S(R"), then for every h € R" and A > 0 we have

(=A)*(thu) = Th((=A)*v)

and

(—A)*(Byu) = A%6,((—A)*u)
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Translations and dilations

Let h € R" and A > 0, the translation and dilation operators are defined,
respectively, by
Thf(x) = f(x+h); 6,f(x) = f(Ax)

for every f: IR” — R and every x € R"

Proposition 1
Let u € S(R"), then for every h € R" and A > 0 we have

(=A)*(thu) = Th((=A)*v)

and
(—A)*(Byu) = A%6,((—A)*u)

In particular, (—A)® is a homogeneous operator of order 2s.
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Orthogonal group

Recall that the orthogonal group is

O(n) = {T € Ma(R): TET = TTt = 1}
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Orthogonal group

Recall that the orthogonal group is

O(n) = {T € Ma(R): TET = TTt = 1}

The usual Laplacian satisfies A(uo T) = Auo T for every T € O(n).

What about the fractional Laplacian?
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Orthogonal group

Recall that the orthogonal group is
O(n) ={TeM,(R): T'T =TT ' =1}
The usual Laplacian satisfies A(uo T) = Auo T for every T € O(n).
What about the fractional Laplacian?
We say that a function f: R” — R has spherical symmetry if f(x) = *(|x|) for

some f*: R" — R or, equivalently, if f(Tx) = f(x) for every T € O(n) and
every x € R
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Orthogonal group

Recall that the orthogonal group is
O(n) ={TeM,(R): T'T =TT ' =1}
The usual Laplacian satisfies A(uo T) = Auo T for every T € O(n).
What about the fractional Laplacian?
We say that a function f: R” — R has spherical symmetry if f(x) = *(|x|) for

some f*: R" — R or, equivalently, if f(Tx) = f(x) for every T € O(n) and
every x € R

Proposition 2

Let u € S(R") (actually, it is enough that u € C2(IR") N L*(IR")) be a function
with spherical symmetry. Then, (—A)® has spherical symmetry.
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Orthogonal group (Cont.)

PROOF .-
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Orthogonal group (Cont.)

PROOF .-
Let's see that (—A)*u(Tx) = (—A)°u(x) for each T € O(n) and each x € R”
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Orthogonal group (Cont.)

PROOF .-
Let's see that (—A)*u(Tx) = (—A)°u(x) for each T € O(n) and each x € R”

(—A)u(Tx) = 22 S)/ 20" (|Tx]) = (| Tx +y]) =" (I Tx = y])

2 |y|2n+s

_ 'y(n,s)/ 20" (|x]) = u"(x + Ty]) = u*(x = T'y])
2 n |y|2n+s
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Orthogonal group (Cont.)

PROOF .-

Let's see that (—A)*u(Tx) = (—A)°u(x) for each T € O(n) and each x € R”

(o = 202 [ 2P v (Pras —w (e

- ’r(n,s)/ 20" (|x]) = u"(x + Ty]) = u*(x = T'y]) dy

2 |y|2n+s

Change of variable: z = Tty

Fractional Laplacian
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Orthogonal group (Cont.)

PROOF .-

Let's see that (—A)*u(Tx) = (—A)°u(x) for each T € O(n) and each x € R”

(—=A)*u(Tx) = 7(’; 5)/n2u (ITx]) — u* (||Tyx|;;+ys|)—u*(|rx_y|)

- ’r(n,s)/ 20" (|x]) = u"(x + Ty]) = u*(x = T'y]) dy

2 |y|2n+s

Change of variable: z = Tty

_a(ns) [ 2ut(|x]) —ut(Ix+2]) —u*(fx —2])
2 R? |TZ|2n+s

Group 3

Fractional Laplacian
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Orthogonal group (Cont.)

PROOF .-

Let's see that (—A)*u(Tx) = (—A)°u(x) for each T € O(n) and each x € R”

(—apum = 12) [ 20T v (T —u (T,

2 |y|2n+s

- ’r(n,s)/ 20" (|x]) = u"(x + Ty]) = u*(x = T'y]) dy

2 |y|2n+s

Change of variable: z = Tty

_a(ns) [ 2ut(|x]) —ut(Ix+2]) —u*(fx —2])
2 R? |TZ|2n+s

_alns) [ 20(x]) —u (x+2[) —u*(x—2]) s
=5 | B dz = (—A)°u(x)

Group 3

Fractional Laplacian
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Alternative expression for the fractional Laplacian

Now we find a new pointwise expression for the fractional Laplacian which will be
useful when we prove the equivalence of the different definitions.
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Alternative expression for the fractional Laplacian

Now we find a new pointwise expression for the fractional Laplacian which will be
useful when we prove the equivalence of the different definitions.

