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Abstract

The present work analyzes in a dynamic setting the consequences of
using different accounting regimes - Historic Cost (HC) wvs. Fair Value
(FV) - for the optimal choice of a financial portfolio, when the owner -
a generic Financial Institution - is interested in consumption (dividends)
for two periods, and two types of assets are available in the economy: one
risky and one risk-free. Comparing with the theoretical optimal portfolio
decisions (First Best), we find that both regimes lead to inefficiencies,
but FV is ex-ante worse than HC in terms of consumption smoothing
and the welfare loss is higher for the companies concerned with long-term
business than for those with short-term horizons. Similarly, the ex-ante
consumption level for the non-terminal period is worse than the First
Best value for both accounting regimes, with FV consumption less than
the HC one. When the risky asset is illiquid and/or costs associated
with transacting it are relevant to be taken into account, the ex-ante
consumption smoothing superiority of the HC regime to the FV one is
not always true but depends on the risky asset patterns (expected return
and variance) and the transaction costs amount.
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1 Introduction

The recent introduction of TAS 32, TAS 39 and IFRS 4 affects 7,000 EU listed
companies and firms from other 100 countries. This makes the analysis of the
Fair Value (FV) measurement concept a crucial research topic. The debate
on the attractiveness of the FV regime is still unsolved. On one hand, the
standard setters advocate the use of the FV reporting. On the other hand,
financial firms, especially banks and insurance companies, defend Historic Cost
(HC) accounting. However, there is a shortage of analytical research devoted to
the comparative analysis of F'V versus HC accounting. This research is strongly
needed in order to correctly assess the costs and benefits of these two accounting
regimes.
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The aim of our research is to investigate whether the adoption of FV ac-
counting has real effects for financial institutions. In particular, we want to
investigate whether the choice of the accounting regime (HC vs. FV) affects
firms’ portfolio selection methodology. Our analysis will enable us to check
whether the HC regime encourages the "profit smoothing" activity mentioned
by the European Central Bank (2004). Moreover, we will investigate whether
the FV system has the capacity to properly reflect the way in which important
financial institutions- banks and insurance companies- should manage their busi-
ness. These institutions should be dedicated especially to long-term decisions
and should be less concerned with short-term fluctuations. The adoption of FV
accounting can have a negative impact on their activity and shortening their
planning horizons (cf. Geneva Association (2004)).

Only few analytical works were dedicated to this topic. O’Hara (1993),
Burkhardt and Strausz (2004), Freixas and Tsomocos (2004) and Plantin et al.
(2007) have tackled the issue. Using different settings, they all show that the
alleged superiority of the "new” FV regime with respect to the “old” HC is
highly questionable.

Compared with these studies, our approach differs in two ways: first, we
work in a more general setting with financial instruments following commonly
accepted patterns in finance theory. For this reason our results apply to a richer
class of financial institutions. Second, our analysis is dynamic and allows for
firms’ reactions to the arrival of new information. This is an essential issue when
studying the consequences of adopting different accounting regimes for financial
institutions with a long-term orientation.

The structure of the paper is the following: in Section 2 we introduce the
general framework. Section 3 describes the First Best (FB) solution. In section
4 we study the consequences of introducing either an HC or a FV accounting
regime. Section 5 presents the comparison between the two regimes. Section 6
draws the conclusions.

2 The Model

We assume that there exist a Financial Institution (FI) endowed with I at
T = 0. The objective of the FI is to maximise its owners’ future consumption
at dates T' =1 and T" = 2. We represent these consumption level as c;and cs
respectively!. We can think of the FI as an Institutional Investor that has an
interest in smoothing the future consumption of the owners?. The FI does not
receive any new endowment at future dates and is able to generate consumption
for its owners only through the investments available in the economy (i.e. it can
follow only a self-financing strategy).
At T = 0 the FI maximises the following time-separable utility function

IThis is a simplification of a model with Financial Institutions living for n periods (ac-
counting years)
2We abstract from differences between ownership and control in the FI



max  Eo{ou(cy) + 6%u(co)} (1)

subject to the different restrictions, in particular those implied by the ac-
counting regime.

The utility u(.) belongs to the general class of CRRA (constant relative risk
aversion) utility functions®. In particular we work with the log utility version of
the CRRA utilities family, i.e. u(c;) =log(c;), for i = 1,2. The desirable conse-
quence of using the log utility is that it leads to relatively tractable analytical
results when coupled with the assumption of log-normality of asset returns.

The time-discount factor § € (0,1] in the objective function (1) accounts for
the relative importance of inter-temporal consumption: a J close to 0 represents
a FI more interested in the short-term, while a § close to 1 represents a FI
equally concerned with consumption for all the periods of its life*. As usual
with financial assets, storage is not a problem. Hence the FI always prefers (or
at least it is not worse) early earnings to late ones. This is modeled by asking
the time-discount factor d to belong to the interval (0,1].%

The general characteristics of our objective function makes our FI partic-
ularly interested in consumption smoothing, a concept generally found in the
”banking literature”. Hence our model mimicks the behavior of these financial
institutions®. The utility function used chosen implies that log(0) = —o0, i.e.
that the owners ask for a positive amount of consumption at 7' = 1, otherwise
”dying” if 0 consumption is provided. In this sense we are dealing with an
"impatient” set of owners. We also assume that owners’ needs (i.e. the weights
d and §?) are known ex-ante. Hence, we are not allowing for surprises (uncer-
tainty) in terms of liquidity needs. As long as we are making an ex-ante analysis,
stochastic weights can be easily incorporated in our model instead of constant
ones, but this complicates the computations without any intuitive benefits.

Finally, contrary to Burkhardt and Strausz (2004), we do not distinguish
explicitly between long-term and short-term projects (assets) in our model, with
the long-term ones having a superior rate of return, and then penalizing for their
premature liquidation. Our limited rebalancing possibilities are equivalent to
costly rebalancing restrictions and can be viewed as a premature liquidation of
long-term assets, where both our risky and risk-free assets are a priori long-term.

3As Campbell and Viceira (2002) remarks, the CRRA utility functions are ”inherently
attractive” and are " required to explain the stability of financial variables in the face of secular
economic growth” : investors are willing to pay almost the same relative costs to avoid given
relative risks as they did when they were much poorer, which is possible only if relative risk
aversion is almost independent of wealth.”

4The key role played by the parameter § in interpreting the results is similar to Plantin,
Sapra and Shin (2007)

5Models with general discount factors not necessary equal with 1+1Rf are used in the
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literature. (see Pliska (1997) e.g.)
6See Freixas and Tsomocos (2004)




2.1 Financial Instruments available in the economy

There are only two asset types available for investment in the economy: one
risky and one risk-free. As usual, the risky asset is expected to bring a higher
expected return than the risk-free one. For simplicity, we assume that the fair
value of these instruments can be easily determined in our model, i.e. there is
a unique available market price for the financial instruments”’.

We take as given the two asset returns, and we assume that their evolution
follows an ex-ante known stochastic rule: log-normality®. Our FI acquires the
financial instruments in the secondary market, where the assets have their well
defined price. These markets are not affected by the trading activity of the
FI. We also assume that the accounting information disclosed (i.e. the value of
the portfolio under different accounting regimes) does not affect assets prices,
because it does not introduce any new information in the market?.

The previous analytical papers on FV accounting already show that the rele-
vant differences between accounting regimes appear when imperfections exist. In
particular, in our model we assume that asset prices are perfectly known at any
moment, but that there exist frictions (transaction costs) when selling/buying
the assets (especially the risky ones). This implies limitations to the possibilities
for re-balancing the portfolio'® Using the terminology of Plantin et al. (2007),
we assume liquid and "hard” secondary markets. Without transaction costs,
the differences between accounting regimes would become irrelevant, as one can
liquidate the financial portfolio at the end of each period (registering the cash
value, the same under any accounting regime) and then re-buying the desired
financial portfolio at the beginning of the next period, and so on.

However, contrary to Plantin et al. (2007), in the present work the as-
sets illiquidity (limited absorption for sales in the secondary markets leading
to ”beauty contests”) is not the primary cause of distinct portfolio choices: we
obtain distinct portfolio allocations under HC and FV even for ”small” imper-
fections (transactions costs leading to limited rebalancing possibilities).

In Section 5 we introduce the case of illiquid risky assets (viewed as assets
for which transaction costs are relevant) and we show how the results obtained
for liquid risky assets are changing.

2.2 Assumptions about portfolio rebalancing

We analyze the behavior of a FI living for more than one year, taking into
account some aspects of modern portfolio management, such as the possibility

"We don’t question here the also strongly debated weak point of the FV accounting regime,
i.e. that fair value of an instrument cannot be always reliably determined

8The same approach is followed by Campbell and Viceira (2002) when designing portfolio
strategies

9In Plantin, Sapra and Shin (2007), and in Burkhardt and Strausz (2004) the accounting
information disclosed affects the degree of liquidity and implicitly the price of the asset.

10We are inspired by the example of secondary markets for banks and insurance, where, due
to information asymmetry, there exists restrictions when re-balancing a portfolio.



of rebalancing the portfolio in each period''.

We do not quantify transactions costs explicitly in our model. We simply
assume the existence of sufficiently high transaction costs such that the following
rebalancing restrictions hold!?:

1) there is a single possibility'® for rebalancing the portfolio (and it ap-
pears in our model at T = 1'%, when new information arrives.)

2) it is not possible to hold cash from one period to the other; this
means that, at any moment, the portfolio is composed only by risky and risk-
free assets; in our setting it is not efficient to hold cash as long as risk-free assets
are available in the economy (and they are better than cash), they are perfectly
liquid at T'= 1,2 the only moments when claims for consumption can be made.

3) the rebalancing activity consists of selling assets, buying other assets
and consuming part of the assets. Importantly, we asked to not re-buy the
assets already sold.

4) short-selling of assets is not allowed. Pollack (1986) states that “on NYSE
the total volume of short selling is around 8 percent of total volume”, and only
1.5 percent is undertaken by non-members of the exchange, i.e. our FI (not
active investors). Legal restrictions for the functioning of FIs whose stability is
a social concern is another argument why short sales should not be available.
Also Hull (2003) reminds us that ” requlators in the United States currently allow
a stock to be shorted only on an uptick-that is, when the most recent movement
in the price of the stock was an increase.”

2.3 Decisions

According to the objective function and the restrictions about rebalancing port-
folio provided above, the FI has to take 3 decisions in our model:

Decision 1: at T' = 0 it selects a portfolio composed by o risky assets and 3;
risk-free ones, denoted (ay, 81), using the entire endowment Iy, and the whole
information available at T = 0. The prices at 7' = 0 (uniquely determined) of
the two assets are respectively Xg and 1, such that we have:

a1 Xo + p1 = 1o (2)

This portfolio is held until 7 = 1. Immediately before T = 1 (i.e. at the
time called T'= 1_ ) this portfolio values:

11This is one of the reasons the Financial Institutions are created: "to rebalance portfolios
on behalf of investors who find this task costly to execute" :Campbell and Viceira (2002)

120ne can view our FI as a non active investor, due to transaction costs.

13This assumption is not very restrictive: the unique transaction can be viewed as being
composed by different transactions, in the same accounting year, realized with a single (average
or T = 1) price; the only requirement is not to sell and re-buy the same asset in the same
accounting year.

HMgtrictly speaking, it is the new information about the financial assets available in the
interval (T=1_,T =14)



a1 X1+ Bi(1+ R{) =W (3)

where R{ represents the risk-free interest rate corresponding to the first
period.'?

Decisions 2: at T = 1, according to the new information about the assets
prices, FI will choose a level of consumption ¢; and consequently the level of
re-investment Inv;.

Decisions 3: at T' = 1 FI will re-balance the Inv; amount into the new
portfolio (as, f2).

2.4 Assumptions about asset returns

X
We assume that the asset gross return 1+ R = 2l log-normally distributed

Xo
X1 — Xo
To represents the asset net return).

This is a common assumption when dealing with financial (liquid) assets and
helps us to obtain closed form solutions when coupled with log-utility'S.

We consider the following "initial parameters", which determine the shapes
of the expected utility curves: the risk-free interest rate for the first period
R{ , known at T = 0; the expected value of the net return of the risky asset
for the first period Eo(R7) and the variance of the natural logarithm of X,
o2 = Varg(log(X1)).

We denote by r{ =log (14 R7) and r; = log(1+ R{) the log-returns of the
risky, respectively risk free assets, for the first period and p = Ey(r}). Values for
the second period are defined in a a similar way: Rg, known at T =1, E(R3)
the expected return of the risky asset for the second period after learning the
updated information at T = 1, 02 = Var;(log(X2)) , ¥ = log (1 + R%) and
r] = log(1+ R}).

(where Ry =

. . Eor® —pd Eqr®—pd
Finally, we consider the values ¢; = 022 Logy = 1r022 "2 They can be
’ ' 1+ EoR{ 1

: : M is 2] _ 1 0
written in terms of our ”initial parameters”, as q; = J—glog TR{l — 3, and

_ 1 1+E1 RS 1 . .
72 = -5 log TR T2 (see Annex point 1). Importantly, we ask the following
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parametric restrictions: ¢, € (—=3,1), ¢, € (—3,3)."7

We describe at this point the approach we followed to quantify the expected
returns of such portfolios and the expected consumption. Considering the port-
folio composed by «; risky and 3 risk-free assets, we denote by aj = all—fo the

15 At T = 0 we are not asking for a similar decision of splitting the initial resources Iy between
consumption and investment, but we invest all the resources Ip. It can be solved very easy
the similar problem by going one-step back in our dynamic portfolio choice problem.

16The same approach is followed by Campbell and Viceira (2002)

17Tt will be clear in Section 3. This is equivalent with asking that the FB portfolio dis-
tribution to have an "interior solution", i.e. to contain a positive number of both risky and
risk-free assets (as long as short-selling is not allowed in our model).



share of the initial endowment I invested in the risky assets (and af = ‘}‘flfll
similarly for the second period).
The following formula for the gross returns of the portfolio can be derived'®

RV 4+1=af(RT +1)+ (1 —a})(1+R]) (4)
or equivalently in the log-form:

log(R{ + 1) =log[af (R} + 1) + (1 — of)(1 + R{)]
Following Campbell and Viceira (2002), we use discrete approximation of the
gross returns. These authors points out that ” as the time interval shrinks , the
non-lognormality of the portfolio return diminishes, and it disappears altogether

in the limit of continuous time”, making the following approximation an exact
equality:

1
log(RY +1) = ajlog(RT + 1) + (1 — oF) log(1 + R{) + ia*{(l - OLT)O'(Q)

or, re-written with our notations:

*( T 1 * *
rt=r{ +ai(rf —r)+ 50‘1(1 —aj)og (5)

and a similar formula for the second period:

* 1 * *
18 = rf + 0308 — ) + 3031 — a3)od ()
Expression (6) and the fact that consumption at the end of the second period

is equal to the terminal wealth, i.e. co = Wj, allows us to use the following
equivalent form of the initial objective function (1):

—o? 1
8Eo{log(cr) + 8log(W1 — e1) + 8(—)aj +6(gz + 5)ofas +orf}  (7)

We will use this form for the rest of the analysis'?.

To simplify the evaluation of the expected utility at 7" = 0, we assume that
the best estimators at T = 0 of the ”initial parameters” for the second period
are Eo(R%) = Eo(RY), Eo (0%) = 03 and respectively Ey (rg) = r{. We also
assume that: Ey(q,) = q1%°

18Gee details of the computations for this section in Annex point 2

9Note that (7) is not an ezact replacement of (1), because it depends on approximation
(6).
20This is equivalent with saying that Eo(a}fB) = aF B, the proportions of risky assets in
the FB portfolio. For this expression the concept of best estimators of the initial parameters
is not enough, because it is a complex function. Hence, we have to assume it as a block.



3 "First Best" without Accounting Restrictions

The FI is interested in maximizing its expected utility at T = 0:

Problem FBO

maxFo{dlog(ci) + 62 log(ca)}
s. t.ag >0

120

c1 >0

c < W,

as >0

B2 >0

Consistent with our comments from Section 2.4, we replace the objective
function (1) by the approximated version (7), and instead of solving Problem
FBO for ay,(1,c1,as and (B2, we equivalently express it in terms of aq, 81,1
and o - the proportion of the investment in the risky asset for the second
period.

Accordingly, at T' = 0 the FI solves the following problem:

Problem FBO’
—o? .2 1 N
— 1)y + (g + 5)otal + orf)

maxdEo{log(c1) + 0log(W71 — ¢1) + d( 9

s. t.ag >0
p1>0
c1 >0
¢t < Wy
ay >0
ay <1

This is the main task of the present section. One can remark that another
merit of the approximation (7) is to reduce the number of unknowns from 5
(like in Problem FBO) to 4, in Problem FBO’.

However, solving Problem FBO’ in this form is not obvious: there are 4
variables (a1, 81,¢1 and o) corresponding to the decisions that the FI has to
make at different time moments (T = 0 and 1). For this reason, we employ
the technique of dynamic programming: backwards analysis. We fix the "tra-
jectory” of decisions up to one point (i.e. we consider we already made the



Decision 1 of choosing a pair (ay,31) ) and then we solve for the optimal path
starting with that point (i.e. starting at T' = 1). Later we move one step back
and so on. In our case, assuming we have fixed the initial decision (ay, 1) at
T = 0, this leads to the following problem the FI solves at T' = 1 for deciding
c1 and o (corresponding to the given (ay, 81) pair).?!

ProblemFB1 Suppose the FI has chosen a fized arbitrary pair (a1, B1) of
risky, respectively risk-free assets at T = 0 and it has to decide the consumption
c1 and the way to redistribute the assets for the second period (the proportion
o or similarly the numbers of assets (as,B2)). At T =1 it is known the value
X1 (also Wy ) and the FI solves the following mazimization problem:

2
maxd F {log(cy) + dlog(Wy — ¢1) + 6(%01)(132 + (g2 + %)Ufaﬁ +ord l(a1,81) }
s. t.cg >0
c < Wi
a; >0
as <1
The solutions of this problem are: a3 8 (ay,31) = %{Tﬁ + % =q+ %22

4%
CfB(alaﬂl) - 1+1(5 .
Proof: see Annex point 3

Now we move one step back to find the optimal starting pair (recall we ob-
tained, by solving Problem FB1, the optimal path when given a fixed (aq, 81),
hence we know how to optimally continue for any starting (as, 1) chosen at
T=0)

We are able to solve Problem FBO’ (re-phrased as Problem FBO0”) by
replacing ¢; = cf'B(ay, 1) and o = 3B (ay, 31), the solutions of Problem
FB1:

Problem FB0”

2
— 1
maxd Eo{log(ci ®) + dlog(W; — i B) + 5(%)0@1732 +0(q2 + i)afoz;FB +ord}
s. t.ag >0
p1 >0

21We also follow the dynamic programming approach when solving the cases with accounting
restrictions
22We forced the parameters q1 and g2 such that the proportion aj (a1, B1) € [0,1] (one can
. . EyrZ—rd
see at this point why we asked g2 = % € (—%, %)
1

Birg—rf 11 FB_ Birs—r{ 1
o2 €(-3:3) e a3 767%4‘56(0»1))

q2 =



*F B
The result is af'? = %TIO, B = (1—aifP)Iy where offB = ¢ + 1 €
(0,1).

Proof: Annex point 4

We conclude the analysis of the FB case in the next proposition.

Proposition 1 a) Optimal Decisions
A FI endowed with Iy at T = 0 has to make the following optimal decisions
in order to maximize the expected utility of consumption:

Decision 1
First, the FI chooses at T =0, (a1,51) as

*F'B
re o1 o

Q= X, (8)
P =01-a4"I 9)
where )
. Eory — rf 4% 1
afP = # =q+ 5 (10)

At T =1 the optimal decisions 2 and 3 are:

Decision 2
Consumes: 1
ch—WlH_(S (11)
Reinvests :
In'ulFB—Wllja (12)
Decision 3

The reinvested quantity is optimally distributed as (az, B2), where

«FB FB
oFB _ a5’ ZInvy

= 1
: < (13)
1— *FB T FB
FB _ (1—0a3 )f“U1 (14)
and ,
Evrg—ri+2
apfP=—12 272 (15)

g1
b) Expected Utility

10



With the optimal decisions described at a), the ex-ante (at T = 0) expected
utility of our FI is:

EgB{élog(cl) + 62 log(ce)} =

= (6+62) [k)g(lo) + (1 i 5 10g(d) — log(d + 1)) + 111256 (r{ " ;Ug(ql i ;)2”
(

16)

Proposition 2 a) Expected Consumption

A FI endowed with Iy and following the optimal decisions described in Propo-
sition 1, a) expects at T = 0 the following level of consumption cf'B for the
moment T =1 :

—q1)(1+R{)+(1+q1)€”+§]; (17)

Io[(1 5

Eo(cfP) = 5

1+0

b) Expected Number of Transacted Assets at T =1

A FI endowed with Iy and following the optimal decisions described in Propo-
sition 1, a) expects at T = 0 to transact at T = 1 the following number of
risky assets:

1. Iy § 1 .
Bo(af®)-af® = (gt )1 {15l 5+ (RO G—ae F1-1) (1)
and respectively risk-free assets:
1

FBY_pgFB _ (— _ o
BaB) =57 = (G- el - + {0

Proof: Annex point 5.

Up to here, we worked with the ideal case, where FIs optimally use their
initial resources and the updated information at 7' = 1, in this inter-temporal
consumption model, and they don’t care about accounting restrictions.

In line with our “welfare” interest, we call this path of decisions a “First
Best” and we define in Section 4 “Second Bests” to be compared with it.

4 Portfolio/Consumption Choice under differ-
ent Accounting Regimes
Instead of freely selecting the portfolios, the FIs have to comply with the ac-

counting rules. Like in the FB case, at T' = 0 they select the first portfolio.
At T =1, they decide the consumption level and how to balance the portfolio.

11



The main change with the "First Best" case is: now the owners’ consumption
at T = 1 can be realized only through dividends (which can be distributed
only when there is a positive profit corresponding to the first period II > 0).
The dividends are bounded above by the accounting profit the firm registers at
T =1, depending on the accounting regime.

We assume there are no retained profits from previous periods to be used
as a reserve for T = 123, At T = 2 the consumption is not influenced by the
accounting regime in force, as the firm is liquidated and only the market prices
(in our model they are equal with FV) count, in any accounting regime case?*.

We briefly introduce here the general assumptions we do about the account-
ing regimes role.

Under HC regime, we call “HC Good Time” the case when risky assets
appreciate at T = 1 with respect to the initial moment, i.e. X; > X, and
“HC Bad Time” the opposite case: X; < Xg. At T = 1 the company cannot
recognize any profit, (but is not obliged to communicate any loss), unless it does
not change (by selling some assets) its portfolio before reporting at T' = 1, the
end of the accounting year. Hence the unique way to report profit, and then
to have the possibility to distribute dividends for consumption at 7' = 1, is to
balance the portfolio at T = 1_ (before reporting) through a net selling of assets
that performed well during the first period. In line with this strategy, during
“HC Good Time”, when risky assets appreciate with respect to T' = 0, the firm
can sell part of them or possibly risk free assets (which surely appreciate) and
can recognize the profit. Importantly, even in “HC Bad Time” the firm can
recognize profit by selling part of the risk-free assets.

Under FV regime, at T = 1, the company has to recognize the “fair value” of
the portfolio. In particular we follow the “FV option principle”?®: the difference
between the FV of the portfolio at 7'=1 and T'= 0 (an “unrealized” profit or
loss) is recognized into profit section. Accordingly, only if the portfolio value
Wi at T = 1 is greater than the initial investment Ij (case called "FV Good
Time") the company can distribute dividends. In the other case, when W7 < I
("FV Bad Time" ), there is no such a possibility.

We present in details the FIs’ utility maximization problem under the two
accounting regimes.

4.1 HC Accounting

Under the HC accounting regime, the FIs’ decisions are: at T = 0 they select

a portfolio (afI€ BHC) of risky, respectively risk-free assets, using the entire

23The motivation is similar with that for Assumption 2 from rebalancing restrictions: it is
based on the existence of the risk-free security (investing in it is always better than keeping
cash as a profit reserve.

24For this reason - to condition consumption on accounting regimes - we had to work with
a multi-periodic (two-period) model, because in a single period model we could not offer any
importance to the accounting reports, as FI would immediately liquidate and the accounting
reports would become irrelevant.

25This is the dominant approach according to the new accounting standards
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endowment Iy, and the whole information available at 7' = 0. This portfolio
they hold for one period.

Hence:
A9 X, + pHC = 1, (20)
at T'= 0.
At T =1_ , this portfolio values:
ot Xy + B9 (1+ RY) = WC (21)
Around T' = 1 new information arises about the future assets prices. (We
assume this information appears at T = 1_ and it remains the same until
T == 1+)

As we introduced (Section 2.2), we allow for a unique possibility of balancing
the portfolio, around 7' = 1, when new information about asset prices appears.
A priori there are two possibilities to balance the portfolio around 7' =1 : the
FIs can choose to balance it either at ' = 1_ (before reporting) or at 7' = 1,
(immediately after reporting). If balancing at T = 14 there is zero profit at
T = 1, hence no consumption possible at T' = 1, but the FIs can balance the
wealth W7 optimally in the second period, following a portfolio distribution rule
similar to the FB case, for the second period. (In our case the FIs will never
choose this option, as it is inefficient, when they use the information available
at T = 1: it leads to ¢}/¢ = 0 which means bankruptcy considering our utility
function).

On the other hand, if balancing before reporting (the case we consider for HC
regime analysis in this work), then consumption different from zero in T' =1 is
always possible, independently whether risky asset goes bad in the first period,
but the “price” is that, when the FI decides to rebalance from (af’¢, 3H¢) into
(adf€ BHCY) at T = 1_, then this last portfolio should be kept up to T = 2,
and it is possible (in the majority of cases it is sure) to be different from the
optimal portfolio distribution the firm would choose if no accounting restriction
were imposed.

Similarly to the FB case, we solve the investment-consumption allocation by
backwards analysis. We assume the FI has chosen an arbitrary pair (o€, 5f1¢)
at T = 0 and it contemplates the ways this portfolio can be changed into
the “targeted” portfolio for the second period (¢, BHC) according to the
actualized information set. We discuss the possible strategies appearing at T' =
1_, conditioned by the value X; of the risky asset (at 7' = 1_, X; is known,
hence the state of the nature: "HC Good Time" or "HC Bad Time").

We are analyzing first the "HC Good Time" scenario (i.e. when X7 > Xj).
In this case, one can recognize profit by selling each of the assets: risky and
risk-free. Hence, during "HC Good Time" there are feasible to be applied the
following two strategies (4.1.1 and 4.1.2):

13



4.1.1 Strategy 1: ¢ < off® and B¢ > pHCY (sell risky, buy risk-
free)

The firm sells (profitably) off¢ — o€ risky assets and it receives (af/¢ —
a9) X1 in cash.
With this transaction the firm recognizes a gain of:

I = (o' = a3"9) (X1 = Xp) (22)

Hence the available consumption is bounded above by the profit value?S:

' < (f'C — ) (X1 — Xo) (23)

On the other hand, the cash (aff¢ —a2/“) X, is divided between consumption
¢1 and the rest for investment in the second period. (We are not obliging the
whole profit to be consumed at T'= 1. We allow for re-investing the profit ob-
tained in the first period, in line with the optimization problem and we abstract
for taxes).

As we do not allow for holding cash in our model, the firm has to acquire for
the second period any of the financial assets available in the economy. In this
case, we asked for buying only risk-free assets, as there is no economic meaning
to re-buy the risky assets. Hence the cash available to buy risk-free assets at
T=1_is (af¢ - €)X, — HC,

It leads to
BHC _ gHC _ (1" — o) X1 — '@
1+ R]
or
HC _ pHC + (Oé{lc B Oégc)Xl - CHC (24)
2 T A 7
1+ Ry
Taking into account the accounting restrictions presented above, given (a7, f1¢)

an arbitrary initial portfolio, at 7' = 1_ the company following Strategy 1 would
choose in "HC Good Time" cf/¢, ¢ pHC the results of the next problem,
directly expressed in the equivalent form (7), like in the FB case.

Problem HC1Strategyl At T =1_, if X1 > Xo, a FI wanting to rebal-
ance the arbitrary portfolio (o€, BHC) into (adfC, BHC) using Strategy 1 (i.e.
selling risky assets and buying risk-free assets) solves the following mazimization

problem:

20We remark that IIH#C < Wy, because IIHC = (off¢ — all%) (X1 — Xo) < of19X; <
Wy =aflX; + BHC(1 + R{)7 hence by asking that 7€ < (aff® — af9)(X1 — Xo) we are
sure that cflc < Wi.
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2
— 1
maxd Ey{log(cy) + dlog(Wyr — 1) + 5(%)0[;2 + (g2 + i)ofoz; + 51"5 |(atic grey}

subject to o€ < aHC (25a)
o€ >0 (25b)

o _ e (0 Z o)X - of? (25¢)

1+ Ry

3¢ > pie (25d)

9> 0 (25¢)

>0 (25f)

ff ¢ <@ (25g)

The solution of Problem HC1Strategyl is the following: the FI makes
the decisions according to the next algorithm, depending on the position of Xj:

1) If X1 > Xpp the FI chooses solutions of the FB type (i.e. aSHc =
1 «FB _HC _ .FB
g2 + 3 ¢ =c”).

= Gy )
2) If X; < Xpp there exists the following candidates for global maxima and
the FI should decide between them (Corner or Interior Solutions):

2.1) Corner Solution: (it depends on the X7 value)

If X1 > CornerThresholdgi,1 then the Corner Solution is OQHC =0,
cflC = cI'B = Wlﬁ (sells all the risky assets and consumes the same amount
as in the FB case);

If X; < CornerThresholdgi,1 then the Corner Solution is agHC =0,
cHC = TMHY = a;(X; — Xo) (sells all the risky assets and consume all the
available profit);

2.2) Interior Solutions
Finds the solutions @’ of the equation

Q* = (a+1)Q* + (ab+ —)0— (A0 Ly g (26)
o3 0 o3

satisfying Q" > b and Q' < a + (% + ¢2) and then it distributes the

w HC
Xl(x1 —lxo —)

Ql

portfolio as a37¢ = X — Q" and ¢ =W, —

where

15



HC HC f HC f 1
apror __ [o) " Xo+67 " A+RDI+H6 - A+ Ry )6(‘124‘5)
XOror — X e

value of Xpp,

is an approximated

CornerThresholdg1 = (In — o€ X)) (1 + R{) fos + 1T+6XU’

afcﬁ
HC
_ X (1 _ Xy X
a=x"% —(3+q)>0and b= % w > 0.

Proof: Annex point 6.

Remarks:
i) at T'= 1 we know the values of a, b;
ii) the condition 3¢ > 0 can be eliminated;

iii) the values ¢ off¢ and B¢ are functions of the initial portfolio (¢, B¢

efiC = cfi(ali®, 511), off® = aff(afi€, 5°), B = B (o€, 5
iv) we have computed also the ezact formula for the threshold Xpp. We
describe the second possible strategy available in "HC Good Time" at T'=1_.

4.1.2 Strategy 2: off¢ > off¢ and pi¢ < BHC (sell risk-free buy
risky)

The firm sells 7 — BHC risk-free assets and it receives (87C — HC) (14 RY)
as cash. There is a gain of (87¢ — BHO)RT

We make an important remark here: this strategy is always feasible, when-
ever there exists a positive number of risk-free assets in the portfolio; it works
independently on the position of the risky asset (“HC Good Time” X; > X or
“ HC Bad Time” X; < X)j).

Similarly with the first strategy, one obtains:

O < (BHC — BHONR] (27)

The quantity (B¢ — gH C)R{ is divided between consumption and re-
investment (in risky instruments this time) in the second period, s.t.

we  me  (BEC —BHEO)(1+ R]) — cfI€
Qo ~ — O~ = X
1

or

wo _ mo , ( HC _ Bl 1+ R]) — cfI°
ay ~ =+
X1
An equivalent problem with Problem HC1Strategyl leads to the solu-
tions for optimally choosing al’¢, ¢ and then 35¢ at T = 1_, when Strategy

2 is chosen:

(28)
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Problem HC1Strategy2 At T = 1_, a FI wanting to rebalance the ar-
bitrary portfolio (1€, BHCY into (akl¢, BHC) using Strategy 2 (i.e. selling
risk-free assets and buying risky assets) solves the following mazimization prob-
lem:

o2 2 1
maX(SEl{log(cl) + dlog(Wy — 1) + (5( 7 Jas + (g2 + 5)0%(13 +6rf |(arre prey}

subject to fI1¢ < pHAC (29a)
2 C >0 (29b)

HC _ gHCy(q| A
afc — O | (81 B )1+ Ry)— (29¢)

X1

¢ > HC (294)
“>0 (29¢)
c{w >0 (29f)
'@ <1 (29g)

The solution of Problem HC1Strategy?2 is the following:
The FI should decide between the following candidates for global maxima
(Corner or Interior Solutions):

1) Corner Solution : a3HC =1 and ¢ = 8RS = (I, — ale)R{ (i.e.
sells all the risk-free assets and consumes all the available profit);

2) Interior Solutions: Finds the solutions R’ of the equation

(1+06)d

o 0 (30)

1
R*— R*(c+d)+ R(cd — —) —
01
satisfying R’ € (d,c+ % — @] and then it distributes the portfolio as a3F¢ =

R — Ri{ and ¢ =Wy (1 - %),

where ¢ = 25 + (3 +q2)>0andd—Rf—|—a1X1>O

L
Rl
Proof: Annex point 7.

Remarks:
i)at T =1 we know the values of ¢ and dj
ii) the condition £¢ > 0 can be eliminated;

iii) the values ¢ aff¢ and B¢ are functions of the initial portfolio (i€ BHCY
HC — (HO(QHC BHC) " (HC _ GHC(GHC gHC) gHC _ gHC HC
o C = (ar ", BrY), 0 Y =ay “(ar’”, B1), By (d', B{).
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Concluding, in "HC Good Time", at T = 1_, depending on the value of X7,
the FI has to decide which strategy to use and inside of each strategy, how to
make the decisions cl7¢ ofI¢ BHC This is the most difficult part of the present
work. We have to solve separately the problems Problem HC1Strategyl and
Problem HC1Strategy2 and to compare their solutions.

Solving exactly our objective from this point is difficult: from one point of
view, the solutions of the 3rd degree equations in Problem HC1Strategy1 and
Problem HC1Strategy2 can be exactly found with the formula of Cardano,
but they lead to complicated expressions. Also, the values of a, b and d, known
at T =1, are difficult to be estimated at T" = 0.

To address these drawbacks, we show in Proposition 3 that the previous
strategies decisions can be re-written as approximations of their exact decision
algorithms by neglecting the interior solutions:

Proposition 3 1) At T = 1_, if X1 > Xy (in "HC Good Time”) , a FI
wanting to rebalance the arbitrary portfolio (af1€ BHCY into (akl¢, BHC) us-
ing Strategy 1 (i.e. selling risky assets and buying risk-free assets) makes the
decisions according to the following algorithm, depending on the position of X;:

1.1) If X1 > Xpp, then FI chooses solutions of the FB type (i.e. a3f¢ =
o+ L = asFB, HC = oF'B).

1.2) If Xpp > X1 > CornerThresholdgir1, then Ot;HC =0, c{{C = ch
= I/Vlﬁ_(s (it sells all the risky assets and consumes the same amount as in the
FB case);

1.3) If CornerThresholdgi1 > X1 then a3?¢ =0, 1€ = M = o (X, —
Xo) (it sells all the risky assets and consumes all the available profit)

where X @5°" and CornerThresholdgy1 are defined in Problem HC1Strategyl;

2) At T =1_, a FI wanting to rebalance the arbitrary portfolio (a1, 3HC)
into (1€, BHCY using Strategy 2 (i.e. selling risk-free assets and buying risky
assets) sells all the risk-free assets and consumes all the available profit: a37¢ =
1 and ¢HC = BHOR! — (I, — o9 X )R]

Proof: Annex point 8.

According to Proposition 3, during "HC Good Time" there exists 4 pos-
sible rebalancing decisions (1.1, 1.2, 1.3 and 1.4, coming from the two available
Strategies) and the company has to decide between them. We have finished the
description of the optimal strategies at T'=1_ during "HC Good Time".

During "HC Bad Time" (i.e. when X7 < X) the analysis is simpler: Strategy
1 is useless (i.e. selling risky assets and buying risk-free ones) as it leads to
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cl1¢ = 0. Hence, only Strategy 2 is feasible, and the allocations corresponding
to Strategy 2 studied for the "HC Good Time" case apply; it is not necessary
to make a separate analysis of the "HC Bad Time" case. Taking into account
the findings of Proposition 3 relative to Strategy 2, the conclusion is that
during "HC Bad Time", at T = 1_, the company always chooses a3l¢, cH¢
and B¢ by choosing the "corner solution" a;3#¢ = 1 and ¢ = 6{10}2{ =
(Ip — o9 X)) RS

At this point we can put together the results of the two strategies analysis
and to obtain the optimal path for the HC case at T = 1_, given (al’¢, pH¢)

an arbitrary initial portfolio.

Proposition 4 At T = 1_, a FI wanting to rebalance the arbitrary portfo-
lio (a1€, BHCY into (ol BHC) using any of the Strategies 1 or 2 makes the
decisions according to the following algorithm, depending on the position of X;:

1) If X1 < ThreshStr (during "HC Bad Time” and the small values of X,
from "HC Good Time”) it uses Strategy 2 as: a3"¢ =1, ¢ = BlHCR{ =
(Ip — afICXO)R{ (it sells all the risk-free assets and consumes all the available

#\pf
profit); ThreshStr = X (1 + 7(1_2%)}31 65(120?) ;

For the rest of the cases it uses Strategy 1 as follows:

2) If Xy € [ThreshStr,CornerThrStrl)
a3HC =0, 19 = of19(X, — Xo) (it sells all the risky assets and consumes
all the available profit);

3) If X; € [CornerThrStrl, X75°")
aEHC =0, C{{C = ch = ﬁWl (it sells all the risky assets and consumes

the same amount as in the FB case);

4) If X1 = Xl
Oé*HC
2

FB type).

HC _ ,FB _ _1

= CV;FB =q2+ %, at =0’ =15 W1 (it chooses allocations of the

Proof: Annex point 9

We make the last step of our backwards analysis. In the following propo-
sition, with the aid of Proposition 4, we estimate an approximate value of
our expected utility function (7) at 7' = 0 and we decide the (approximated)
optimal strategy the FI has to follow under the HC accounting regime. We
denote by Eof(X1) |(ane grey the expected utility of the objective function (7)
{51

when starting with an arbitrary pair ( and applying at T' = 1_ the

optimal decisions described in Proposition 4.
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Proposition 5 a) Expected Utility

For an arbitrary starting portfolio (a1¢, BHC), the FI ex-ante utility Eo f(X1) |(atic grc)
can be approximated as Inty + Inty + Ints + Inty, where:

Inty = 8{k{ICud (N) — 0p (N)] + KICD(N)}

Intsy = 6{ki“{p[® (P) = @ (M)] +a0lp (M) — p (P)]} + k' “[®(P) — 2(M)]}

Inty = 0{kf'“{u[l — @ (P)] + 00p (P)} + k' “[1 — ®(P)]}

S{KHC [®(N) — &(M)] + kIC[®(M) — ®(N)]} if CornerThrl/Xoy < 3
S{EHC{D(N) — B(V) + p[®(M) — B(V)]+ if ThreshStr/Xo < 3 <
Inty = +oolp (V) — p (M)} + EEC[@(M) — &(N)]} < CornerThrl/Xg

{k{T{pl® (M) — @ (N)] + oolp (N) — p (M)]}+

where p(x) = \/%e_%zz, ® () is the cumulative distribution function of the

standard normal, and the parameters are:
HC _ soi(1+R]).
ki =0 1+at R

HC _ wpfy . foi(+R]) | 10;(1+R]) 1-ai 9
k3¢ = §[log Iy+log(1+af Ry )—ry 11+01‘R{ 3 11+QTR{ 1+Oé,{R{U(J]—&—loglo-i-

log(1 — aF) + logR{c + 5(—%%) +0(q2 + 1)o7 + 57"{);

EHC = 1; KEC = loga} + (14 6)log Iy + 6log(1 + R — ot R]) + 61

kEC = (14 0)as;
ke'C = (1+0)llog Io+(1—af)r{ + 3af (1-ai)at] +log(5 )+ log 55 )+or;

2
WIC = B = (14 D)as KEC = EC + 6% ( + )%

In(T L Ti)— In(T: L Ths)— In(T: L T55)—
N = n( 1o 12) " M- n( 2t 22) M;P: n( Bt gy 32) M;

(<) ? ) oo

Vv = nB/Xo)—p.
oo )

T =1—- R{e‘;"fq% Ty = R{e‘;"fq?;
f f

Ty =1~— %; Ty = LF(;RI ;
_ 4 _ _ Rl (+R)i(aa+}). _ (4R | +R)é(e2+3).
Ty =1-517"0 Sla IR =5 T T e

b) Optimal Decisions
Under HC regime, the FI optimal decision at T = 0 is to choose the initial

portfolio (o€ BHCY that mazximizes the expected utility Eof(X:) |(atic gHC)
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described at a). This leads to choosing the following proportion of risky assets
at T = 0:

a»{HC _ 1
f _ *FB «FB _ f_..f Uo(l QO"IFB) consy
1+6R] (1—aifB) + 3146 (o ) |n+ Ry =i+ =505 ot
(31)
X
where cons; = (% + WXN> and consy = (Xpr—Xn) (W) :
1H(T11+Q*%T12)*u ln(T21+u*}:B To2)—p ln(T31+ﬁT32)7u
XN = L s X = L ; Xp = - ;

ago ’ ago !

At T =1_, the FI follows the decision rules described in Proposition 4.
Proof: Annex point 10

Proposition 6 a) Expected Consumption

Under HC regime, a FI endowed with Iy and following the optimal deci-
sions described in Proposition 5, b) expects at T = 0 the following level of
consumption ¢ for the moment T =1 :

Eo(cHC) = IoRI (1—atHO)Y(N) + aHC Iy {el+ 3 [®(M — o) — B(N — )] —

B(M) +&(N)} + r{afCToer 3 [L = (M —00)] + Io(1+ R{) (1 - o) [1 -
O(M)]};

S

b) Expected Number of Transacted Assets at T =1

Under HC regime, a FI endowed with Iy and following the optimal decisions
described in Proposition 5, b) expects at T = 0 to transact at T = 1 the
following number of risky assets:

o2
Eo(adf€)—alI€ = aiH1C I (®(N)~1+(qo+1) 525 [1-0(P)] 14+ 20521 -t (@ (V4
00) + (2 + 3) 525 (1 + R))[1 — ®(P + 00)]};

and respectively risk-free assets:

Bo(B5€) — BHC = [y ai O {a(M) — (V) + et [a(P — o0) -
(M —00)+ (5 42) (L~ B(P—00))]} +Io(1- a3 7O) (M)~ B(N) + 25 [B(P) -

(M) + (5 — 2)(1 — ®(P))]} — Io(1 — a7")
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Proof: Annex point 11.

We completed the description of the optimal path a FI should follow under
the HC regime in our model. However, we make the following comments on
the limitations and implications of the strategies analyzed for the HC case.
First, a third strategy can be considered for our analysis: ¢ < off¢ and

HC < BHC. Tt means selling both types of assets, consuming part of the profit
and then reinvesting. We disregarded this strategy, as it obliges to re-buy the
sold assets, or to hold cash the second period, situations we already rejected for
present analysis.

The second comment is the following: the model with two assets - one risky
and the other risk-free - is clearly a simplification of reality. A step further would
be allowing for holding cash from one period to the other (i.e. to be added a
third security - money, bearing the interest rate risk). From one point of view
without cash the problem is simpler, but on the other hand it implies the risk of
truncating reality when designing our strategies in the HC case. Importantly, in
terms of consequences, not allowing for holding cash is not affecting essentially
the results: we show that, even working with this simplified hypothesis, the
HC is better in terms of consumption smoothing than FV, hence improving
the analyzed HC strategies would increase the efficiency of the HC regime (and
maybe it will enlarge the set of the points where HC coincides with the FB),
but will not change the order of preferences between regimes.

4.2 FV Accounting (with “Fair Value Option” principle)

Consistent with the previously analyzed frameworks (FB and HC accounting),
we describe by backward analysis the optimal decisions and we compute the
ex-ante utility of a FI facing the FV accounting regime.

The FI starts with an arbitrary portfolio (af'V, 8f'V) at T =0. At T =1 it
owns the portfolio (af™V, BFV) and the endowment WiV = of'V Xy + IV (1 +
R]).

There exists two possible scenarios at T = 1:

1. f WY < Iy ("FV Bad Time") the FI cannot register any (unrealized)

profit (II'V" < 0); it implies ¢/V = 0 and the FI goes bankrupt, according to
our utility function.

2. If WIV' > Iy ("FV Good Time") the FI registers the profit III'V =
WEV — I.

We compute the profit value
7Y = afV X1+ 8V (14 R)) — oV Xo+ 87V = of V(X1 - Xo)+ 8TV R] (32)

and the consumption should satisfy the following restriction:
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iV e 0,1V (33)

Problem FV1 At T =1, a FI wanting to rebalance the arbitrary portfolio
(V' BEVY into (oY, B5V) makes the decisions according to the following
algorithm, depending on the position of WV (or equivalently X1 ):

1. In case of W'V < Iy the FI consumes ci'V =0 and it goes bankrupt.

2. In case of WEV > Iy the FI solves the following mazimization problem :

2

—0 2 1 N
max 6 1 {log(c1) + 0log(Wi — ¢1) + 5(71)@ +0(qga + 5)0%042 + 67 |(arv grvy}

S. t.cfv >0
'V <mlV =afV(X) - Xo) + VRS

The solutions of Problem FV1 are:

1. If Xy < Thresholdgy , then ¢V =0 and the FI enters into bankruptcy.

2.1 If Thresholdpy < X1 < CornerThresholdpy, then the FI consumes all
the profit: cf'V = of'V(X1 = Xo) + B[V R] = afV(X1 = Xo) + (I — o'V Xo) R
and a3tV = 3B,

2.2 If CornerThresholdpy < X1, then the FI chooses the FB allocation:

FV _ Wy _ .FB FV _ 1 _ «FB
o =1 =a-and oy’ =gtz =0

where

f
Thresholdpy = Xo(1+ R{) — %% is the threshold that assures IIf'V > 0
1

and
7
CornerThresholdpy = Xo(1+ R{) + % is the threshold that distin-
1

guishes between the two types of solutions.

Proof: Annex point 12

Remarks:
i) CornerThresholdpy > Xog > Thresholdpy .
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ii) The thresholds and the solutions ¢V and a3V are functions of af'V (or
equivalently of ajf'V).

However, one can note that if Thresholdpy > 0, there exists ex-ante a
positive probability for the FI to default at T'=1 (i.e. the case when X; would
belong to the interval (0, Thresholdpy] ), hence the FI is obliged to choose the
initial proportion of risky assets o such that to have no risk of default®”. This
is equivalent with choosing aj such that Thresholdpy < 0. We prove (Annex

point 12) this implies the FI should start with an initial portfolio (af'V, f'V)

*FV R{
satisfying af € (0, ey
analysis of our portfolio decision rules.

Similarly to the HC case, we denote by Eo f(X1) [(qrv grv)the expected util-
ity of the objective functio? (7) when starting with an arbitrary pair (af'V, 3£V)
(satisfying aifV € (0, 1fRf}) and applying at 7' = 1 the optimal decisions de-
scribed in the solution of Problem FV1.

} . We make now the last step of the backwards

Proposition 7 a) Expected Utility

f
For an arbitrary starting portfolio (af'V', BV satisfying aif'V € (0, %},
the FI ex-ante utility Eof(X1) |(orv grvy can be approzimated as:
FV FV 2 ot 1 f
Eof(X0) bagv spry= 0 (7 + 1) 482 (Pt 32 40) o9

where
IV = E{V[u® (S) — aop (8)] + k5 V@ (S)
V= kY {p[l = @ (9)] + a0p (9)} + ki V[1 - @ (9)]

with ® the cumulative distribution function of the standard normal, and the

parameters:
1H(T41+ﬁT42)_N FV « 1+R]
=T il =o R ;
f f 2
KV =~ 30 (S20f 4 af (ML — L) + (54 1) log(Jo) + log (R
k?}jv = (1 + 5)0[1,
BV = —1ai2 (14 6) 02+ai(146)(ZL — )+ (146)(log(I)+7]) +0 log(5) -

(6+1)log(d + 1);

27The explanation is the following: as long as there exists an ex-ante positive probability to
default (i.e. such that u(c1) = —o0), it implies the expected utility Eo{du(c1) + 62u(c2)} =
—o00, and this is worse than any finite value of the expected utility obtained when there is not

Rr{ ])

1+Rf

such a positive probability (in particular, by starting with oelFV S (0
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T =1+R{;T42=%—R{§

b) Optimal Decisions
Under FV regime, the FI optimal decision at T = 0 is to choose the initial
portfolio (af’V, BfV) that maximizes the ewpected utility Eof(X1) |(@FV 8FV)

described at a). An approzimate expression for the proportion of risky assets at
s
_ ; *FV __ 1
T=010a7 = 01R])’

feasible otV lay®.

taking into account there is a very small region where

At T =1, the FI follows the decision rules described in Problem FV1.
Proof: Annex point 13

Proposition 8 a) Expected Consumption

Under FV regime, a FI endowed with Iy and following the optimal deci-
sions described in Proposition 7, b) expects at T = 0 the following level of
consumption cI'V" for the moment T =1 :

Eo(ef") = 155 {Ioai"V et 3 [14+60(S —00)] +Io(1—ai™ )R] [1469(5)]
®(S)lo(i™ 0+ 1) + Io(1 = ai™V)};

b) Expected Number of Transacted Assets at T =1

Under FV regime, a FI endowed with Iy and following the optimal decisions
described in Proposition 7, b) expects at T = 0 to transact at T = 1 the
following number of risky assets:

Eo(a5V)—afV = £ {(qo+1){e "+ % [@(S+00)+ 125 (1+R)) (1-atFV) (1-
®(S + 00))] + 125V (1 - B(9))} — afFV

and respectively risk-free assets:

1—a*FV 1—*FV . o3
Eo(B5") =BT = e 1o®(8)+ o iV Toet T F [1-B(S—o00)]+

1-a3"V * *
S S To(1 - ad™V)(1+ B[ - B(8)] - (1 — ai™).

Proof: Annex point 14.

We completed the description of the optimal path a FI should follow under
the FV regime in our model.

28For a more rigorous proof, see Annex point 13
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5 Accounting Regimes Comparison

Proposition 1, a), Proposition 5, b) and Proposition 7, b) tells that
a FI interested in consumption smoothing makes different decisions in case of
no accounting restrictions (FB), historic cost accounting (HC) regime and Fair
Value accounting (FV) regime.

We compare first the portfolio structure in the first (or non-terminal) period,
for the three cases; the non-terminal period decisions are important as they can
be considered representative for the analyzed frameworks, while the second (or
terminal) period decisions are not directly influenced by the accounting regimes
because the consumption ¢y at T' = 2 is always given by the market value of the
liquidated portfolio.

We plot in Figure 1 the proportion of risky assets in the first period portfolio
for the three cases: FB, HC and FV accounting. The parameters used to plot
the figure are Iy = 100, R{ = 0.04, EgRY = 0.2 and o2 is chosen such that
the proportion of risky assets in the FB portfolio for the first period is 0.25%7.
Similar patterns are obtained when EyR¢ € (0.05,1.5) and o2 corresponds to
other proportions of risky assets (of 0, 0.5, 0,75, 1).

Proportion of Risky Assets in the first period
0.9 T T T T T T T T

0.87

0.7

0.6

0.5

0.4

0.3} R

0.2 -

0.1 E
EORx1= 0.2 FB= 0.25

0 n 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

The FI profile (delta)

Figure 1: Proportion of risky assets in the portfolio at T=0

One can note from Figure 1 that the proportion of risky assets in the HC
case is higher than under FV (in some cases, depending on the risky asset
expected mean and variance, this proportion is also higher than the optimal

29we are not expressing the variance 0'8 in absolute value, but in relative terms; for any

expected net return EoR{ we can identify the equivalence pairs (ag,a’{FB) of the variance
level leading to an optimal proportion aIFB of risky assets in the FB portfolio. See (10) and

. 1+EoRY 2 1 1+EgRY
Annex point 1: a¥fB =g +1 = L 1o L oor 0f = —55 | 1
p 1 T3 z 108 1+R{ 0™ o;FB 1+R]

90

26



proportion of risky assets from the FB case, like in the present figure); the FV
regime shows a very conservative behavior (a very low number of risky assets
in the portfolio), a consequence of the lack of protection in bad times under
the FV regime, as we saw in Section 4. The high proportion of risky assets at
T = 0 under the HC regime has two explanations: first, it is a consequence of
the protection (insurance) against the possible low outcomes of the risky asset
at T =1 this regime offers during bad time, when the losses are not recognized
and positive consumption is always possible. On the other hand, during HC
Good Time, the FT is incentivated to sell risky assets at T = 1 in order to
be able to recognize a positive profit (an ”windows dressing” activity) at this
moment and to remain in the same time with a level of risky assets still close to
the FB proportion. Hence, by anticipating the ”windows dressing” transactions
activity, the FI has to carry a sufficient level of risky assets in the non-terminal
portfolio. One can also note, in case of HC accounting, the proportion of risky
assets decreases when moving from a small § to one closer to 1 (i.e. moving from
FIs with short-term horizons to those with long-term consumption smoothing
concerns): the "windows dressing” activity is not so important at 7' = 1 when
early consumption is not a priority.

We compare the expected utility of consumption Eq{du(c1) + 6?u(cz)} (our
main objective rephrased as (7)) for a FI under no accounting restrictions, HC
accounting and FV accounting regimes. To plot the expected utility for the
three cases, we use Proposition 1, b) (for the FB case), Proposition 5, a)
(for the HC case), respectively Proposition 7, a) (for the FV case) applied
to the optimal proportions aj specific to each regime and plotted in Figure 1.
The parameters used are the same as those used for Figure 1.

Expected Utility at T=0

FB
—%— HC

O 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

The FI profile (delta)

Figure 2: Expected utility comparison

Figure 2 shows the expected utility of future consumption the FI can predict
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at T = 0. The HC regime is superior in terms of consumption smoothing to
the FV regime, and the difference between the two expected outcomes increases
when moving from FI with short-term horizons to those with long-term hori-
zons. The welfare loss (the difference between the FB expected utility and the
expected utility under a given accounting regime) is higher for the FV regime
and it is increasing in J, the FI horizon. Our findings support the idea that the
most affected by the FV introduction are the FIs having an interest in smoothing
their owners’ long-term consumption.

The next analysis is about the consumption level for the non-terminal pe-
riod. The expected consumption at 7' = 1 is computed using the results of
Proposition 2, a), Proposition 6, a), respectively Proposition 8, a). Fig-
ure 3 compares the three consumption profiles (with the same parameters as in
the previous figures).

Expected Consumption c1
120 T T T T T T T T T

404 .

20 5

0 1 1 1 1 1 1 1 1 1
0 01 02 03 04 05 06 07 08 09 1

The FI profile (delta)

Figure 3: Expected consumption ¢l comparison

One can note the two accounting regimes imply suboptimal consumption (or
equivalently, dividend distribution) levels and the difference is more severe for
the FV case.

Taking into account the results of our propositions, one can also analyze
the expected "agressivity" of the FI to transact risky and risk-free assets. This
is interesting to be studied, as Beatty, Chamberlain and Magliolo (1996) finds
"banks that more frequently traded their investments, with longer maturing in-
vestments, and that are more fully hedged against interest rate changes, were the
most negatively impacted by the standard [SFAS 115]"3°. We count the expected

304 "fair value" standard
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total number of risky assets transacted at 7= 0, 1 and 2. At T'= 0 the FI has
to acquire a; risky assets (we obtain these values by multiplying aj plotted in
Figure 1 with I/ Xg). At T = 1, the expected number of risky assets transacted
is | Egpag — a1 and it is obtained from Proposition 2, b), Proposition 6, b),
respectively Proposition 8, b) for the three cases: FB, HC and FV. Finally,
at T = 2, the FI has to liquidate the portfolio (it lives for two periods) and it
has to sell the Fyas risky assets. The Eyas values are obtained by summing
oy + (Foaz — ay) we already know. Hence the expected number of risky assets
transacted during the FI life is a1 + |Egas — a1| + Epas.

We plot in Figure j this expected number for the following parameters:
Iy = 100, R{ = 0.04, Ex R = 0.2 and 03 = 0.25 (i.e. the same parameters as
before, in the left side) and o2 = 0.75 (an "improved" risky asset, less volatile,
in the right side). As a difference with the previous graphs, one can note the
risky asset transaction activity is influenced by the risky asset expected mean
and variance; this is the reason of plotting the two figures together. However,
the transacted volume in the F'V case is quite linked to the FB number (as in
the terminal period the portfolio structure is the same), but the HC transacted
volume is very sensitive to the risky asset patterns. The "windows dressing"
activity is becoming less active when the risky asset improves (when it is more
predictable).

Number of Risky Assets Transacted Number of Risky Assets Transacted
100 T T T T 95
+
90} i 90 —
— EB — FB
| ———— HC 85| —+——HC g
80} 1
FV Fv

80 B
701 B

75

60 B

50 B
65

EORx1= 0.2  FB=0.25
a0} 4
60}

30| B
551

20 L L L L L
o 0.2 0.4 0.6 0.8 1 o] 0.2 0.4 0.6 0.8 1
The FI profile (delta) The FI profile (delta)

Figure 4: Number of risky assets transacted

One can conclude the ex-ante optimal decisions for the two accounting
regimes imply transacting different volumes of risky assets and the HC vol-
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ume in particular is very sensitive to the risky asset patterns (expected mean
and variance).

Our concern for the number of risky assets transacted is linked with the
problem of costs with transacting (especially) these assets. We solved in the
present work for the optimal decisions paths under the FB case, HC, respectively
FV accounting by imposing only rebalancing restrictions and without counting
the costs with transacting the risky assets. When these costs are relevant (e.g.
when the risky assets are not liquid) the FI has to take them into account3!.

Assuming the costs are proportional with the volume of risky assets trans-
acted, one can infer from Figure 4 that, in the left side the transaction costs
are greater in case of HC regime than for the FV one, while in the right side
(when the risky asset improves) the FV regime decisions imply less transaction
costs than the HC regime (for a § greater than 0.1). Consequently, with relevant
transaction costs, the FI has to re-analyze the optimal decisions paths.

Solving our consumption smoothing problem by introducing explicitly the
transaction costs is a very complicated task and we leave it for a further research.
However, in order to introduce the comparison between the accounting regimes
when transaction costs are relevant we propose a simplified approach: we assume
the FI applies the same decisions as discussed in this work for the three analyzed
cases but it has to make some re-adjustments.

First, we identify the costs (assumed to be proportional with the number
of risky assets transacted and equal to s for buying or selling one unit of risky
asset). According to the number of risky assets transacted, the costs at T =0, 1
and 2 are respectively Costg = say, Cost; = s|Eoaz — a1| and Costy = sEpas.

We show (annex point 15) these additional costs imply (an approximated
solution) solving equivalently our initial problem with an investment of I —
s(aq + ﬁ |Egas — 1| + m&ﬂg) instead of Ij.

In Figure 5 we plot the expected utility curves when the transaction costs
are taken into account (or when the risky assets are illiquid). The parameters
are those used in Figure /4 and s = 0.5. Importantly, one note in the left figure
the order of preference between accounting regimes we obtained for the liquid
assets reverts: the HC regime is worse than the F'V one. The explanation is the
higher agressivity for transacting risky assets (as we saw in Figure 4, left side)
can be considered an inefficiency of the HC regime, coming from the necessity
of "windows dressing". When transaction costs are relevant, this inefficiency
penalizes ex-ante the HC regime and it makes preferable the FV one. In the
right side of the Figure 5 the results are similar with those obtained for lig-
uid assets: the HC regime is superior to the FV one in terms of consumption
smoothing. This is consistent with the reduced number of risky assets the FI
expects to transact in the HC case (Figure 4, right side) according to the risky
asset patterns (expected mean and variance).

31Plantin, Sapra and Shin (2004) finds, in a different setting, the illiquidity of the asset
accentuates the superiority of the HC regime.
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Figure 5: Expected utility comparison (illiquid assets)

We conclude that with illiquid assets or relevant transaction costs for the
risky assets the order of preference between accounting regimes sensibly depends
on the patterns of the risky asset and the amount of transaction costs. For
the same expected return of the asset, the FV regime is better in terms of
consumption smoothing for high variances of the asset (or equivalently for small
proportion of risky assets in the FB portfolio) while the HC is better for small
variances (when the risky asset improves and the proportion of risky assets in
the portfolio is sufficiently high). The cut-off point and the rigorous ex-ante
optimal decisions for the two accounting regimes remain open questions and
they will be the subject of a separate work.

6 Conclusion

The present work analyzes in a dynamic setting the consequences of using dif-
ferent accounting regimes (HC vs. FV) for the optimal choice of a financial
portfolio, when the owner is interested in consumption for two periods, ¢; and
c2, and two types of liquid assets are available in the economy: one risky and
one risk-free. We assume that dividend distribution, hence consumption ¢y, is
conditioned by the existence of a positive profit at T' = 1. By ex-ante compar-
isons with the theoretical optimal portfolio decisions (First Best), we find that
both regimes are inefficient, but FV is worse than HC in terms of consumption
smoothing and the welfare loss is higher for the companies concerned with long-
term business than for those with short-term horizons. In absolute terms, the
consumption level (dividend distribution) for the non-terminal period is subop-
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timal for both accounting regimes, but the FV consumption is less than the HC
one.

The three portfolio choices (FB, HC and FV) show the following character-
istics:

1. the FB is the optimal path when no accounting restrictions are taken into
account;

2. the HC regime offers an insurance to the company, by not recognizing the
unrealized losses of the portfolio in bad times and assuring a minimal positive
consumption ¢; independently on how bad the risky asset behaves, each time
when the portfolio is not fully composed of risky assets. With this protection,
in bad time the HC accounting regime is ex-ante superior to the FV regime,
where no minimal consumption ¢; is guaranteed by a portfolio containing risky
assets. However, in good time the HC is ineflicient: the unrealized gains are
neither recognized, and in order to be able to consume at 7' = 1 an amount
comparable with the optimal level ¢I"Z, the company has to sacrifice the optimal
theoretical policy to a strategy that allows for positive HC profit to be recognized
at T = 1. Hence, particularly in good time, the HC portfolio choice strategy
is not identical with the optimal theoretical strategy, but is concerned with
"windows dressing" of the T' = 1 profit, depending on the relative importance
of the early consumption.

3. the FV regime recognizes both the unrealized gains and losses, hence no
protection is guaranteed in bad time; in the same time, there are no incentives
to portfolio rebalancing strategies for "windows dressing" purposes, as they are
inactive - the F'V profit value is independent on the rebalancing strategy. FV
accounting is efficient in good time, when the company rebalancing decisions
are identical with the FB ones, but it is inefficient in bad time, when ¢; = 0
(or bankruptcy) due to negative profits, is induced, unless the portfolio is not
containing a sufficiently high proportion of risk-free assets. To address the ex-
ante bankruptcy risk the FI should maintain a very conservative portfolio.

Regarding the portfolio structure under HC and FV, we proved that they
differ from the optimal theoretical one (FB), due to the inefficiencies encountered
in good, respectively bad time. Consistent with the previous remarks, under
HC accounting the portfolio contains a high level of risky assets (the insurance
effect and the necessity of the "windows dressing" activity) and in some cases
this proportion is higher than the optimal one. On the other hand, under FV
the portfolio is very conservative, with a very low level of risky assets in the
portfolio (no protection guaranteed).

Finally, when the risky asset is illiquid and /or costs associated with transact-
ing it are relevant to be taken into account, the ex-ante consumption smoothing
superiority of the HC regime to the FV one is not always true but depends
on the risky asset patterns (expected return and variance) and the transaction
costs amount.
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Annex (proofs)

1. Formula for ¢;

X

1+R? = fl is log-normally distributed < log(%) ~ N(po,08) < log(X1) ~
0

N(po + log(Xp),08). We can apply the following general equality, true for any

log-normal variable Y (taking into account that % = 14 RY is log-normally

distributed): log Eo(Y) = Eglog(Y) + 3Vare(log(Y)) = log Eo(1 + R}) =
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E, log(l—i—Rf)—i—%Varo(log(l—i—R”f)) & Eord =log Eo(1+ RY) — 1Var0(lo (

RY7)). But Varg(log(l + RY)) = Varo(log(%)) = Varg[(log(X1)) — log(Xo)

Varo(log(Xl)) = 02. Then Egrf = log Eo(1+ RY) — %0(2] = log(1 + EyR}) —
s
)
—ZV\'1 "1/

1+
}

2= Eo(ry —7“1) log(1+ EgRY) — 3 —log(l—l—R{) =>q def EO(”_T =
1+EoR® 1
*210 1+;%{1 - 5-

f f
p_ Wi—Iy _ a1(Xi—Xo)+B81R] _ a1 Xo (X1—Xo) | Uo—a1Xo)R] _ s« pa
2. R = =t = T == <, T T = o] R{+

(1—of)R{ & R{+1 = of(RE+1)+(1—af) (14 R]) = log(RY+1) = log|aj (RY+
1)+(1—a})(1+R])]. Animportant approximation, due to Campbell and Viceira
(2002) is: log(RY +1) = atlog(R* +1)+ (1 —a}) log(1+ R]) + laj(1—-aj)od &
= afrf + (1= a)r + 301(1 — af)og = r{ +ai(rf — ) + 30i(1 - o)os.

The consequences for the portfolio distributions are: Eor] = r{ +aiEo(rf —

) + 105(1 — af)od and similarly for Eyrd : Eyrd = r+ a3B (g — ) +

a5 (1 — ag)ot.
To simplify the computations, we assume Eo(R3) = Eo(Rf), Eo (01) = 0

and respectively Ey (rg ) = r{ .

Also we ask that :

1) Eo(g,) = ¢1(this is equivalent with saying that Ey(«
proportions of risky assets in the FB portfolio) and

2) Egr = Ey (r2f + a5 By (ry — 7"5) + a3(1 - aé)a%) = r{ + abEo(rf —

r{) + 3a3(1 — a3)od, for any proportion of risky assets o in the second period

portfolio.

Taking into account these consequences, we are interested in computing:
(when working with log-utility and log-normally distributed assets) max Ey{dlog(cq)+
§2log(ca)}. But dlog(cy) + 6%log(ca) = §{log(c1) + dlog(Wy — ¢1) + 675} =~

2
6{log(cy) + dlog(Wy — ¢1) + 6(—5* Yoy + 0(qo + $)otas + 6r4}. Hence the ob-
jective function (approximated with the Campbell and Viceira formula) to be
2
maximized is: 6 Eo{log(c1)+ 0 log(Wy —ec1) +6(—* Yoyt +6(ge + Dotas+ ory.

N

*FB) — aa{FB’ the

3. Problem FB1
Solving with Kuhn-Tucker:

a _ s s _ 4%
1) 3—6176(3—1%_61)70 i *1+15
2) 32; = —00tas+0(ge+2)of =0 ©a3fP=g+1
Remark: We forced the parameters such that the proportion a3"? € (0,1)
x_ . f
(we asked g2 = Elrsl e (-3 e = EIT;% 2 +1€(0,1)).

4. Problem FBO0”
The objective function to be maximized (according to (7)) is: mazdEo{log(c1)+

Slog(Wh — 1)+ 6(=I0)as” + 6(qa + L)oo + ord} = 6E{log(cr) + 8 log(Wy —
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¢) + oty = §E0{log(1+5) + (5log(‘i%) + 6r2FBY = 6By {(1 4 6) log(W1) +

log(m)—l—élog(ﬁ)—&—éri }

This is equivalent with solving maxEp{log(W7)} (it is the characteristic of
log-utility function in a multi-periodic model -"myopia": it leads to concerns
for only one period). But log(W;) = log Io(1+ RY) = log Iy + r{. Using Egr} =
i+ i Eo(r® — rf) + 1ai(1 — of)od, for finding the optimal Decision 1 at
T" = 0 one solves: mazEo{log(W1)} = log Iy + max Eor] = log Iy + max{r{c +
ot Ey(r —rl) + 105 (1—af)od} with respect to af € (0,1). In a similar manner
with the second period, when computing the derivative w.r.t. o] one obtains
the optimal distribution for the first period given ljcy af = affB = ¢ + %
(55 = Bolrf —rf)—oioh 4o} =0 07 = Errh 4§ =y 4 ). Tl

the requirement ¢; € (— 2, 2) = aifB=q + % for having an internal solution.

To compute the value of the objective function we first do (taking into ac-
count that Eor1 - 7"{ = q103): E rl’FB = 7"1 + a*{FBEO(rl — rl) + 2o5FB(1 -
oaFB)of =1y +Q1UO(Q1+ )"‘%‘78(6114‘2)(5_(]1) =T ‘1"70((11‘5‘2)((]14‘*—*) =
r{ +od g+ (L +1) = r{ + 108(q1 + 1) Hence EO’I"Q’FB = E f’FB =
rl + 308(a +3)%

Then,

magcéEo{élog(cl)—i—é2 log(ea)} = mazdEo{log(cy)+0 log(Wi—cq)+6( ;%)af—i—
6(a2 + 3)otas + o3} = maxdEo{(1 + ) log(Wh) + log(y) + Slog(ris) +
sy Py = §Eo{(1 + 8)(log Iy + ") + log(145) + 0log(1%5) + oriFBy —
S{(1+0)log I + (1 +20)[r{ + L02(q1 + 2)?] — (1 +0)log(1 + &) + dlog &}
(6 +6%) {log(lo) + [ 125 log(6) — log(s + )| + 5222 [+{ + Lod(ar + 3)%] }.

5. Proof of Proposition 2

We introduce the following formula for the moments of a log-normal variable:

(In y—p)? 2 2 2 2_2
- a“og In(z)—(pu+qo ] In(z)—(u+qo?
/yqyaom 258 = 2 [1—@(750 8))] = eant 58 g Inz)=(uac) {tacn) )
z
_(ny—w? b b/ X
. 2
We remark that (with P (y) = yaoi/ﬂe 20 ) [ px, (w1)dey = fa/XO P (y)dy =
b/Xo 1 7% In(b/Xo) f‘z;,“gﬂd _ p(In(b/Xo)—py g nla/Xo)—p
fa/Xg yg’ome fln(a/Xg) go\/ﬁ %= ( o) )_ ( o) )

and applying the formula for the moments for the particular cases of ¢ = 1 re-
spectively ¢ = —1, one obtains:

fb X14x, = fa L Lo, (21)day = e“+i[ (ln(b/Xo)—u _00)_@(1n(a/Xo)—# _

a Xo g0 g0
oo)] and

1 1 2 B
JP(3) s = 2 (2) 7 oxeadey = et F oLk )
(ln(a/Xo) Lt o).

oo
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With these formulas we start the analysis for the FB case.

Eo(cfP) = Bo(Wi ) = 195 Bo(Wh);
*F B FB FB
Bo(f ) = By (5500 ) = a3t 2B, (155 ) = 0572 125 B0 (%)
1—a*FBY[poFB 1_axFB 1—iFB
Eo(857) = By (U=t ) = 100 B (InofP) = 120 8oy (h):
Eo(Wh) = Io(1 + R))(1 — a;FB) + InafFPEo(52) = L(1+ R)) (3 — a) +

02
In(qu + 2)er ™2

ot FB
E, (‘;{W) _ Ioa*FB)} + Io(1+R]{ ;{(1 1 )E (if(?) _

2

2
Io(1+R)) (3 —a1) o—n+
Xo ;

= IO(Ql + 5)70 +
Then:

a) Eo(ef®) = o5 l(5 — a)(1+ R) + (5 +Q1)e“+ﬁ]y
b) EO(Otg ) FB = (q2+ )Xo{1+5[‘h+ +(1+Rf)(*—q1)e 1 }_1};

Fo(B®) - B® = 152 5511 +Rf)(f—q1)+(§+q1)e“+7]—Io(l—

* +
o) = (4 — a2) 25 ol(} — @) + B F] - od - )

6. Problem HC1Strategy 1

Solving the problem in the initial form is a complicated task. For this reason
we prove first it can be reduced to the simpler problem:

Lemma 1 The system from Problem HC1Strategyl can be equivalently writ-
ten as

maxd Ey {log(c1) + 0 log(Wy — ¢1) 4 0(— %)agz +0(q2 + %)ofo@ + 57”5 l(as,81) }
s. t.cgy >0

c < Wh

aHC >

sl <1

— Cla;(Xl — Xo) + Cle + Oé;(Xl — Xo)Wl S Ozl(Xl — Xo)Xl (Rl)

Proof of Lemma 1:

We compute the equivalent form of the restrictions of the system in Prob-
lem HC1Strategyl.

Taking into account that a37¢ = W = ol a;H;fm” = Q*Hcg[:rcl)
and Inof!€ = o€ X, + G5O (1+ R]) = Wy — cff€ = 0 = Il =g

1+RS
Invfc 1 achl Invflc 1 «HC
— = -« we have:

1+RS Invfl© 1+R{( 2 )’
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(25a) & asHC(Wy — cHY) < 19X, & —cHCasHC + W3¢ < o9 X
(25b) & 3¢ > 0;

(25¢) tautology;

(25d) & (1—a3H©) (W1 — cHO) > BHO(1 4 RI) & (HOG3HO _ (HO _

aHOW, > BHO(1 —i—Rf) L& —cHOQHO 4 (HO | (s HOW < oHO X =

(25a) is redundant we only keep condltlon (25d) hence (25e) is also redundant;

From cfI¢ < W, (see footnote 24) we have Invi¢ = W1 e > 0.

However (25e) = a3¢ < 1 (because a37¢ <1 & Im < 1 & odlfX; <
Inv; = a1 X, + BHC (1 + Rf) which is true for (25¢) B¢ > 0).

(25f) we can assume ciI¢ > 0 (we look only for non-negative consumption
because any feasible solutlon of the initial problem with ¢/¢ > 0 is superior to
any allocation Wlth cHC = 0);

(25g) < cfT¢ < (aff HC)(Xl—Xw & off€ < (aff® w)(xl—
Xo) & “X; < (aHCXl — a3t — ¢f!9)) (X1 —Xo) & f (X1 -5 (X; -
Xo)) ~ ( CX1 — *chl)(Xl Xo) 7C{ICQSHC(X1 Xo) + C{{CXl +

OLEchl(Xl Xo) (Xl Xo) CXl
Now if we multiply the equwalent form of (25d) with (X;—X¢) > 0 we obtain:
—C{{C *HC(Xl —Xo) +C (Xl —Xo) +013HCW1 (Xl —X()) < a{{CXl (Xl —Xo).
We remark that (25g) (25d), hence (25d) is redundant, and we only
keep (25g). Hence the important relation is (25g) completed with a37¢ > 0,
¢ >0, a9 < 1 and cf¢ < W;. q.e.d.

‘We make the following change of variables: P = Wi —c¢y, Q = ﬁ

denote by cty _Xl(X o), A=~ 561 <0,B = d0i(x; —(g2+3)) >0,

C= 5(*%()(1{1)(0) + (Q2 + )01 X1 Xo +T2) and fl(P Q) log(Wl - P) +
§log(P) + AQ?* + BQ + C.

—o5; we

Lemma 2 By rewriting the objective function from Problem HC1Strategyl
in terms of the new variables P and @, at T = 1_ , the maximization problem
from Lemma 1 1is equivalent with:

maxd E1 f1(P, Q)

S. t.PQ Z Ctl
O0<P< W
D R .
X1 —Xo X1 —Xo
Proof. [ ]
With P=W; —¢c1, Q = ﬁ —ajb, and ct; = Xl(leglxo —ay),

we show first the condition (R1) can be rewritten as PQ > ct;.
This is true because (R1) says: —cioi (X1 — Xo) + 1 X1 +a5(X1 — Xo)W; <
a1(X1— Xo)X; & (taking into account that &%Xo >0)& —aas —l—chlelxo +
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asWy <Xy & —(cp —Wh) (043 - Xl)ilxo) + )‘(/[1/1_);0 -1 Xy <0& PQ > cty.
Hence (R1) is equivalent with PQ > cty.

On the other hand we have 0 < P < W7 because 0 < 61 < Wi.

Also XXX <Q< X %, because o € [0,1) and > 1.

Con51der1ng our obJectlve function to be maxmnzed maX(SEl{log(cl) +

Slog(Wy — 1) + 6(— )a2 + 5(q2 + Doias + 57’2} = maz By {log(W; — P) +
Slos(P) + 5(75) (i — Q)+ (e + D)ot (o — Q) + o).

But log(1W1 — P) + 8loa(P) + (=5 [(x25)" ~ ¥25Q + Q7+ [3(as +
Dot = (g + 3)03Q + 0rf] = log(Wy — P) + (51og( ) + 6(=20)Q% +

(01X1 & —0(g2+73)07)Q+0(= U%(X1X1 )+ (g2t )le +7"2) log(W1—
P)+6log(P) + AQ?* + BQ + C.

q.e.d.

We have to solve this problem by Kuhn-Tucker method: (we only consider
the restriction (R1), then the domains restrictions for P and Q).
First we compute the derivatives with respect to P and Q:
1) of1 — _ 1 + 0
P Wi-P TP
2) 9 —924Q+ B

R :—PQ <X, (041— X1VE1XO>
1) 9B _ _
e
Q

Applying Kuhn-Tucker:

) —wip + 3 =M(-Q)

9) 24Q + B = A (-P)

8) M (-PQ- X1 (- ¥ )) =06 A (PQ+ X1 (01— ) =0
with Ay > 0.

We are analyzing separately the following cases:

Case : My =0= & = Wllip o pHC _ ﬁ% _ pFB
2AQ+B_O@QHC 2?4: )il (Q2+ 3) &
& a9 =g + = a3F'B (these are solutlons of the FB type).

We have to check when this solution is feasible: (i.e. when P = 5 +1W1 and
Q= X1)£1Xo — (g2 + 3) satisfy the restriction (R1)). Hence it has to: —PQ <
X1 (a1 — XIVKIXO) <~ —%W <X1X1 (q2—|— )) § X1 (0[1 — leleo) =
WiXi1 4+ 0Wi(X1 — Xo)(g2 + 3) < (6 + D) Xiaa (X1 — Xo) & Xfaid(ge — ) +
X1 (a1 Xo(1+6(5 — q2)) + B151(1 4+ 0(q2 + 3))) — B151X0d(g2 + 3) <0
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This leads to the inequality (in order to have FB): M, X?+ NoX; + P, <0,
where M, = a16(g2 — 1) < 0, Ny = a1 Xo(1 + (3 — ¢2)) + B1(1 + R))(1 +
6(g2 +3)) > 0 ( as a linear combination of positive terms and P, = —3;1(1 +
R])Xod(g2 + 1) <0.

We compute A, = N2 — 201 XoS1(1 + R{)(% —20%g3) < N2 = Agrroe,

We show first A, > 0, VX7 > Xj.

Ao = N2=4My Py = a3 X2(1+0(3 — 2)? + B3 (1 + R))?(1+6(q2 + 3)) +
200 X (1 RY)(146( — 42)) (1+6(ga + 1)) + 4018(go — )8 (1+ R]) Xod (g2 +
1) = aAAXG(1+6(3 —42))* + BE(1+ R )*(1+ (g2 + 3))* + 201 XoB1 (1+ R ) (1 +
3(ga+ 5) +0(5 — ) + 200 XoB1 (1 + R))8%(3 — 1) > 0.

We compute M, X3 + NoXo + Py = a1 XZ + B1(1+ R{)XO > 0. Taking into
account M, < 0, it comes Xy € (x1,x2), where z1, x5 are the solutions of the
second degree equation. In order to have FB solution, one has to have X; > X

def V/
and X ¢ (Il,xg), hence X; > 2o = Xpp = 72]]\(/}1 — 2]@:
We consider the following approximated threshold X 75" = 25" " = — 211\(/?& -
No _  Ng [OélXoJrBl(1+Rf)]+ﬁ1(1+Rf)5(Q2+ )
M, — M. = = Xo + a18(E—q2) > Xo.

__1 s
Case 2: Al#O:%:%andPQ:ctl

PP — 94Q% + BQ & wilp = 24Q% + BQ - §
P (W)~ P) (2AQ? + BQ - b) + =5+ = 2AW1Q% + BWiQ — §Wy —
24Qct; — Bety + %3+ & —2AW1Q° + (2Act; — BW1)Q? + (W1 + Bet1)Q —
In particular, we are looking for the solutions @’ of the previous equation

that satisfies Q' € ( X1)£0X0’ Xl)ilX[)) (Interior Solutions) and to lead to P’ =

et Xigokg —on) /
= —=0— < W; (we know that P’ > 0).
It results: P’ a i

We use the followmg notatlons. a= leilxo (1 +¢)>0and b= Xo

O‘lv)fl > 0.Then ct; = Wib. This leads to Q' > ﬁf,i < Xlexo > Q' > b. We

rewrite the equation in terms of @ and b : Q®—(a+b)Q>+(ab+ = —)Q— (Hé L )b =
0 and we want the solutions satisfying @' > b and Q' < 1{1 =a+ (3 + q2)

Xo
From here one can deduce a*Hc = L Q' and cHC Wi—P=W;— Ctl =

X1—
Wl W1b Wl( )

Case 3: Corner Solutions, when Kuhn-Tucker cannot be applied:
Are solutions having a5 =0 (& Q = 1{1}(0 ).
In terms of the initial notation, we have to solve at T'=1 (for a = 0):
max dEy {log(c1) + Slog(Wi — 1) + 6(=2h)as” + 3(ga + L)oZas + o} =
max 6{log(c;) + 6 log(Wy — ¢1) + 673} (it is not necessary E; as we only have
risk-free terms). Also, (R1) reduces in this case (o = 0 < oY = 0) to
C1 S H{ic = a{{C(Xl Xo)
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Considering the function f.(¢;) =log(er) + §log(W1 —¢y) +0rd, it has the

: FB _ Ofe _ 1 _ — —
global maximum c¢; © = §+1W1 (because 801 = o "W =0« cf'B =

5+1 W1). Also, f.(c1) is increasing on (0,cl"?) and decreasing on (cI'? Wl)
Hence, the maximum of the function f.(c;) on the restricted domain (0, a7 ¢ (X, —
Xo)] is

{ If ¢'P < a1 (X, — Xo) = we choose ¢; = cI'P ;

If f'® > ay (X — Xg) = we choose ¢; = a1 (X; — Xp).
They are the two possible corner solutions. We have to decide the threshold
point at which the corner solutions are changing;:
CfB < Oél(Xl — Xo) 4 M%Wl < Oél(Xl — X()) S o X > (_[0 — OélX())(l +

R{)% 1+5 o Xp e X > (Io—oleo)(l—&-R{)a%[s—i—%‘;Xo def CornerThreshold;

If X1 > C’ornerThresholdl, a3fC =0, O = f'B = 5+1W1 & Q=
X
X1—Xo? P 5—‘1—1 Wl’
If X; < CornerThresholdl, $HC =0 & all¢ =0, Y =TIHC = oy (X, —
Xo) & Q= , P = W1—Oé1(X1 Xo);
s
One can note CornerThresholdl Xo + [(11X0+511§(1:qu2))]( —a) Xo +
2
;
W > Xy and CornerThreshold; < X35, To prove the last in-

equality we note it can be equivalently written as (Ip—ay Xo)(1+R7) a%éwL +Xo <

[a1 Xo+B1 (1+R)]+81 (1+R])(g2+1) [a1X0+ﬁ1(1+R{)}(%—q2) < [a1 Xo+61 (14 R +81 (1+RT)5(ga+1)
a16(3—qz2) @16(%—q2) a10(X—q2)

(a1 Xo + B1(1 + Rf)](* —q2) < [a1Xo + B1(1+ R{)} + B (1 + R{)(;(‘h +3) &
a1 Xo + p1(1+ Rl) + 511+ R{)(S > 0 (always true).

=

7. Problem HC1Strategy?2

Lemma 3 The system from Problem HC1Strategy2 can be written as:

o2

*2 1 *
maxd Ey {log(cy) + dlog(Wy —¢1) + 6( o1 Jas + (g2 + 5)0%0@ + 5r£ l(as,81) }
s. t.cg >0
c < Wy
*HC >0
1
oy —asWy + clﬁ < - Xy (R2)
1
Proof : e
We take into account that a3 = Tvl = all¢ = Xllm’l _ ()?1/1761),
IanC—oz °x InvHC alCx
Inof'® = IO X, +851C (14 R]) = 8510 = Iml—ap X — Il (1 siT ) —

InvHC *HC
1+RS (1 a2 )’
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HC Xy + BHC = Iy = BHC = Iy — o0 X, and IIHC = (BHC — BHO)R],
We have the following equivalent restrictions for those of the system from
Problem HC1Strategy2:

(292) & (1—a3f9) (W — 1) < B0 + R) & cHCq3HO _ (HO _
asOW, < BHC(1 4+ R]) — W1 & fCa3tC — € — asHOW; < —allOX; &

_C{IC *HC+C C+Oé*HCW1 >OéHCX1

(29b) & a3HC < 1 (assuming ¢ < Wy, because cf¢ < THC = (BHC —

HOVRI < 5{101%{ < Wi = aHOX) + BHC(1 + R]));

(29¢) tautology

(29d) < a3 HC (W —c19) > of19X) & OO+ Wi a9 > ol1OX, =
(29a) is redundant; we only keep condition (29d) (29¢) is also redundant

(29¢) & 3¢ >0

(29f) similarly with (25f), we can assume cf¢ > 0 (we look only for non-
negative consumption because any feasible solution of the initial problem with
cH¢ > 0 is superior to any allocation with cfI¢ = 0);

(208) & clf® < (B0~ BHOVR] & c[l” < (B11C - I (1 - a3"O))R] &
1

O+ R]) < (BEC(+ R)) — (W1 = ef€) (1 - 03€) ) R &
A0+ B — (1= 03"O) B]) < (680 + B]) =W (1 - 03"%) ) R] &
& —cHCQHOR] —cHO LW asHOR] > O X\ R] & cm@—aéWH—q% <
1
—CV1X1
Now if we multiply the equivalent form of (29d) with R{ > 0 we obtain:
cHe *Hch+Wa Hch > af0X, Rf
We remark that (29g) = (29d), hence (29d) is redundant, and we only keep

(29g). q.e.d.
We make the change of variables P = W —¢;, R = é + a3, and cty =
1

2
Oéle-f—WlRL{ > 0, Ay = —&% < 0, By :60%(%{4-((]24-%)) > 0, Cy =

2 2
5 (—"21 (ﬁ) —(e2+3)ot 57 +r£>7 f2(P,R) = (log(Wy — P) + dlog(P) +
AsR%? + BoR + Cy).

Lemma 4 By rewriting the objective function from Problem HC'1Strategy2
in terms of the new variables P and R, at T =1 _, the maximization problem
from Lemma 3 is equivalent with:

maxd Ey fo(P, R)
s. t.— PR < —cty
0<P< W

1
— < R<1
Rf

L
! R{
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Proof :

Using the notations P = Wi —c¢;, R = f +a3 , and cty = a1 Xy + Wi -2 =T >0
we show (R2) can be rewritten as PR > cts. "The condition (R2)is cras—ab W1+
ey < —aXs & (6 = W) (a2 n E) < (ale v WlR—{) & —PR< —cty
qged. P=W)—ci &g =W; — PéO<P<W1,
R:Ri{—ka;(:)a;:R Rf:>Rf<R< f+1

With notations P, R and cts the objective functlon from Problem HC1Strategy2
becomes: max §E;{log(cy)+9 log(Wy — cl)—I—(S( 5 )a2 +6(g2+3)otas +or]) =
2
maxF {log(W; — P) + §log(P) + §( 21 ) (R - é) +6(g2+ 3)0% (R - é) +
1

5r2}
But log(W; — P) + ¢ log(P) + d(

SR = 2Ry +(5r)°]+ [0(a2 + 3)0 7R~
7(7'2 0'2
5(q2+%)0f}%{+57’2f] = log(W1fP)Jr(Slog(P)Jr(S(Tl)RZJrR[QRi{é?l+60f(q2+
70-2
DN+ (gr)* a2+ 3)otgr + orf = log(Wy — P) + dlog(P) + A2 R* +
ByR + Cy;
We have to solve this problem by Kuhn-Tucker method: (we only consider

the restriction (R2) then the domains restrictions for P and R).
First we compute the derivatives with respect to P and R:

Of2 _ 1 )
) p=-w-pt+p
2) %2 =24;R+ B,

(1 2% —
2) S=-p

Applying Kuhn-Tucker:

) s + = M(-R)
2) 245R + By = Mo(—P)
3) Ao (—PR Fon X+ W1§> —0
with Ay > 0. '
Case 1: )\2:O:>%: WrP(:)PHC:%:PFB'
2A5R+By =0 RPC = -2 = L+ (g2 + 5) & a3 = o+ 5 = o377
(these are solutions of the FB type) '
We prove with Strategy 2 we cannot obtain the FB path (assuming Rf <1).

In order to be a feasible solution of the system, P7¢ = % and R7C = ﬁ +
1
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(a2 + %) should fulfil PR > ety & 343 (Fr + (2 +3)) > ar Xy + Wiy &
Wi R{&(q2+§)71
o+1 R{
Assuming that R < 1 it comes that RJ§ (g2 +3) — 1 <0, then the LHS of
the inequality is negative, hence the required condition is never fulfilled.
We conclude with Strategy 2 will never obtain the FB path.

— Oéle Z 0.

1 s
Case 2: Ay A0 = %:% and PR:ale—l—Wlﬁ(:)(PR:ctg)

“PND) — 943R? + BoR & 17ls = 240R* + ByR— 6

=2 = 24, W1 R? + BoWi R — 5W1 — 2A2Rct2 — Bacty + %2 &

72A2W1R3 + (QAQCtQ — B2W1)R2 + (5W1 +BgCt2)R* Ctz(l +(5) =0 (Interior
solutions)

Wedenotec:é—l—( +q2)>0andd—Rf—|-a1X1>0
1
We are looking for the solutions R’ of the previous equation that satisfies
X L Wid
R € (RL{JF St 1+ R{) (d,c+ % — ¢2) and to lead to P’ = 2 = Md 5

and P/ < W) & & <1< R >d.
The equation becomes, similarly to the proof from annex point 6, R* —
R2(c+d) + Rled+ &) — &4 —
1 1

Case 3: Corner Solutions, when Kuhn-Tucker cannot be applied:

Are solutions having a5 =1 (& f2=0& R=1+ B%{)

In terms of the initial notation, we have to solve at T' = 1:

max 0 By {log(c1) + 0 log(W71 — 1) 4+ 6( 7;7? )+0(g2+ 3)07 +6rd} (for o = 1)
subject to ¢; < TIHC = (B¢ — fC)R{ = ﬁfICR{.

Considering the function f.2(c1) = log(ci) + dlog(Wh — ¢1) + 5(755) 4
6(q2 + 3)o7 + 51"{, it has the global maximum ¢ ? = 5+1W1 (because fc"f =
1 s _

Ei Wi—c1 70@6{? 5+1Wl)

Also, f.a2(c1) is increasing on (0, cf"B) and decreasing on (cI"2, W7). Hence,
the maximum of the function f.2(c1) on the restricted domain (0, 51 CR{ ] is

If B < 5{ICR{ = we choose ¢; = c'B

If ¢F'B > BHCRI = we choose ¢; = BECR] (i.e. all the profit)

These are the two available corner solutions. We have to decide the threshold
point at which the corner solutions are changing.

We show we can never reach the case ci'? < gH CRf

To prove this, we assume that cI'? < 3 CRf & 6+1W1 < B CRf
Wy <(@+1) {{CRfﬁachl—kﬂHC(l—ka)f(é—&— 1)BHCR] &
afCx, < pHC [(6+1)R{ — (l—l—R{)} = BHC(SR] — 1) < 0 : false, as-

suming R{ < 1 and § < 1. Hence, the only available corner solution is of
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the form: aj = 1 and ¢ = R = (Iy — uX))R] & R =1+ Rf,
=Wi—c=Wi—BiR] = I+ a1 (X1 — Xo);

8.Proof of Proposition 3:

1) For Strategy 1. It is based on the fact that Q = Xl)ilX() — a5, a =

X4 _ (1 _ X, a1 Xy . . .
XX (3 +q2) and b = X% 71 are approximatively equal (with
X1 _ a*HC)
X1—Xo 2 :

We approximate the term — (H‘s L )b o~ 7(1'“5 L )Q in the 3rd degree equa-

tion giving the interior solutions, such that it becomes Q3 — (a+b)Q? + (ab+
Q- (52 5)Q =06 Q% — (a+b)Q+ (ab+ 3z — 152 %) = 0.

We approximated the last term (that of degree 0) in order to minimize the
error committed (however, § and o7 have an important role here for the accuracy

of this approximation).

This equation has always two real solutions, because A = (a+b)?—4 (ab %%) =
1

—b)2441 L

Cy2 11 _ a+biVvVA _ atb oV (a—b) °of

(a=b)*+45-5>0. Hence Q12 = *5Y= = 42 £ +—p——.
1

2

However, we have to check whether the solutions Q)12 satisfy both @ > b
and Q < a+ (% + ¢2). We start by checking first whether Q1,2 > b.

fa>b: Q=3 Y2>psa-VA>bsa—b>VAs (a-b)’
(a—1b)?+ 4%% False. Hence @ < b;

1

We analyze now Q)5 : Q2 = ‘%b—i—@ >Shbeat+VA>Sbea—b> VA
True. