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@ Setting off: twisted sums and diagrams

© On our way: constructing twisted sums

@ Getting there: twisted sums of /1 and cg
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Twisted sums and diagrams

What is a twisted sum?

Let X and Y be Banach spaces. A space Z such that
oY — 7.
® 7Y =X.

is called a twisted sum of Y and X.

o Candidates to Z:

YixX ol 2) = llylly + ll=llx

In this case, we say Z is the trivial sum of Y and X.
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Twisted sums and diagrams

We can ask:
o Are there non-trivial twisted sums of Y and X7

o Is every twisted sum of Y and X trivial?

The fact that Z is a twisted sum of Y and X is represented by a
diagram

0—Y 5 272-% x50

called exact sequence.
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Twisted sums and diagrams

Some examples

1. Every twisted sum of finite-dimensional spaces is trivial.

2. The extension property of £so.

0—tlo —272—X—0

3. Sobczyk’s theorem: cg is complemented in Z whenever Z/c is

separable.
0—c—>2—>X—0

4. The lifting property of (1.

0—Y —272—/V —0

In particular, every twisted sum of ¢y and ¢ is trivial.
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Twisted sums and diagrams

& Our problem was to obtain twisted sums of ¢ and cp.
00—l —Z—co—0

The exact opposite!

e Surprisingly, there is a non-trivial twisted sums of ¢; and cy.

@ ...but that is all we know.
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Twisted sums and diagrams

What about non-trivial twisted sums?

1. The“other” Sobczyk theorem:

0—co—loo —> log/co — 0

2. Dunford-Pettis property:

0— 40— C[0,1]] — X —0

3. Complemented subspaces of £1:

O—>kerq—>€1i>c()—>0
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Constructing twisted sums

How can we construct twisted sums?

A homogeneous map 2 : X — Y is quasi-linear if
12z + 2) — Qz — Qa'|| < M(||=]| + [|="]])

for some M > 0.

Ezxzamples of quasi-linear maps:
o Alinearmap L: X —» Y.
@ A bounded homogeneous map B : X — Y.
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|z]|=1
Proposition

@® Every quasi-linear map 2 : X — Y induces a twisted sum of Y
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Constructing twisted sums

Definition

Q: X — Y is trivial if there is a linear map L : X — Y such that

12 = LIl = sup [|(2 = L)(x)|| < o0

|z]|=1

Proposition

@® Every quasi-linear map 2 : X — Y induces a twisted sum of Y
and X.

®  is trivial iff the induced twisted sum is.

Precisely, the mapping on ¥ x X

1y, 2)lle = lly — Qlly + [lzflx

is a quasi-norm. That is,

lutoll < A(fluf +lloll) , A=1
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Constructing twisted sums

Where do twisted sums live?
Let us define
N=0" «— Q—Q is trivial

Ext(X,Y) = {twisted sums of Y and X}/ =

According to this:
o Ext(X,Y) =0 <= every twisted sum of Y and X is trivial.

o Ext(X,Y)# 0 <= there are non-trivial twisted sums of ¥ and
X.
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Constructing twisted sums

Quasi-linear maps in action

Palais’s problem: If a space Z contains a Hilbert H such that Z/H is
Hilbert, must Z be Hilbert? No!

1. Kalton and Peck’s sum (1979):

Q:ly — Ly, Q(az)z:vlog”f”ﬁ
x

is strictly singular. That means its restrictions to infinite
dimensional subspaces are never trivial.
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Constructing twisted sums

2. Kalton-Peck fragmented sum: (Castillo and Morales, 2018)
Call
Q, 0y =05, Q(x) = aclog”f”,2
x

and
2y = (6 <85 @)l = ly = Qual +Ilz])

Now consider the space £2(Z3).

This twisted sum is strictly non-singular.
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Constructing twisted sums

2. Kalton-Peck fragmented sum: (Castillo and Morales, 2018)

Call
Qn 0y =15, Q) = wlog”gk
and
z5 = (6 x 6, |, 2)l| = Iy — @zl + 2ll)

Now consider the space £2(Z3).

This twisted sum is strictly non-singular. That means
in every infinite dimensional subspace there is a further subspace
on which it is trivial.
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Constructing twisted sums

Composition of quasi-linear maps with operators

Proposition

If Q is a quasi-linear map and 7" is an operator, then Q7" and T2 are
quasi-linear maps.
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Constructing twisted sums

Composition of quasi-linear maps with operators

Proposition

If Q is a quasi-linear map and 7" is an operator, then Q7" and T2 are
quasi-linear maps.

How can we represent this situation using diagrams?
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mathematics = d;& % = suugaku

Q
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0 Y Z X 0
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Constructing twisted sums

Learning Japanese

N2 AR C
mathematics = d;& % = suugaku

0

= push-out
0
0

= pull-back
0
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Twisted sums of £; and cq

Existence of twisted sums of ¢; and ¢y

e Start with a non-trivial quasi-linear map €2 : lo — £o.

e Pick an inclusion j : /5 — L; and make the push-out.

@ Pick the adjoint j* : Lo — £2 and make the pull-back.
e Now consider

d = jQ5* : Loo — L

Theorem 1 (C’abello, Castillo, Kalton and Yost (2004))

® is not trivial.

Theorem 2 (C’abello, Castillo, Kalton and Yost (2004))

Ext(Loo,L1) #0 = Ext(co, 1) #0
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A more explicit proof

Theorem 3 (Cabello, Castillo and S-A. (2019))

If :C(K)— Li(p) is non-trivial, there is a copy of ¢y in C(K) so
that @[, is non-trivial.
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A more explicit proof

Theorem 3 (Cabello, Castillo and S-A. (2019))

If :C(K)— Li(p) is non-trivial, there is a copy of ¢y in C(K) so
that @[, is non-trivial.

Taking this into account:
® Consider ® : Lo, — L; like before.
® Since ® is non-trivial, we have a non-trivial quasi-linear map

W :cg — Ly, by Theorem 3.

® The adjoint of ¥ is a non-trivial quasi-linear map ¥U* : L, — #1.
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Twisted sums of £; and cq

A more explicit proof

Theorem 3 (Cabello, Castillo and S-A. (2019))

If :C(K)— Li(p) is non-trivial, there is a copy of ¢y in C(K) so
that @[, is non-trivial.

Taking this into account:
® Consider ® : Lo, — L; like before.

® Since ® is non-trivial, we have a non-trivial quasi-linear map
W :cg — Ly, by Theorem 3.

® The adjoint of ¥ is a non-trivial quasi-linear map ¥U* : L, — #1.
® Apply Theorem 3 to U*, finally obtaining

gf):CQ—)fl

Alberto Salguero-Alarcén Universidad de Extremadura 16 / 18



L wisted!sumsjof i andieol I
...there is still a long way to go

We do not know:

Alberto Salguero-Alarcén



Twisted sums of £; and cq

...there is still a long way to go

We do not know:

e Explicitness of ¢7

Alberto Salguero-Alarcén Universidad de Extremadura 17 / 18



Twisted sums of £; and cq

...there is still a long way to go

We do not know:

e Explicitness of ¢7

e Correspondence ) ~~» @7

Alberto Salguero-Alarcén Universidad de Extremadura 17 / 18



Twisted sums of £; and cq

...there is still a long way to go

We do not know:
e Explicitness of ¢7

e Correspondence ) ~~» @7

e Properties of ¢?

Alberto Salguero-Alarcén Universidad de Extremadura 17 / 18



Twisted sums of £; and cq

...there is still a long way to go

We do not know:
e Explicitness of ¢7
e Correspondence ) ~~» @7
e Properties of ¢?

@ Other methods to obtain them?
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THANK YOU
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