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Notation

K: RorC.

T={)eK: |\ =1}

(X, |Illx): Banach space.

B(x,|llx): Closed unit ball of (X, ||-|x)-
E(x,|11x): Extreme points of B(x |.|)-
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Introduction

First definitions

First we introduce some definitions to deal with the problem.
Definition

Let X be a vector space and A C X. A is said to be convex if
(1—t)A+tAC A forevery t €[0,1].
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Introduction

First definitions

First we introduce some definitions to deal with the problem.

Definition
Let X be a vector space and A C X. A is said to be convex if
(1—t)A+tAC A forevery t €[0,1].

Particular subsets of the previous ones lie in the next definition.
Definition
A subset F of a convex set A is called a face of A if:

Q@ F is convex.

@ Forevery x € F and y,z € A with x = 3(y + z), we have that
v,z € F. In particular, zero-dimensional faces are extreme points.
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Introduction

Figure: Example of convex set
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Introduction

Figure: Extreme points
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Introduction

Figure: One-dimensional faces
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Introduction

Finite dimensional spaces

Let X be a finite-dimensional normed space (dim(X) = n). Thanks to
Minkowski's theorem,

BX = CO(Ex)
If x € Ex, it is easy to show that Tx C E, hence the group T acts

transitively on Ex. Since the unit ball of a normed space is absorbing, in
particular |[Ex/ ~| > n.
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Introduction

Infinite-dimensional spaces: Preserving the equation

Theorem (Krein-Milman)

Let X be a locally convex space and let A be a nonempty compact
convex subset of X. Then, A=Tco(Ep).
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Theorem (Lindenstrauss, Troyanski)

Let A be a weakly compact convex set in a Banach space X. Then, A is
the closed convex hull of its strongly exposed points.
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Infinite-dimensional spaces: Preserving the equation

Theorem (Krein-Milman)

Let X be a locally convex space and let A be a nonempty compact
convex subset of X. Then, A=Tco(Ep).

Theorem (Lindenstrauss, Troyanski)

Let A be a weakly compact convex set in a Banach space X. Then, A is
the closed convex hull of its strongly exposed points.

Theorem (Namioka, Phelps)

Let A be a norm-closed convex bounded set in a separable dual space
X*. Then, A is the norm-closed convex hull of its strongly exposed points.
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Infinite-dimensional spaces: Preserving the coordinates

acA
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Infinite-dimensional spaces: Preserving the coordinates

n
a = E )\kek
k=1

Antonio Zarauz Moreno GEOMETRIC CHARACTERISATIONS OF £1(I') 8 /19



Introduction

Infinite-dimensional spaces: Preserving the coordinates

a = Z)\kek = Z/A)\kéek
k=1 k=1
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Introduction

Infinite-dimensional spaces: Preserving the coordinates

a:Z)\kek :Z/A)\kéek :/Adu
k=1 k=1
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Infinite-dimensional spaces: Preserving the coordinates
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Introduction

Infinite-dimensional spaces: Preserving the coordinates

a:Z)\kek:Z/A)\kéek:/Adu:>f(a):/Afd,u, Vf e X*
k=1 k=1
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Introduction

Infinite-dimensional spaces: Preserving the coordinates

a:Z)\kek:Z/A)\kéek:/Adu:>f(a):/Afd,u, Vf e X*
k=1 k=1

Theorem (Krein-Milman revisited)

Suppose that A is a metrizable compact convex subset of a locally convex
space X, and that xo € A. Then there is a probability measure on A which

represents xg and is supported by the closure of the extreme points of
A.
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Introduction

Infinite-dimensional spaces: Preserving the coordinates

a:Z)\kek:Z/A)\kéek:/Adu:>f(a):/Afd,u, Vf e X*
k=1 k=1

Theorem (Krein-Milman revisited)

Suppose that A is a metrizable compact convex subset of a locally convex
space X, and that xo € A. Then there is a probability measure on A which

represents xg and is supported by the closure of the extreme points of
A.

Theorem (Choquet)

Suppose that A is a metrizable compact convex subset of a locally convex
space X, and that xo € A. Then there is a probability measure on A which
represents xp and is supported by the extreme points of A.
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Introduction

Minkowski's functional

Theorem

Let X be a locally convex space. The map pa: X — ]Rar given by
pa(x) =inf{\ € R : x € AA}

defines a norm over X if and only if there exists a bounded
0-neighbourhood in X.
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Theorem

Let X be a locally convex space. The map pa: X — ]Rar given by
pa(x) =inf{\ € R : x € AA}

defines a norm over X if and only if there exists a bounded
0-neighbourhood in X.

oA/ /
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Introduction

Problem

Given a vector space X, is there any norm for which Bx has a minimum
number of extreme points?
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For infinite-dimensional spaces, the lack of compactness of Bx imposes
the additional hypothesis Bx = ¢o(Ex).
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Introduction

Problem
Given a vector space X, is there any norm for which Bx has a minimum
number of extreme points?

For infinite-dimensional spaces, the lack of compactness of Bx imposes
the additional hypothesis Bx = ¢o(Ex).