Theorem
Let u € S(R"), then

u(x) — uly)

(=86 = 3(n )P V. [ L7

where P.V. means the Cauchy’s principal value, i.e.

P.V./ 4l = u) i / e =l
R

n |X_y|n+25 0t [y |X_y|n+25
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Alternative expression for the fractional Laplacian (Cont.)

PROOF .-
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Alternative expression for the fractional Laplacian (Cont.)

(=A)°u(x) = E lim / 2u(x) —u(x+y) —u(x—y) dy
|

|y|nt2s
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Alternative expression for the fractional Laplacian (Cont.)

s 1 . 2u(x) — u(x —u(x —
Al [ sty vy,

_ Ll / u(x) —u(x+y) dy+ X lim / u(x) —u(x—y) dy
ly[>e ly|>e

N 20+
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Alternative expression for the fractional Laplacian (Cont.)

s 1 . 2u(x) — u(x —u(x —
Al [ sty vy,

Changes of variables:
@ x+ y = z in the first integral
@ x — y = z in the second integral

Group 3 Fractional Laplacian VIII Escuela-Taller 14 / 40



Alternative expression for the fractional Laplacian (Cont.)

s 1 . 2u(x) — u(x —u(x —
Al [ sty vy,

Changes of variables:
@ x+ y = z in the first integral
@ x — y = z in the second integral

1 . u(x) —u(z) g 1 . u(x) —u(z) g
: /|zx|>e . /|xz|>s ¢

250t |z — x|nt2s 2¢-50+ |x — z|nt2s
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Alternative expression for the fractional Laplacian (Cont.)

s 1 . 2u(x) — u(x —u(x —
Al [ sty vy,

Changes of variables:
@ x+ y = z in the first integral
@ x — y = z in the second integral

1 . u(x) —u(z) g 1 . u(x) —u(z) g
: /|zx|>e . /|xz|>s ¢

250t |z — x|nt2s 2¢-50+ |x — z|nt2s

. u(x) —u(z)
= Jim, / Tz <
e—0 |x—z|>¢ |X Z|
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Another two definitions of the
fractional Laplacian

VI Escuela-Taller 15 / 40



Fourier transform

We recall the definition of the Fourier transform, F, of a function f € S(R"):

F(F)(&) = #(2) = (2m) /2 /]R e e, LER”,
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Fourier transform

We recall the definition of the Fourier transform, F, of a function f € S(R"):

n

FIO© =10 = @0 " [ fge ™o ger,

whose inverse function is given by

FYU)(x) = (2m) /2 / F(@)e*Tds, xR,
Rn
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Fourier transform

We recall the definition of the Fourier transform, JF, of a function f € S(]R”):
FO@ =@ = [ foge? i ger,
]Rn
whose inverse function is given by

FUNM = [ F@eTia,  xeR",
IRI‘I
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Fourier transform

We recall the definition of the Fourier transform, JF, of a function f € S(]R”):
FO@ =#@) = [ e, geRr”
whose inverse function is given by
FUNK = [ @ d  xern
so that

F(x) = F Lo F(f)(x) = (20) /2 /IR F@eidE xeR"
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Definition of (—A)* via the heat semigroup ef®

We will define (—A)*f in terms of the heat semigroup ef®, which is nothing but
an operator such that maps every function f € S(R") to the solution of the heat
equation with initial data given by f:

vi = Av, (x,t) € R" x (0, 00)
v(x,0) = f(x), x€R"

Using Fourier transform and its inverse and with a bit of magic, we can write

e f(x) == v(x, t) = (27t)*”/2/ e*t\f;‘|2f(§)e"x‘5d§ = /]R" Wi (x — z)f(z)dz,

n

where
x2

W;(x) = (4rtt)""2e" 30, x € R",

is the Gauss-Weierstrass kernel.
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Definition of (—A)* via the heat semigroup ef®

Inspired by the following numerical identity: for A > 0,

—t/\

0<s<1,

t1+s

where o J
.

_ —r .

r<—s)_/0 (e ~1)41; <O

we can think of (—A)* as the following operator

(=8)*f(x)

~ r(i5> /Ooo(emf(x)—f(x))%, 0<s< 1
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Definition of (—A)® via the Fourier Transform

By the well-known properties of F with respect to derivatives, we have that, for
f e S(R),
F[-Af](©Q) = [EPF(F)(E),  ¢eR”,
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Definition of (—A)® via the Fourier Transform

By the well-known properties of F with respect to derivatives, we have that, for
f e S(R),

FI-bf1() = EPF()(E),  &eR”

so it is reasonable to write something like

(=AF(x) ~ F7Y| - PF(H](x), xeR", 0<s<1.
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Definition of (—A)® via the Fourier Transform

By the well-known properties of F with respect to derivatives, we have that, for
f e S(R),

FI-bf]() = 22 PF(F)(E),  ¢€R,

so it is reasonable to write something like

(=A)F(x) ~ F Y2 - B2 F(F)](x), x€R", 0<s<1.
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Theorem (Lemma 2.1. P. Stinga's PhD thesis)
Given f € S(R") and 0 < s < 1,

FH PRI = gy [, (€200 = F00) a5 xR

and this two functions coincide in a pointwise way with (—A)°f(x) when the
constant y(n, s) in its definition is given by

_ #T(n/2+5)

—FF—— > 0.
—7T”/2I'(—s)

7(n.s)
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Everybody wants to be the fractional Laplacian

Let x € R". By Fubini's theorem and inverse Fourier formula,
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Everybody wants to be the fractional Laplacian

Let x € R". By Fubini's theorem and inverse Fourier formula,

g €0 =015 = g o [ - D@t
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Everybody wants to be the fractional Laplacian

Let x € R". By Fubini's theorem and inverse Fourier formula,

el G ORI r% [ e e
1"( s) /n/ 1+s|§|2sf(}’)e"x‘5dy
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Everybody wants to be the fractional Laplacian

Let x € R". By Fubini's theorem and inverse Fourier formula,

el G ORI r% [ e e

~ v fo e e ey
= [ e F@e iz = F - A )
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Everybody wants to be the fractional Laplacian

Let x € R". By Fubini's theorem and inverse Fourier formula,
A _ — 2 dt " x-
g e - ) - = L e e e

v o e 1+s|c|25f<y>e"*5dy
= [ e F@e iz = F - A )

Since f € S(IR"), we have that

L ER s dt
L [ e i@l de < o

and so Tonelli authorises us to apply Fubini's theorem.
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Everybody wants to be the fractional Laplacian

Next, we will see that

L[ dt _ 4T(n/2+s) Fx) - £(2) "
I'(—s) /0 (e™F(x) — f(x)) s — mRv /IR" mdz, x € R".
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Everybody wants to be the fractional Laplacian

Next, we will see that

1 [% e dt  4T(n/2+s F(x) — Flz )
r(_s)/o (e Af(x)—f(X))tlis = %PV/H%W, x € R™.

Let e > 0.

Fractional Laplacian VIII Escuela-Taller



Everybody wants to be the fractional Laplacian

Next, we will see that

1 [% e dt  4T(n/2+s F(x) — Flz )
r(_s)/o (e Af(x)—f(X))tlis = %Rv/n%dz, x € R™.

Let € > 0. Using that ||W;(x — -)||1(gn) = 1 for any x € R”, and Fubini's
theorem (that can be legally applied),
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Next, we will see that

1 [% e dt  4T(n/2+s F(x) — Flz )
r(_s)/o (e Af(x)—f(X))tlis = %Rv/n%dz, x € R™.

Let € > 0. Using that ||W;(x — -)||1(gn) = 1 for any x € R”, and Fubini's
theorem (that can be legally applied),

® 4 dt [ dt
/O(eAf(x)—f(x))tH_s_/o [ W= 2)(F(2) — F0) 175
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Everybody wants to be the fractional Laplacian

Next, we will see that

1 [% e dt  4T(n/2+s F(x) — Flz )
r(_s)/o (e Af(x)—f(X))tlis = %RV/H%W, x € R™.

