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@ Extension of Krasnoselskii interpolation theorem to S

© Properties of strictly singular non-compact operator sets Vj, 4
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Theorem (Krasnoselskii 1960)
Let 1 <po, p1, Qo,q1 < oo.
If T:Ly — Lo compact , T:L, — Lg bounded

= T:Lp, — Ly, compact, .

L 10,0 1 10,0 o<o<)
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Many extensions to abstract interpolation methods and applications

Open problem : Complex interpolation method ?? (Cwikel, ...)



The characteristic setof T: L., — Ly is:
11
L(T) = {(5’6) €[0,1] % [0.1]: T: Ly quounded}.

Krasnoselskii and Zabreiko (1964)



The characteristic setof T: L., — Ly is:

L(T) = {(%%) €[0,1] % [0.1]: T: Ly quounded}.

Krasnoselskii and Zabreiko (1964)

L(T) is a convex monotone subset (Riesz-Thorin interpol. th.)



The characteristic setof T: L., — Ly is:

L(T) = {(%%) €[0,1] % [0.1]: T: Ly quounded}.

Krasnoselskii and Zabreiko (1964)
L(T) is a convex monotone subset (Riesz-Thorin interpol. th.)

- Every convex monotone F,-subset is a cracteristic set L(T)
(Reimenschneider )



The characteristic setof T: L., — Ly is:

L(T) = {(%%) €[0,1] % [0.1]: T: Ly quounded}.

Krasnoselskii and Zabreiko (1964)
L(T) is a convex monotone subset (Riesz-Thorin interpol. th.)

- Every convex monotone F,-subset is a cracteristic set L(T)
(Reimenschneider )

K(T):= {(%, %) €[0,1] x[0,1]: T:Lp— Lqg compact}.



The characteristic setof T: L., — Ly is:

L(T) = {(%%) €[0,1] % [0.1]: T: Ly quounded}.

Krasnoselskii and Zabreiko (1964)
L(T) is a convex monotone subset (Riesz-Thorin interpol. th.)

- Every convex monotone F,-subset is a cracteristic set L(T)
(Reimenschneider )

K(T):= {(%,%) €[0,1] x[0,1]: T:Lp+— chompact}.

-For integral operators : the set L(T) \ K(T) plays an role
[K-Z-P-S 1976] Krasnoselskii, Zabreiko, Pustylnik, Sobolevsky
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T : E — F strictly singular (S) ( or Kato) if T is not invertible on
any oo-dim. (closed) subspace E; of E .

ifc>0st clx]|<|Tx|], x€E = dimE <oo

injective closed operator ideal S D K (compact operators)

bp =Ly ,1<p<qg<oo , strictly singular non-compact
Lg—= L, (1<p<g<oo) no strictly singular

[(rn)]q = [(rn)]p = L2

e K(LP)=8(P) <= p=2 (Ex)

- S is not stable by duality (in both directions ).
- S is NOT suitable for interpolation

( Lo — Ly strictly singular but L? < L4 no)

results for operators defined on the same domain
( Heinrich, ..)
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-the diagonal case : (endomorphisms)

Theorem (H-S-T, 2010)

Let 1<p#q<o0
It T:L,— L, strictly singular, T :Lg+— Ly bounded —

T : Ly, — Ly, strictly singular forevery q < ps < p

Evenmore T : L, — L,, is compact
(strong interpolation property)

e extrapolation property:

If 1<qg,p<ocandT:Ly;— Ly, T:Ly— L,bounded.Then
T € S(L;) forsome r € (q,p) < T € K(Ls) for some s € (q,p).

In particular it follows that T € K(Ls) for every s € (q,p)
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The proof uses :

- properties of the sets  S(Lp)\K(Lp) ,
-Kadec-Pelczynski disjointification method,
-¢p-disjointification Dor result , ...

Theorem (L. Dor, 1975)

Let1 <p#2<oo0, 0<0<1,and (f)7, inLy[0,1]. Assume that
either:

Q@ 1<p<2|f|<1and|X7, af| > 0", |ailP)!/* for scalars
(a)?"_,, and every n,
or

Q@ 2<p<oo, |fl>1and | XL, afll <0~ (X0, |alP)/P for
scalars (&), and every n.

Then there exist disjoint measurable sets (A;)7, s.t.

1 xarll > 6%/1P721.




-interpolation: the general case

Theorem (H-S-T, 2017)

Let 1< po,p1,Qo, g1 < oo .
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-interpolation: the general case

Theorem (H-S-T, 2017)

Let 1< po,p1,Qo, g1 < oo .