Problem (Infinite-dimensional setting)

Given a vector space X, is there any norm for which Bx has a “minimum
number” of extreme points such that Bx = ¢o(Ex)?
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Characterisation using segments

Definition
Let X be a normed space. X has the (x)-property if, for every
x,y € Ex/ ~, S« is a face of Bx.
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Characterisation using segments

Definition
Let X be a normed space. X has the (x)-property if, for every
x,y € Ex/ ~, S« is a face of Bx.

@ Rotund spaces.
e oo(IN), LE([0,1]).
o HY(D), 2 (T).
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Characterisation using segments

Lemma

Let X be a normed space. Then, the (x)-property is equivalent to the
linear independence of the set Ex/ ~.
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Characterisation using segments

Lemma

Let X be a normed space. Then, the (x)-property is equivalent to the

linear independence of the set Ex/ ~.
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Characterisation using segments

Theorem

Let X be a Banach space with the (x)-property and satisfying
Bx = co(Ex). Then, there exists a set I such that X = ¢*(I).
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Characterisation using segments

Theorem

Let X be a Banach space with the (x)-property and satisfying
Bx = co(Ex). Then, there exists a set I such that X = ¢*(I).

Corollary

Under the hypothesis of the previous theorem, if Ex/ ~ is also countable,
then X = (*(N).
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Characterisation using segments

Theorem

Let X be a Banach space with the (x)-property and satisfying
Bx = co(Ex). Then, there exists a set I such that X = ¢*(I).

Corollary

Under the hypothesis of the previous theorem, if Ex/ ~ is also countable,
then X = (*(N).

Corollary

Let X be a finite-dimensional normed space (dim(X) = n) with the
(%)-property. Then, X = (1.
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Characterisation using renormings

Definition
Let (X,||"||x) be a normed space. ||-||x has the minimal vertices property
if the following conditions hold:
® Bix,J11x) = @ (Epx. 1))
o If||-I| is an equivalent norm with Bx j.jy = <o (Ex,.)) and
Eoxi-m © Eoxiliix) then By = Eoxjix)-
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Characterisation using renormings

Definition
Let (X,||"||x) be a normed space. ||-||x has the minimal vertices property
if the following conditions hold:

® Bx,x) = 0 (Ex.|1x))-
o If||-I| is an equivalent norm with Bx j.jy = <o (Ex,.)) and
Ecxlim © Eox %) then Eox iy = EoxJ111x)-

Proposition

(*(T) satisfies the minimal vertices property.
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Characterisation using renormings

Proposition

((T) satisfies the minimal vertices property.
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Characterisation using renormings

Proposition

((T) satisfies the minimal vertices property.

@ Suppose that ||| is an equivalent norm in ¢*(I') satisfying
B(ery, 1) = 0 (Eqa(ry. i) and Eqenry i € By -ix)-
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Characterisation using renormings

Proposition

((T) satisfies the minimal vertices property.

@ Suppose that ||-|| is an equivalent norm in ¢}(I) satisfying
By, -y = © (Ecr(ry. ) and Eqaqry, iy € Eer(ry,iix)-

@ If the inclusion were strict, there would exist A € T and n € N such
that Aen & Eqor(ry, -
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Characterisation using renormings

Proposition

((T) satisfies the minimal vertices property.

@ Suppose that ||| is an equivalent norm in ¢*(I') satisfying
Be(ry, g1 = (Eqr(ry, i) @nd Eqaqry gn € Eqaqry j1ix)-

@ If the inclusion were strict, there would exist A € T and n € N such
that ey & Eqary,j)-

e Using that By r) ) is @ balanced set, we get that

Tx N B,y =9

which means that Dx N By ) = {0} in light of the linear
independence of Epry/ ~.
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Characterisation using renormings

Proposition

((T) satisfies the minimal vertices property.

@ Suppose that ||-|| is an equivalent norm in ¢}(I) satisfying
By, -y = © (Ecr(ry. ) and Eqaqry, iy € Eer(ry,iix)-

@ If the inclusion were strict, there would exist A € T and n € N such
that Aen & Eqor(ry, -

e Using that By r) ) is @ balanced set, we get that
Tx O Bary g = 9

which means that Dx N By ) = {0} in light of the linear
independence of Epry/ ~.
@ Since both norms are equivalent, there exists C > 1 with
lixll < Clixllx = € < Lx € Buey .
= X C (X1
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Characterisation using renormings

Proposition

((T) satisfies the minimal vertices property.

@ Suppose that ||-|| is an equivalent norm in ¢}(I) satisfying
By, -y = © (Ecr(ry. ) and Eqaqry, iy € Eer(ry,iix)-

@ If the inclusion were strict, there would exist A € T and n € N such
that Aen & Eqor(ry, -

e Using that By r) ) is @ balanced set, we get that
Tx O Bary g = 9

which means that Dx N By ) = {0} in light of the linear
independence of Epry/ ~.

@ Since both norms are equivalent, there exists C > 1 with
lixIlF < Clixlix = € & zx € Bix -

@ Thanks to the fact that Dx N B(x .y = {Ox}, we have that x = Ox.
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Characterisation using renormings

Theorem

Let (X,||"||x) be a Banach space with the minimal vertices property.
Then, there exists a set [ such that X = (1(T).
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Characterisation using renormings

Theorem

Let (X, ||-|[x) be a Banach space with the minimal vertices property.
Then, there exists a set I such that X = (1(T).
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Characterisation using renormings

Thanks for your attention!
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