Let € > 0. Using that ||W;(x — -)||1(gn) = 1 for any x € R”, and Fubini's
theorem (that can be legally applied),

® 4 dt [ dt
/O(eAf(x)—f(x))tH_s_/o [ W= 2)(F(2) — F0) 175

°° dt
= [ [ wex— () — 0 e
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Everybody wants to be the fractional Laplacian

Next, we will see that

1 [% e dt  4T(n/2+s F(x) — Flz )
r(_s)/o (e Af(x)—f(X))tlis = %RV/H%W, x € R™.

Let € > 0. Using that ||W;(x — -)||1(gn) = 1 for any x € R”, and Fubini's
theorem (that can be legally applied),

® 4 dt [ dt
/O(eAf(x)—f(x))tH_s_/o [ W= 2)(F(2) — F0) 175

°° dt
= [ [ wex— () — 0 e
= lg+ Il
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Everybody wants to be the fractional Laplacian

© P dt
IS = / / (47Tt)_n/ e 4 (f(Z) - f(X))Tﬁdz
|[x—z|>¢ JO t
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Everybody wants to be the fractional Laplacian

” —nj2, bzl dt
/x—zbeA (47t) "2e (f(2) - f(X))mdz

e

lx-z12  dt

= [ @) [ ame e S R
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Everybody wants to be the fractional Laplacian

* x—z2 dt
b= [ [ e N (1) - £00)
|[x—z|>¢ JO t

lx-z12  dt

= [ @) [ ame e S R

— 4T(n/2 +s) 1
_ /lx_zbs(f(x)*f(z)) e P

2
where we used the change of variables r = %
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Everybody wants to be the fractional Laplacian

«© x—z[2 dt
b= [ [ e N (1) - £00)
|[x—z|>¢ JO t

lx-z12  dt

- /|X_z\>g(“z) — () [ ey S s

— 4T(n/2 +s) 1
_ /lx_zbs(f(x)*f(z)) e P

_ 512
where we used the change of variables r = %

Observe that I converges absolutely for any & > 0 since f is bounded.
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Everybody wants to be the fractional Laplacian

Using polar coordinates,

) dt
Iy = /0 /‘Xiz‘<€ We(x —z)(f(z) — f(x))dzm
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Everybody wants to be the fractional Laplacian

Using polar coordinates,

) dt
Iy = /0 /‘Xiz‘<€ We(x —z)(f(z) — f(x))dzm

o0 € 2
:/ (4m)7"/2/ e*rfrnfl/ (F(x+ r2') — (2))dS () dr 2L
0 0 |2/|=1 t
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Everybody wants to be the fractional Laplacian

Using polar coordinates,

I :/Ow/‘HKS Welox — 2)(F(2) — F()) d2 oy
= /000(471’1')7'7/2 /OS e*% rl /|z’\:1(f(x+ rz') — f(z))dS(z/)dr%.

By Taylor's theorem, using the symmetry of the sphere,

/Iz’l—l(f(xjL rZ') = (2))dS(2') = CorPAf(x) + O(rF),
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Everybody wants to be the fractional Laplacian

Using polar coordinates,

I :/Ow/‘HKS Welox — 2)(F(2) — F()) d2 oy
= /000(471’1')7'7/2 /OS e*% rl /|z’\:1(f(x+ rz') — f(z))dS(z/)dr%.

By Taylor's theorem, using the symmetry of the sphere,
/ (F(x +12') = F(2))dS(2') = Car?AF(x) + O(F3),
|z'|=1

thus

+1 e 4t
] < Coar( )/ / tn/2+s -
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Everybody wants to be the fractional Laplacian

Using polar coordinates,

I :/Ow/‘HKS Welox — 2)(F(2) — F()) d2 oy
= /000(471’1')7'7/2 /OS e*% rl /|z’\:1(f(x+ rz') — f(z))dS(z/)dr%.

By Taylor's theorem, using the symmetry of the sphere,
/ (F(x +12') = F(2))dS(2') = Car?AF(x) + O(F3),
|z'|=1

thus

+1 e 4t
] < Coar( )/ / tn/2+s -

AR /0 P Cpsr " 2dr = Gy ap(v 58
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Everybody IS the fractional Laplacian

This proves that /l; — 0 as e — 0, so
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Everybody IS the fractional Laplacian

This proves that /l; — 0 as e — 0, so

© A dt 3
(40 = () s = i e+
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Everybody IS the fractional Laplacian

This proves that /l; — 0 as e — 0, so

A a _ .
(eF (%) = £(x)) o5 = lim fe + 1le

0
4T(n/2+s) f(x)—f(z)
=T g2 Pv. Re |x — 2|72 dz
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Everybody IS the fractional Laplacian

