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Definition

Let L;[—1, 1] be the set of the 2-periodic functions f so that

JY ()] dt < oo

Given f, g € L1[—1,1], the convolution of f and g is the function

1
fxg(x)= /_1 f(t)g(x — t)dt
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Let L1[—1,1] be the set of the 2-periodic functions f so that
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Jf (W) g(x — w) du
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Let f, g € L1[-1,1].

e Iff is k times differentiable (k > 0), with % continuous,
then f x g is k times differentiable, with

BE(Fg)(x) = (%F = g)(x).
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Let f, g € L1[-1,1].

o Iff is k times differentiable (k > 0), with k continuous,
then fxgisk tlmes differentiable, with

L2 (Fxg)(x) = (5F = 2)(x).
@ Iff is Lipschitz, then f x g is Lipschitz.
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Lemma
Let f, g € L1[-1,1].

e Iff is k times differentiable (k > 0), with % continuous,
then f x g is k times differentiable, with

k k
o (fxg)(x) = (Lf *)(x).
@ Iff is Lipschitz, then f x g is Lipschitz.

The previous examples, and some others in the same way, gives the

idea that the convolution takes “the best” properties from its
parent functions.
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Let f, g € L1[-1,1].
d

o Iff is k times differentiable (k > 0), with ﬁ continuous,
then f x g is k times differentiable, with

k k
o (fxg)(x) = (Lf *)(x).
@ Iff is Lipschitz, then f x g is Lipschitz.

o Iff, g € Lr[-1,1], then f x g is continuous.

@ There exist nowhere differentiable functions f, g so that f x g
is differentiable.

The previous examples, and some others in the same way, gives the
idea that the convolution takes “the best” properties from its
parent functions. Results in this line have given the convolution
operator the label of smoothening.
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Lemma

Let f, g € L1[-1,1].

e Iff is k times differentiable (k > 0), with % continuous,
then f x g is k times differentiable, with

k k
ar(fxg)(x) = (Lf *)(x).
e Iff is Lipschitz, then f x g is Lipschitz.?

o Iff, g € Ly[-1,1], then f x g is continuous.

@ There exist nowhere differentiable functions f, g so that f x g
is differentiable.

“Lipschitz property is sometimes regarded as a "middle way " between
continuity and differentiability.
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Lemma

Let f, g € L1[-1,1].

e Iff is k times differentiable (k > 0), with % continuous,
then f x g is k times differentiable, with

k k
ar(fxg)(x) = (Lf *)(x).
e Iff is Lipschitz, then f x g is Lipschitz.?

o Iff, g € Ly[-1,1], then f x g is continuous.

@ There exist nowhere differentiable functions f, g so that f x g
is differentiable.

“Lipschitz property is sometimes regarded as a "middle way " between
continuity and differentiability.

Differentiablity?

Pablo Jiménez Rodriguez Differentiability of the convolution



With some more requirements over f’ the property of
differentiability can be extended to the convolution.
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With some more requirements over f’ the property of
differentiability can be extended to the convolution.

Let f,g € L1[—1,1]. If f is differentiable with bounded derivative,
then f x g is differentiable, with (f x g)'(x) = (f’ * g)(x).
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With some more requirements over f’ the property of
differentiability can be extended to the convolution.
Theorem

Let f,g € L1[—1,1]. If f is differentiable with bounded derivative,
then f x g is differentiable, with (f x g)'(x) = (f’ * g)(x).

Theorem

Let f,g € L1[—1,1]. If f is differentiable with integrable derivative,
then f x g is differentiable, with (f x g)'(x) = (f' * g)(x).
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With some more requirements over f’ the property of
differentiability can be extended to the convolution.

Theorem

Let f,g € L1[—1,1]. If f is differentiable with bounded derivative,
then f x g is differentiable, with (f x g)'(x) = (f’ * g)(x).

Theorem (from Wikipedia)

Let f,g € L1[—1,1]. If f is differentiable with integrable derivative,
then f x g is differentiable, with (f x g)'(x) = (f' * g)(x).

\

What if we just ask differentiability?
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Take a function with unbounded derivative.
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Take a function with unbounded derivative.

f(x) = x*sin <i>

x3
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f(x) = x*sin <i>

x3

Pablo Jiménez Rodriguez Differentiability of the convolution



First idea
Take a function with unbounded derivative.

f(x) = x*sin <i>

x3

g(x) =sin (l)

x3
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First idea
Take a function with unbounded derivative.

f(x) = x*sin <i>

3
g(x) =sin (%)

f % g not differentiable?
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First idea
Take a function with unbounded derivative.
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f % g not differentiable?
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First idea
Take a function with unbounded derivative.

f(x) = x?sin <i>

x3

g(x) =sin (X—13)

f % g not differentiable?
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First idea
Take a function with unbounded derivative.

f(x) = x?sin (%)
g(x) =sin (X—13)

f % g not differentiable?

fxg(x)= /_1 t2sin (t—13> sin <(x _1 t)3) dt
fxg(0)= /_11 t? sin (?13) sin ((—1t)3> dt = /_11 t2 sin? (—3) dt
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Second idea

Let's see if there is anything we can do to simplify calculations...
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Second idea

Let's see if there is anything we can do to simplify calculations...
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Second idea

Let's see if there is anything we can do to simplify calculations...

Definition

1 1

For each i > 1, divide the interval [f, =T

of the same length.

| into 277 sub-intervals
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Second idea
Let's see if there is anything we can do to simplify calculations...

Definition
For each i > 1, divide the interval [%, %] into 277 sub-intervals
of the same length. For each k = 0,1,...,2”7~1 — 1, consider Di K

and 9;  two C*°—hat functions so that

1 2k+1 1 2k + 2
SUPP¢;,k§<2,-+ 8 77"‘ 8i )7

1 2k 1  2k+1
5Upp¢i,kg<2;+23,‘72i+28i)’

1 8k+5 1  8k+7
¢i7k(X):1f0rT+W SXS E—FW and
1 8k+1 1 8k+3

'lp“k(X):].fOI’j—FWgXSE—FW
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Second idea

Let's see if there is anything we can do to simplify calculations...

Define
00 271 1_
2
) =23 Z G (x
i=1
00 271 1_

_Xzzl Z 1,/)17/(X)
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Second idea

Let's see if there is anything we can do to simplify calculations...

Definition
Define

OO2711

_X ¢Ik
i=1 =
00271 11

_XZZ Z ¢J,I(X
Jj=1 1=0

The functions f and g defined above are differentiable functions
for which f x g is not differentiable at 0.
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There exist differentiable functions f and g so that f x g(x) is not
differentiable at x = 0.

Differentiabiity.

Continuity Lipschitzianity Continuously differentiable

Pablo Jiménez Rodriguez Differentiability of the convolution



There exist differentiable functions f and g so that f x g(x) is not
differentiable at x = 0.

Remark 1

\ | \

Differentiablity

Continuity Lipschitzianity Continuously differentiable
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There exist differentiable functions f and g so that f x g(x) is not
differentiable at x = 0.

Remark 1

In fact, for the differentiable functions f and g in the previous
theorem, one can prove that f’ x g(x) is well-defined for every
-l<x<1

| A\

A\

Differentiablity

Continuity Lipschitzianity Continuously differentiable
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There exist differentiable functions f and g so that f x g(x) is not
differentiable at x = 0.

| A\

Remark 1

In fact, for the differentiable functions f and g in the previous
theorem, one can prove that f’ x g(x) is well-defined for every
-l<x<1

Theorem 7.2, Suppose that f is differentiable and the convolutions fxg and f'~g
are well-defined. Then f » g is differentiable and (f « g)' = f' = g. Likewise, if g
is differentiable, then (f+g)' = f = g'.

A\

Differentiabiity.

Continuity Lipschitzianity Continuously differentiable
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There exist differentiable functions f and g so that f x g(x) is not
differentiable at x = 0.

| A\

Remark 2
Can we make f = g for the previous theorem?

N

Differentiabiity

Continuity Lipschitzianity Continuously differentiable
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There exist differentiable functions f and g so that f x g(x) is not
differentiable at x = 0.

Remark 2
Can we make f = g for the previous theorem?

| A\

(F+g)x(f+g)=Ffxf+fxg+gxf+gxg
=fxf+2fxg+gx*g

N

Differentiabliity

Continuity Lipschitzianity Continuously differentiable
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There exist differentiable functions f and g so that f x g(x) is not
differentiable at x = 0.

| A\

Remark 2
Can we make f = g for the previous theorem?

(F+g)x(f+g)=Ffxf+fxg+gxf+gxg
=fxf+2fxg+gx*g

1
frg=Sl(f+g)*(f+g)—(fxf+gxg)l
Differentiabliity
Continuity Lipschitzianity Continuously differentiable
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There exist differentiable functions f and g so that f % g(x) is not
differentiable at x = 0.

Remark 2
Can we make f = g for the previous theorem?

| A

(F+g)x(f+g)=Ff*xf+fxg+gxf+gxg
=fxf+2fxg+gx*g

Frg=>l(f+8)+(F+8)~ (Fxf+g+g)]

In particular, there exists a differentiable function h so that hx h is
not differentiable at O.

V.

Differentiablity

Continuity Lipschitzianity Continuously differentiable
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How many of such functions can we

find?

Differentiability of the convolution



How many of such functions can we

find?

What algebraic structure does this
problem admit?
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There exist two algebras 2l and B generated by two respective
non-numerable sets of differentiable functions so that, if
feA\ {0} and g € B\ {0}, then f * g is not differentiable at 0.
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There exist two algebras 2l and B generated by two respective
non-numerable sets of differentiable functions so that, if
feA\ {0} and g € B\ {0}, then f * g is not differentiable at 0.

There exist two closed cones U and 20 generated by two
respective non-numerable sets of differentiable functions so that, if
feW\ {0} and g € W\ {0}, then f x g is not differentiable at 0.
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For the algebras, consider

0o 27-i-1_1

) = Ix* ) Z ¢ik(|x]) and
i=1 =
0o 21 —i—1 1

= X" Z De(Ix),
i=1 =

There exist two closed cones U and 20 generated by two
respective non-numerable sets of differentiable functions so that, if
f €W\ {0} and g € W\ {0}, then f x g is not differentiable at 0.
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For the algebras, consider

0o 2‘ —i-1

fA(x) —|X]/\Zl Z gb (|x]) and

0o 2’ ==l

an(x) —IX!AZ Z w,k(IXD

For the closed cones, consider
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For the algebras, consider

—IX!AZ Z ¢ (Ix]) and
i=1

0o 2’ ==l

() =x*Y Z w,k(IX!)
i=1

For the closed cones, consider

@y (i)
Bi(o(i))

(i)
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For the algebras, consider

00 2[271'71_1

ACG)=IX"D D iw(lx]) and
k=0

i=1
0o 27-i-1_1
A A
ax(x) = [x]| Z Z Yik(Ix1),
i=1 k=0

For the closed cones, consider
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For the algebras, consider

00 2i —i—=1_7

= X" Z $hw(|x]) and
i=1 =
0o 21 —i—1 -1

=[x}y Z Vi(Ix1),
i=1 k=0

Theorem (V.. Gurariy)

If V C D[—1,1] is a closed vector space, then V is of finite
dimension.
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What about more points?
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There exist differentiable functions f and g so that f * g is not
differentiable on a Perfect set

Pablo Jiménez Rodriguez

Differentiability of the convolution




it il

There exist differentiable functions f and g so that f * g is not
differentiable on a Perfect set (of zero measure)

Differentiability of the convolution
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Any positive result?
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Any positive result?

Let f be a differentiable function,
Ar ={x € [-1,1] : f" is locally unbounded}.
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Any positive result?

Let f be a differentiable function,
Af ={x e [-1,1] : f" is locally unbounded}. If f and g are
differentiable functions and x ¢ Af + Ag,
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Any positive result?

Let f be a differentiable function,
Af ={x e [-1,1] : f" is locally unbounded}. If f and g are
differentiable functions and x ¢ A¢ + Ag, then f x g is
differentiable at x and (f x g)'(x) = (f' x g)(x).
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Any positive result?
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Af ={x e [-1,1] : f" is locally unbounded}. If f and g are
differentiable functions and x ¢ A¢ + Ag, then f x g is
differentiable at x and (f x g)'(x) = (f' x g)(x).

Pablo Jiménez Rodriguez Differentiability of the convolution




Some open questions.
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Some open questions.

©Q Let f and g be differentiable functions. How big can the set
where f x g is not differentiable be?
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©Q Let f and g be differentiable functions. How big can the set
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Some open questions.

©Q Let f and g be differentiable functions. How big can the set
where f x g is not differentiable be? A dense set? Of positive
measure? The whole [—1,1]?
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Some open questions.

©Q Let f and g be differentiable functions. How big can the set
where f x g is not differentiable be? A dense set? Of positive
measure? The whole [—1,1]?

@ What are the weakest conditions over f’ to ensure that f x g
is differentiable?
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Some open questions.

Let f and g be differentiable functions. How big can the set
where f x g is not differentiable be? A dense set? Of positive
measure? The whole [—1,1]?

What are the weakest conditions over f’ to ensure that f x g
is differentiable?

If f and g are such that f * g is differentiable at x and
'« g(x) is well-defined, is it (f * g)'(x) = ' * g(x)?
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8 .J.R., G.A. Mufioz-Fernandez, E. Sdez Maestro, J.B.
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Thank you for your attention!!
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