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A problem coming from geometry

Given a distribution of points in R?, A, when is A uniquely
determined from its information on certain lines?

Theorem (Cramér-Wold, 1936)
If, A and B are finite sets, and we define 54 = Y. 0a.

op =05 on RO, VO € St = A = B.

\
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Heisenberg Uniqueness Pairs

Question: |s there any way to reduce the number of lines if the
sets of points are supported in a manifold?

Definition (Hedenmaln,Montes-Rodriguez, 2011)

Let M C RYmanifold, ¥ C R9. (M, X) is a Heisenberg
Uniqueness Pairs (HUP) if the only finite measure y supported on
M such that 4 =0in X is = 0.
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Example:
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We consider o = %x(angle between L; and L»).

Lev, Sjolin 2011

(M,E)isaHUP <= a ¢ Q
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Example:
M =T unit circle in R?2. ¥ = [; ULy, L; =R(cosh;,sinb;)
We consider o = %x(angle between L; and L»).

Lev, Sjolin 2011

(M,E)isaHUP <= a ¢ Q

Jaming and Kellay generalize this result to different manifolds
(hyperbola, polygon, ellipse...) and the same set X.

Jaming, Kellay 2013

There exists a set E of positive measure such that
(91,92) € E—= (M,Z) is HUP

Grochenig-Jaming 2016: Extension to d > 2 replacing lines by
hyperplanes.
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Goal of this talk

We will look at this example M = S9-1 from a PDE point of view,
since 1 supported on SY71 implies that u = /i solves Au+ u = 0.

Theorem (Cheng 1976, Lev,Sjolin 2011, Grochenig-Jaming 2016)

01,0 € S such that %arccos(@l, 02) ¢ Q. Let u be solution of
Au+ k?u =0 on R?. Assume that there exists ju s.t.

u_lu’a
u=20, xeﬁfuﬁzl.

Then u = 0.
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We will consider the following problems:

@ P1: Can we remove the condition u = ji?

e P2: Can we consider solutions on domains €2 (bounded,
connected, 0 € Q)?

@ P3: Can we replace the Dirichlet conditions by Neumann or
Robin conditions?

o P4: Can we replace hyperplanes by other types of
submanifolds?

@ P5: Can we replace hyperplanes by lower dimensional
submanifolds?
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First method: Schwarz reflection principle

Theorem
d > 2, Q domain inRY9, 01,0, € St st L arccos(61,02) € Q.

™

Let u be solution of Au+ k*u =0 on Q s.t.

cither u=0 in6f, o u=20 in 01,
u=0 in0y, Opu=0 in 05

Then u = 0.
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Schwarz reflection principle:

u=20on 9} = u(Rjx) = —u(x),
Opu =0 on Hj-l = u(Rjx) = u(x).
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Schwarz reflection principle:

u=20on 9} = u(Rjx) = —u(x),
Opu =0 on Hj-l = u(Rjx) = u(x).

Proof: On 6f N B(0, r),

u=0= U(R1R2X) =0= U((RlRQ)nX) =0

R1 Ry is a rotation of angle 2 arccos(f1,02) ¢ mQ, so the orbit of
07 N B(0,r) is dense = u=0on B(0,r) = u =0 on Q.



UC for Helmholtz with Dirichlet-Neumann conditions

[eJe] le]

Second method: Series expansions in R?

Q domain in R?, L; = R(cos0;,sin 6;) with 61 — 05 ¢ TQ.
Let u be solution of Au+ k*u=0onQ s.t. u=0on LU L.
Then u = 0.
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Second method: Series expansions in R?

Q domain in R?, L; = R(cos0;,sin 6;) with 61 — 05 ¢ TQ.
Let u be solution of Au+ k*u=0onQ s.t. u=0on LU L.
Then u = 0.

Remarks:

@ Only Dirichlet conditions (not really a problem as we will see)
@ We can replace lines by analytic curves in R?.
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Proof (k = 0): In a neighborhood of 0 the solution can be written,
in polar coordinates, as

u(r,0) = Z Cmr™ ™m0

meZ
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Proof (k = 0): In a neighborhood of 0 the solution can be written,
in polar coordinates, as

u(r,0) = Z ™l Mo

meZ

We may assume wlog, 61 =0, 6, =n ¢ 7Q.
co = u(0,0) = 0. Assume ¢, =0 for m=0,+1,...,£(n—1).
Then

ch+c_n=0,

che™ + c_,e”'"M = 0.

0 . .
u(f, ) — CnelnG +c_,,e*’”9+o(1) = {
rn

This system has determinant —2isin(nmn) # 0 = ¢+, = 0.
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A solution with two different Robin conditions

Let 61,0 such that 61 — 6, ¢ ©Q. Let u be solution of

Au+ k?u =0, (x,y) € Q,
aru+ $10,u =0, (x,y) € Ly,
apu + B20,u =0, (x,y) € Ly,
4(0,0) = 0.

Then u = 0.
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u(r,0;).Notice that if we use

Proof (k=0): On L;j, Onu(r, ;) = 19
) CO_O

the same expansion as before, u(0

pu
0)
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Proof (k=0): On Lj, 8,u(r,0;) = 10pu(r,6;).Notice that if we use
the same expansion as before, u(0,0) = ¢g = 0. Moreover,
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Proof (k=0): On Lj, 8,u(r,0;) = 10pu(r,6;).Notice that if we use
the same expansion as before, u(0,0) = ¢g = 0. Moreover,

u(r,0) = (cleig + c_le_"‘))r—k Z Cmr|m\eim9’
|m|>2

1 . ; i . 1
Zgu(r,0) = i(cre’® — c_1e7 ) + E memr™—1emd
r

jml>2

First case, 5; # 0: Robin conditions imply e —c_ye~ % =0 for
I':1,2:>Ci1:0.
Second case, f1 = 0,6, #0:
i61 —if _
{ cle '+ e 0 = c41 =0.

i0 —ify _
ce'? —c_1e7'2 =0,



Robin conditions
00@000

What about the condition u(0,0) = 07

If we do not assume a priori u(0,0) =0 and /3; # 0 we cannot
conclude c41 =0,

a1cy + iﬁl(cleial — Cfle_iel) =0,
Qo Cy + i,@z(Cle’02 — C_167’92) =0.
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What about the condition u(0,0) = 07

If we do not assume a priori u(0,0) =0 and /3; # 0 we cannot
conclude c41 =0,

a1cy + iﬂl(cleiol — Cfle_iel) =0,
Qo Cy + i,Bz(Cle’92 — C_167’92) =0.

However ¢, = cm(61,02, o). Hence, the space of solutions
satisfying Robin conditions has dimension at most 1.

It might happen that the series expansion for the solution diverges.
This seems to depend on how bad is l(«91 — 6,) approximated by

i T
rationals.
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A case where the condition is required

Definition

A badly approximable number is an x for which there is ¢ > 0 such
that

Imx — 1| > <, ¥Ym,l € Z.
m
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A case where the condition is required

Definition
A badly approximable number is an x for which there is ¢ > 0 such
that c
Imx — 1| > =, Vm, | € Z.
m

If %(91 — 02) is badly approximable then the space of solutions to
Helmholtz (k > 0) equation satisfying Robin conditions on L; has
dimension exactly 1.
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Eskerrik asko!
iGracias!

Thank youl!
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