This proves that /l; — 0 as e — 0, so

A a _ .
(eF (%) = £(x)) o5 = lim fe + 1le

0
4T(n/2+s) f(x)—f(z)
=T g2 Pv. Re |x — 2|72 dz

This kind of computations (bearing in mind the exact expression of the constant
v(n, s)) also prove the following pointwise convergence

(=A)*f(x) = —Af(x), x €R"ass — 0",

when f € C?(R") N L®(R") (observe that, in S(IR") this is obvious by the
definition via Fourier transform).
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And last but not least

VI Escuela-Taller 26 / 40



Extension Problem

Let s € (0,1) and consider a =1 — 2s.
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Extension Problem

Let s € (0,1) and consider a = 1 — 2s. We want to solve the extension problem

LoU(x,y) =divy, (y?Vx,U) =0, x€RY,y>0,
U(x,0) = u(x),
U(x,y) > 0asy — .
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Extension Problem

Let s € (0,1) and consider a = 1 — 2s. We want to solve the extension problem

LoU(x,y) =divy, (y?Vx,U) =0, x€RY,y>0,
U(x,0) = u(x),
U(x,y) > 0asy — .

The previous system can be written as

~0U(xy) = (3 + 20, ) Ulxy),  x€RLy >0,
U(x,0) = u(x), (1)
U(x,y) > 0asy — oo.

Group 3 Fractional Laplacian VIII Escuela-Taller



Extension Problem

Theorem 1 (Extension Theorem)

Let u € S(R"). Then, the solution U to the extension problem (1) is given by

Ux,y) = (Pelay) <) () = [ Pulox=z,y)alz) d, @
where D(n/2-5) ”e
PH0) = Sy G e ©)

is the Poisson Kernel for the extension problem in the half-space ]Rfl.
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Extension Problem

Theorem 1 (Extension Theorem)

Let u € S(R"). Then, the solution U to the extension problem (1) is given by

Ux,y) = (Pelay) <) () = [ Pulox=z,y)alz) d, @

where
I(n/2+s) y2s

P = St (2 a2

©)

is the Poisson Kernel for the extension problem in the half-space ]Rfl. For U as
in (2) one has

2T lim y'72%9, U(x, y). (4)

(ZA)u) =~y \m,

v
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Extension Problem

PROOF
If we take a partial Fourier transform of (1)

yO(@G y)+15220,0(5,y) —47%|5P0(E y) =0 in RT,
( §0)=0(g), U@Gy) —0asy— oo, x € R,
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Extension Problem

PROOF
If we take a partial Fourier transform of (1)

9y, UG, y) +1520,0(,y) — 42205, y) =0 in R,
U(&,0)=a(¢), U(Fy) —=0asy— oo, x € R".

If we fix ¢ € R"\ {0} and Y (y) = Yz(y) = U(¢,y),

{ vV ' (y) + (1 =25)yY'(y) = 472|522 (y) =0y in R+,
Y(0)=a(5), y(y) »0asy— oo,

Group 3
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Extension Problem

PROOF
If we take a partial Fourier transform of (1)

9y, UG, y) +1520,0(,y) — 42205, y) =0 in R,
U(&,0)=a(¢), U(Fy) —=0asy— oo, x € R".

If we fix ¢ € R"\ {0} and Y (y) = Yz(y) = U(¢,y),

{ vV ' (y) + (1 =25)yY'(y) = 472|522 (y) =0y in R+,
Y(0)=a(5), y(y) »0asy— oo,

then it can be compared with the generalized modified Bessel equation:
" !/
Y2 4 (L =20)yY (y) + [B2r2% + (a = v*9?)]Y(y) = 0 (5)

a=sv=1v=sp=2mr

Group 3 Fractional Laplacian VIII Escuela-Taller 29 / 40



The general solutions of (5) are given by

0. y) = Ay®ls(27|¢ly) + By*Ks(27t|2]y)

where Is and K are the Bessel functions of second and third kind,
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The general solutions of (5) are given by

0. y) = Ay®ls(27|¢ly) + By*Ks(27t|2]y)

where Is and K are the Bessel functions of second and third kind,both
independent solutions of the modified Bessel equation of order s

20" +2¢ — (2 +2)p=0 (6)
where

¢ solution of (6) = Y (y) = y*¢(By") solution of (5).
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ix)

BOF L Le) L lkg(x) Kalx)

Ki(x) kalx)

ki) ks(x) el
| \

Group 3

- z/2 s+2k

Zk:f’(_l)kr(k +(1)1"()k +s+1)
(2/2)s+2k

k+1)T(k+s+1)

m I_s(z) — Is(2)

2 sin 7ts

Zf:o r(

Fractional Laplacian

|z| < oo, |arg(2)| < 7,
|z| < o0, |arg(2)| < m,

larg(z)| < m.
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Extension Problem

The condition U(&,y) — 0 as y — o forces A = 0.
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Extension Problem

The condition U(&,y) — 0 as y — oo forces A = 0. Using s asymptotic behavior,

7y l_s(27t|¢ly) — y*ls(27¢]y)
2 sin 7Ts

By*Ks(27|¢ly) = B
., Bmt

I'(1—s)sin s

— B25Ir(s) (2rle]) .

(27l))~* = [P(s)r(s — 1) = ]

sin 71s
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Extension Problem

The condition U(&,y) — 0 as y — oo forces A = 0. Using s asymptotic behavior,

7y l_s(27t|¢ly) — y*ls(27¢]y)
2 sin 7Ts

(27l))~* = [P(s)r(s — 1) = ]

sin 71s

By*Ks(27t|¢ly) = B

. Br2s—1
I'(1—s)sin s
= B2571I(s)(2m|E])~>.

In order to fulfill the condition U(¢&,0) = d(&), we impose

. (27t[g])*a(S)

U@g.y) = 2115 y°Ks(27[¢ly). (7)
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We want to prove
U(x,y) = (Ps(- y) * u)(x).

Group 3 Fractional Laplacian VIII Escuela-Taller 33 /40



We want to prove

Ulx,y) = (Ps(,y) x u)(x).
Taking inverse Fourier transform and using (7), we have to show that

1 (rg)* s _T(n/2+5) y*
]:C—>x <251r(s)y Ks(27'(|‘:|)/)> = /2T (s) (y2 + |x|2 ) (n+2s)/2"
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We want to prove
U(x,y) = (Ps(- y) * u)(x).

Taking inverse Fourier transform and using (7), we have to show that

—1 ((2nlg)® _I(n/2+5) y*
]:C_>X (2511_,(S>y Ks(27_(|§y)> - 7_[”/21-(5> (y + |X| ) n+25 /2"

Since the function in the left hand-side of (33) is spherically symmetric, proving
(33) is equivalent to establishing the follow identity

I'(n/2+s) y2s

Frox (27|87 Ko (271]2]y)) = /2 (2 |x|2)(nt2s)/2°
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We want to prove
U(x,y) = (Ps(- y) * u)(x).

Taking inverse Fourier transform and using (7), we have to show that

(el T2is) g
7 (g el ) = S

Since the function in the left hand-side of (33) is spherically symmetric, proving
(33) is equivalent to establishing the follow identity

I'(n/2+s) y2s

Frox (27|87 Ko (271]2]y)) = /2 (2 |x|2)(nt2s)/2°

(Hankel transform : H = H™1 for radial functions.)
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Theorem 2 (Fourier-Bessel Representation)
Let u(x) = f(|x

), and suppose that
t = t"2f(t)d,/0_1(27|E|t) € LL(R™).

Then,

a() = 2nlg| "2 [ " 26 (8) Sy a1 (270]E]E) .
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Theorem 2 (Fourier-Bessel Representation)
Let u(x) = f(|x

), and suppose that

t = t"2f(t)d,/0_1(27|E|t) € LL(R™).
Then,

A

a() = 2nlg| "2 [ " 26 (8) Sy a1 (270]E]E) .

Then, the latter identity (33) is equivalent to

227T5+1ys 00
T [ eyt s el e

0
I'(n/2+s) y2s
7T/ 2T (s) (y2 + |X|2)(n+2s)/2‘

Group 3 Fractional Laplacian VIII Escuela-Taller 34 / 40



Let's establish

2s—1
(=A)°u(x) = O] lim y172%9, U(x, y).

I'(l—s) y—ot
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Let's establish

225—11-' s ) B
277T(s) lim y172%9, U(x, y).

(=800 = =T gy Nim,

Recall that (—A)su(&) = (27|¢])2°a(E).
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Let's establish

22711 (s) 1-2
— il e .
[1—s) ,m. Y TorUlxy)

(=A)?u(x) = -
Recall that (—/AFU(E) = (27t|&])?4(E). Using the equalities
Ki(2) = ZKs(2) ~ Kena(2)

and
ZKel2) — Kerr(2) = —Ks 1(2) = —Ks(2),
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Let's establish

225—11-' s ) B
277T(s) lim y172%9, U(x, y).

(=800 = =T gy Nim,

Recall that (—/AFU(Z) = (27t|&])?4(E). Using the equalities

Ki(2) = ZKs(2) ~ Kena(2)

and 5
ZKe(2) ~ Kora(2) = ~Koa(2) = ~Ki-s(2),
we obtain
. 2 s+1n
P 20,0(.) = P EE sk erlely).
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As before, we have

Nim v Ko (2mily) = 27T (1 = s)(2mlg)
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As before, we have

Nim v Ko (2mily) = 27T (1 = s)(2mlg)

We finally reach the conclusion

I'(1—s)

—m@ﬂﬂ)%ﬁ(@)-

lim y'2%9,0(¢,y) =
i,y 0y (€.y)
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As before, we have

iy Ko (2mlgly) = 27T (1 = s) (2l

We finally reach the conclusion

im0, 008.) = - i (rlEh o c).

Remark 1 (Alternative proof of (4))

Using that
/ Ps(x,y)dx =1, y >0,

we will show another proof.
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Let u € S(IR™) and consider the solution U(x,y) = (Ps(-, y) * u)(x) to the
extension problem (1).
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Let u € S(IR™) and consider the solution U(x,y) = (Ps(-, y) * u)(x) to the
extension problem (1). We can write

I'(n/2+s) / u(z) — u(x)
R (

Ulx.y) = /2T (s) y2 4|z — X|2)(n+2s)

7 9z + u(x).
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Let u € S(IR™) and consider the solution U(x,y) = (Ps(-, y) * u)(x) to the
extension problem (1). We can write

Ulx.y) = I'(n/2+s) /]Rn : u(z) — u(x)

/2T (s) y2 + |z — x|2)(n+2s)

7 9z + u(x).

Differentiating both sides respect to y we obtain

_ I'(n/2+5s) u(z) — u(x)
1-2s _ 5 / 2y
7N 220G Jre G2 e — a4 OV
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Now, letting y — 0" and using the Lebesgue dominated convergence theorem, we
thus find

lim 129, U(x, y) = 25 2 E5)p / u(z) — u(x)

y—0+ /2T (s) R (|2 — X|2)(n+25)/2
_ . T(n/2+5) 1, avs
- 25 71,,-,/21—-(5) ’Y(nvs) ( A) U(X).
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Now, letting y — 0" and using the Lebesgue dominated convergence theorem, we
thus find

lim 129, U(x, y) = 25 2 E5)p / u(z) — u(x)

Y0+ 7-[n/21"(5) R (|Z_X|2)(n+25)/2
I'(n/2+5s) 1
= _257‘["/2—1—'(5)’)/(”'5) (—A)SU(X).
Finally, recall that
(ns) = s22°T(n/2 + s)
TS = e —s)
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La exposicion estd basada en:

1. L. Caffarelli y L. Silvestre, An extension problem related to the fractional
Laplacean, Comm. Partial Differential Equations 32 (2007), no. 7-9,
1245-1260;

2. N. Garofalo, Fractional thoughts, arXiv:1712.03347v3;

3. M. Kwasnicki, Ten equivalent definitions of the fractional Laplace operator,
Fract. Calc. Appl. Anal. 20 (2017), no. 1, 7-51;

4. L. Silvestre, Regularity of the obstacle problem for a fractional power of the
Laplace operator, Comm. Pure Appl. Math. 60 (2007), no. 1, 67-112 y Tesis
Doctoral, 2005 (con el mismo nombre).

5. P. R. Stinga, Fractional powers of second order partial differential operators:
extension problem and regularity theory, Tesis Doctoral, 2010;

6. P. R. Stinga y J. L. Torrea, Extension problem and Harnack'’s inequality for
some fractional operators, Comm. Partial Differential Equations 35 (2010),
no. 11, 2092-2122.
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Thanks for your attention
Eskerrik asko zuen arretarengatik
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