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1. Introduction

The well-known Catalan numbers (Cn)n≥0 given by the formula

Cn =
1

n + 1

(
2n

n

)
, n ≥ 0,

appear in a wide range of problems. For instance, the Catalan
number Cn counts the number of ways to triangulate a regular
polygon with n + 2 sides; or, the number of ways that 2n people
seat around a circular table are simultaneously shaking hands with
another person at the table in such a way that none of the arms
cross each other ([MR]).

1, 1, 2, 5, 14, 42, 132, 429, 1430, 4862, 16796, 58786, ...



Eugène Charles Catalan (1814 - 1894)





Letters between L. Euler and C. Goldbach (196)
1750’s Euler wrote J.A. von Segner and Segner proved in 1758

Cn+1 = C0Cn + C1Cn−1 + . . .C1Cn−1 + C0Cn, n ≥ 0,

We calculated Cn with n ≤ 18 but we made a mistake
C13 = 742,900 which invalidated all larger values.

Kotelnikow (1766), Fuss (1795), Liouville (1836, Journal of
Mathématiques Pures and Appliquées) Lamé (1838)



The first paper of E. C. Catalan (JMPA, 1838)



The last paper of E. C. Catalan (Rend.Con.MatPal, 1887)



Why the term of“Catalan numbers”

The Ballot problem. Suppose A and B are candidates for office
and there are 2n voters, n voting for A and n for B. In how many
ways can the ballots be counted so that B is never ahead of A?
The solution is a Catalan number Cn.

John Riordan introduced the term“Catalan number” in Math
Reviews in 1948 and 1964.
Finally Riordan used“Catalan number” in Combinatorial identies
(1968).
Martin Gardner used the term in his ”Mathematical Games”column
in Scientific American in 1976.



In [MR] we consider combinatorial numbers (Cm,k)m≥1,k≥0 given by

Cm,k :=
m − 2k

m

(
m

k

)
. (1)

m \ k 0 1 2 3 4 5 6 7 8 9 10 . . .

1 1 -1
2 1 0 -1
3 1 1 -1 -1
4 1 2 0 -2 -1
5 1 3 2 -2 -3 -1
6 1 4 5 0 -5 -4 -1
7 1 5 9 5 -5 -9 -5 -1
8 1 6 14 14 0 -14 -14 -6 -1
9 1 7 20 28 14 -14 -28 -20 -7 -1
10 1 8 27 48 42 0 -42 -48 -27 -8 -1
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .



(i) Cm+2,k = Cm,k + 2Cm,k−1 + Cm,k−2,

(ii)

n∑
k=0

Cm,k =

(
m − 1

n

)
,

(iii)

n∑
k=0

(−1)kCm,k = (−1)nCm−1,n.

(iv)

n∑
k=0

C 2
n,k = 2Cn−1,

(v)

n∑
k=0

C 3
m,k = 4

(
m − 1

n

)3

− 3

(
m − 1

n

)m−1∑
j=0

(
j

n

)(
j

m − n − 1

)
,



The generating function of the Catalan sequence c = (Cn)n≥0 is
defined by

C (z) :=
∞∑
n=0

Cnz
n =

1−
√
1− 4z

2z
, z ∈ D(0,

1

4
). (2)

This functions satisfies

zy2 − y + 1 = 0.

The second solution is given by

1

zC (z)
=

1 +
√
1− 4z

2z
, z ∈ D(0,

1

4
)\{0}.



The main aim of this talk is to consider the quadratic equation

TY 2 − Y + I = 0, Y ∈ B(X )

where

(1) T ∈ B(X ) ([MR]).

(2) T is the infinitesimal generator of a C0-semigroup ([MM]).

Y =
1±

√
1− 4T

2T



The problem of quadratic equation.

The study of quadratic equations in Banach space is much
complicated than in the scalar case. There are infinite symmetric
square roots of I2 ∈ R2×2 given by(

1 0
0 1

)
,

(
−1 0
0 −1

)
,

(
a ±

√
1− a2

±
√
1− a2 −a

)
with a ∈ [−1, 1], i.e., solutions of Y 2 = I2.

As far as we are aware, no useful necessary and sufficient
conditions for the existence of solution of quadratic equations in
Banach spaces are known, even in the classical case of
finite-dimensional spaces and square roots.



In 1952, Newton’s method was generalized to Banach space by
Kantorovich.