If T: Ly — Ly, strictly singular, T : L,, — Ly, bounded
= T :Lp, — Ly, strictly singular, for

1 16,6 1 120,90 (hco<t)
Po Po P4 Qo Qo gi

Po < oo is a necessary condition



DA



S(Lp,Lg) = K(Lp,Lg) <= q<2<p



o S(lp L) = K(Lp,Lg) < qg=<2<p
fg<2<p.
Assume T ¢ K(Lp,Lgy) ,thereis (x;) s.t. ||xillp =1, Xi % 0and

| Txi|lg > XA > 0. By Kadec-Pelczynski m. there is (x; ) equivalent to
the basis of ¢, or (5.

Now, (Xx; ) cannot be equivalent to the basis of ¢,

1. n 1.0
An%g/ HZrk(t)Tx,-k dtguru/ HZrk(t)x,-k
0 k= g 0 Tk

Thus, (x;,) must be equivalent to the basis of /> . Now we can deduce
that T is not strictly singular
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o S(lp L) = K(Lp,Lg) < qg=<2<p
fg<2<p.
Assume T ¢ K(Lp,Lgy) ,thereis (x;) s.t. ||xillp =1, Xi % 0and

| Txi|lg > XA > 0. By Kadec-Pelczynski m. there is (x; ) equivalent to
the basis of ¢, or (5.

Now, (Xx; ) cannot be equivalent to the basis of ¢,

1. n 1.0
An%g/ HZrk(t)Tx,-k dtguru/ HZrk(t)x,-k
0 k= g 0 Tk

Thus, (x;,) must be equivalent to the basis of /> . Now we can deduce
that T is not strictly singular

dtgnln.
P

-Every strictly singular T : ¢> — F is compact if F is Banach lattice
with lower 2-estimate (Flores,H.,Kalton, Tradacete 2009)

-lfg<2<p,every T: L, Lgis either compact or fixes a
l>-isomorphic copy
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ethecase 2<g<p<x .

If T:L, — Lgand T € V, g = there exists normalized (yx) in Lp s.t.:
- (yk) is equivalent to the basis of ¢, with (|yk|) equi-measurable,
- (Tyx) is equivalent to the basis of /4,

- [(v«)] is complemented in L.

e Thereisst.singular T: L, = Lgs.t. T*isnot & 2<qg<p.
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key result:

Theorem (extrapolation)

Let 1 < po,p1,q0,q1 <0, (qo# q1,Po#P1) and
o min{®, 2} <1, or

e min{2, 7} >1and =2 <0.

IfT: Ly, — Ly, bounded, T : L, — Lg, bounded,

and T : Ly, — Lg, strictly singular for some 0 < 6 < 1

= T e K(Ly,,Lyg.) forevery0 <t <1.

- it fails in horizontal and vertical lines

V(T) = {(p q) Te qu}

It holds that :
V(T) CoL(T)
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strong interpolation property :

Proposition

Let 1 <po,p1,qo,q1 <o (Po# P1, Qo # q1) with
emin{®, 2} <1,

or

e min{2 1} >1 and 2=2 <0.

If T: Ly — Lg, strictly singular and T : L, — Lg, bounded

= T eK(Lp,,Lg,) forevery 0 <6 <1.

For regular operators :
if1<g<p<ooandT:L,— Lgregular strictly singular then T is
compact. (Caselles — Gonzalez,1987)

Extra conditions are required:
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segment Sy :={(p,q): : =1 - AL (0<A<1)

Examples: operators T € V,, 4 forevery (p,q) € Sx
fractional averaging op. T = T : let (Ax)ken disjoint

0 (e [ 9

keN

TisL,— Ly bounded,1<p<g<ocoand 1 =1_)
P q a— p

T factors through ¢, — ¢4 (so it is strictly singular) , since

T

L— T 1,
Pl To
L sy,

T is not compact ( T(u(Ax) 7 xa,) = 1(Ax) 7 xa,)
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Examples : Riesz potentialoperator T=T,, (0<a<1)

T :LP— L9 positive integral operator :
' f(s)
TH(t :/ ds
0=, =
1

TeVpg for f=1+a-1

* Question: what is the shape of a V(T) setin general ?
-V(T)=10, (f.e. multiplier operator ,Tf = gf, for some g c ')

- V(T) isjustone point {(3,3)} (for g < p).
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Example: operators T : L, — Ly with V(T)is

1
q

ZRCH

=

1
e

|

1
I3

2
Po<Qo,p1<qist g —o =72 —2 =X ,and p1<2<q

T=T,+To+ T3
Ty : Lp[0,1/3] = Lg[0,1/3] factorizing by iz q, : o — £q,

T2 : Lp[3, 8] — Lg[%, 2] A-fractional on [1/3,2/3]
T3 : Ly, [2/3] — L4[2/3,1] factorizing by ip, 2 : €5, — £o,
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