In [McF] (1958), the author studies

B(x)(x) + Ax = y ,

where B is a bilinear and A a linear operators on a Banach space X .

The iterative method{
F0 = z ,

Fn+1 = (A+ B(Fn))
−1y ,

converges to the solution Fn → x under some nice conditions.
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2. New results about Catalan numbers

Theorem
Let A be a commutative algebra over R or C, x ∈ A and y and z
solutions of the quadratic equations

xy2 − y + 1 = 0, −xz2 − z + 1 = 0.

Then
y + z

2
is a solution of the quartic equation

4x2w4 − w2 + 1 = 0.

Remark.
y + z

2
= 2x

(
y − z

2

)(
y + z

2

)
.



Proposition

Let c = (Cn)n≥0 be the Catalan sequence. Then

Ce(z) :=
∞∑
n=0

C2nz
2n =

√
1 + 4z −

√
1− 4z

4z
,

Co(z) :=
∞∑
n=0

C2n+1z
2n+1 =

2−
√
1 + 4z −

√
1− 4z

4z
,

for |z | ≤ 1
4 . In particular, 4z2C 4

e (z)− Ce(z)
2 + 1 = 0,

Co(z) =
Ce(z)− 1

2zCe(z)
.



Catalan numbers have several integral representations, for example

Cn =
1

2π

∫ 4

0
tn
√

4− t

t
dt =

22n+1

π
β(

3

2
, n +

1

2
),

Theorem
Given 1 ̸= z ∈ C+, then∫ ∞

0

√
t

(t + 1)(t + z)
dt =

π

z − 1

(√
z − 1

)
,∫ ∞

0

√
t

(t + 1)(t + z)j+1
dt =

π

2
√
z(z − 1)j

∞∑
k=j

Ck

(
z − 1

4z

)k

,

for j ≥ 1 and where the last equality holds for ℜ(z) ≥ 1
2 .



3. The sequence of Catalan numbers

ĺım
z→ 1

4

C (z) =
∞∑
n=0

Cn

4n
= 2.

We consider the weight Banach algebra ℓ1(N0, 1
4n ). This algebra is

formed by sequence a = (an)n≥0 such that

∥a∥1, 1
4n

:=
∞∑
n=0

|an|
4n

< ∞,

and the product is the usual convolution ∗ defined by

(a ∗ b)n =
n∑

j=0

an−jbj , a, b ∈ ℓ1(N∗,
1

4n
).

The base {δj}j≥0 is defined by (δj)n := δj ,n is the delta Kronecker.



This Banach algebra has identity element, δ0, its spectrum set is

D(0, 14) and its Gelfand transform is given by the Z -transform

Z (a)(z) :=
∞∑
n=0

anz
n, z ∈ D(0,

1

4
).

It is straightforward to check that Z (δn)(z) = zn for n ≥ 0.

Proposition

Take c = (Cn)n≥0. Then

(i) ∥c∥1, 1
4n

= 2.

(ii) C (z) = Z (c)(z) for z ∈ D(0, 14).

(iii) δ1 ∗ c∗2 − c + δ0 = 0.



The resolvent set ρ(a) := {λ ∈ C : (λδ0 − a)−1 ∈ ℓ1(N0, 1
4n )},

and the spectrum of a is given by σ(a) := C\ρ(a).

Proposition

The spectrum of the Catalan sequence c = ((Cn))n≥0 is given by

σ(c) = C (D(0, 14)) and its boundary by

∂(σ(c)) = {2e−iθ

(
1−

√
2| sin(θ

2
)|e

i(π−θ)
4

)
: θ ∈ (−π, π)}.



Given λ ∈ C, we consider the geometric progression pλ = ( 1
λn )n≥0.

Note that pλ ∈ ℓ1(N0, 1
4n ) if and only if |λ| > 1

4 . Moreover

(λ− δ1)
−1 =

1

λ
pλ, |λ| > 1

4
,

Ω := {λ ∈ C :

∣∣∣∣λ− 1

λ2

∣∣∣∣ > 1

4
}.

Theorem
The inverse of the Catalan sequence c is given c−1 = δ0 − δ1 ∗ c
and

(λ−c)−1 =
δ0
λ
+

1

λ(λ− 1)
pλ−1

λ2
+

1

λ2
c− 1

λ2
c∗pλ−1

λ2
, λ ∈ Ω\{0}.



The set ∂(Ω) in blue and ∂(σ(c)) in red.



4. Inverse spectral mapping theorem.
TY 2 − Y + I = 0, Y ∈ B(X ). (3)

Lemma
Given T ∈ B(X ) and Y a solution of (3). Then Y has left-inverse
and Y−1

l = I − TY .

Theorem
Given T ∈ B(X ) and Y a solution of (3). Then TFAE

(i) 0 ∈ ρ(Y ).

(ii) T = Y−1 − Y−2.

(iii) T and Y commute.

(iv) TY 2 = YTY .

Corollary

Let X be a Banach space with dim(X ) < ∞, T ∈ B(X ) and Y a
solution of (3). Then Y is invertible, T and Y commute and

T = Y−1 − Y−2.



Theorem
Given T ∈ B(X ) and Y a solution of (3) such that 0 ∈ ρ(Y ).

(i) Given λ ∈ C such that
λ− 1

λ2
∈ ρ(T ) then λ ∈ ρ(Y ) and

(λ−Y )−1 =
1

λ
+

1

λ3
(
λ− 1

λ2
−T )−1+

Y

λ2
−(λ− 1)Y

λ4
(
λ− 1

λ2
−T )−1.

(ii) Given λ ∈ ρ(Y ) such that
λ

λ− 1
∈ ρ(Y ) then

λ− 1

λ2
∈ ρ(T )

and

(
λ− 1

λ2
−T )−1 =

λ4

λ− 1
(

λ

λ− 1
−Y )−1

(
(λ− Y )−1 − λ+ Y

λ2

)
.



5. Catalan generating functions

In this section, T ∈ B(X ), such that

sup
n≥0

∥4nT n∥ := M < ∞, (4)

i.e., 4T is a power-bounded operator. Then σ(T ) ⊂ D(0, 14) and
we define the following bounded operator,

C (T ) :=
∑
n≥0

CnT
n. (5)

Theorem
Given T ∈ B(X ) such that 4T is power-bounded and c = (Cn)n≥0

the Catalan sequence. Then

(i) The operator C (T ) defined by (5) is well-defined, T and
C (T ) commute, and C (T ) is a solution of the quadratic
equation (3).



(ii) The following integral representation holds

C (T )x =
1

π

∫ ∞

1
4

√
λ− 1

4

λ
(λ− T )−1xdλ, x ∈ X .

(iii) The following integral representation holds

TC (T ) =
I

2
−
√

1

4
− T .

(iv) The spectral mapping theorem hols for C (T ), i.e,
σ(C (T )) = C (σ(T )) and

σ(C (T )) ⊂ C (D(0,
1

4
)) ⊂ σ(c).

(v) Given λ ∈ C such that
λ− 1

λ2
∈ ρ(T ) then λ ∈ ρ(Y ) and

(λ− C (T ))−1 =

1

λ
+

1

λ3
(
λ− 1

λ2
−T )−1+

C (T )

λ2
− (λ− 1)C (T )

λ4
(
λ− 1

λ2
−T )−1.



In the case that σ(T ) ⊂ D(0, 14), the generating function C (z)
given in (2) is an holomorphic function in a neighborhood of σ(T ).
Then the Dunford functional calculus, defined by the integral
Cauchy-formula,

f (T )x =

∫
Γ
f (z)(z − T )−1xdz , x ∈ X ,

(Γ is a path around the spectrum set σ(T )) allows to defined
C (T ), ([Y, Section VIII.7]) which, of course, coincides with the
expression gives in (5).



6. Examples, applications and final comments
6.1 Matrices on C2 We consider ·C2 and T = λI2 with 0 ̸= λ ∈ C.
Then the solution of (3) is given by

Y =

1±
√

1−4λ(1+λbc)

2λ b

c
1∓
√

1−4λ(1+λbc)

2λ

 ,

for |c|+ |b| > 0, the allowed signs are (−,+) and (+,−); and

Y =

(
1±

√
1−4λ
2λ 0

0 1±
√
1−4λ
2λ

)
,

for c = b = 0. In both cases, note that σ(Y ) = {C (λ),
1

λC (λ)
}

and σ(T ) = {λ}. For |λ| ≤ 1
4 .

C (T ) =

(
C (λ) 0
0 C (λ)

)
.



Now we consider T =

(
0 λ
λ 0

)
with λ ∈ C\{0}. The solutions of

(3) are given by

Y =

(
a a−1

2λa
a−1
2λa a

)
where a is a solution of the quartic equation 4λ2a4 − a2 +1 = 0. In
the case that |λ| ≤ 1

4 , we get that

C (T ) =

(
Ce(λ) Co(λ)
Co(λ) Ce(λ)

)
where functions Ce and Co are defined in Proposition 2.1



6. Examples, applications and final comments

6.2 Catalan operators on ℓp We consider the space of sequences
ℓp(N0, 1

4n ) where

∥a∥p, 1
4n

:=

( ∞∑
n=0

|an|p

4np

) 1
p

< ∞, ∥a∥∞, 1
4n

:= sup
n≥0

|an|
4n

< ∞.

for 1 ≤ p ≤ ∞. Note that ℓ1(N0, 1
4n ) ↪→ ℓp(N0, 1

4n ) ↪→ ℓ∞(N0, 1
4n ).

Now we consider the convolution operator C (f ) := c ∗ f for
f ∈ ℓp(N0, 1

4n ) with 1 ≤ p ≤ ∞. Since C (f ) =
∑

n≥0 cn(δ1)
n(f ),

then

σ(C ) = C (σ(δ1)) = C (D(0,
1

4
))

i.e., it is independent on p and equal to σ(c) in ℓ1(N0, 1
4n ).



Now we consider ℓp(Z) for 1 ≤ p ≤ ∞ and a = δ1 − δ0 defines

a ∗ (f )(n) := f (n − 1)− f (n), f ∈ ℓp(Z)

for n ∈ Z. Note that ∥a∥ = 2, and

(λδ0 + a)−1 =
∑
j≥0

δj
(1 + λ)j+1

, 1 < |1 + λ|,

see [GLM, Theorem 3.3 (4)], [B]. Now we need to consider
a

8
and

the associated Catalan generating operator C ( a8). Then

C (
a

8
) =

8

π

∫ ∞

1
4

√
λ− 1

4

λ
(8λδ0 + a)−1xdλ

=
4

π

∑
j≥0

δj
2j+1

∫ ∞

0

√
t

(t + 1)(t + 3
2)

j+1
dt

= (2
√
6− 4)δ0 +

∞∑
j=1

√
6

3

∞∑
k=j

Ck

12k

 δj .



7. Generators of C0-semigroups

A family of bounded operators (T (t))t≥0 on a Banach space X is
a C0-semigroup if it satisfies the functional equation,{

T (t + s) = T (t)T (s), for all t, s ≥ 0;

T (0) = I ,

and ĺımt→0 T (t)x = x for all x ∈ X . The linear operator (A,D(A))
defined as,

Ax := ĺım
h→0

T (h)x − x

h
, x ∈ D(A) := {x ∈ X |Ax exists}

is the infinitesimal generator of the semigroup (T (t))t≥0 with
domain D(A) which is closed and densely defined, see [EN].



Definition
The Catalan kernel is the function c : (0,∞) → (0,∞) defined as,

c(t) :=
1

2π

∫ ∞

1
4

e−λt

√
4λ− 1

λ
dλ, t > 0.

Theorem

1. For w0 ≤ 1
4 , c ∈ L1(R+, ew0t) and

∥c∥L1(R+,ew0t) =
1−

√
1− 4w0

2w0
.

2. The Laplace transform is

L(c)(s) =
√
1 + 4s − 1

2s
, s ≥ −1

4
.



Proposition

The function ∂t(c ∗ c)(t)) ∈ L1(R+, ew0t) and

∂t((c ∗ c)(t)) = −c(t), t > 0.

Definition
Let (A,D(A)) be the generator of the C0-semigroup (T (t))t≥0

such that T (t) ≤ Mew0t with w0 ≤ 1
4 for all t > 0. Then we define

the Catalan operator C (A) ∈ B(X ) as,

C (A)x :=

∫ ∞

0
c(t)T (t)x dt, x ∈ X ,

where c is the Catalan kernel.



Theorem
Let A be the generator of the C0-semigroup (T (t))t≥0. Then,

1. The Catalan operator verifies the quadratic Catalan equation

AC (A)2 − C (A) + I = 0.

2. The following representation holds,

AC (A) =
1

2
−
√

1

4
− A.

3. The spectral mapping theorem holds for C (A), i.e,

σ (C (A)) = C (σ(A)) ∪ {0}.
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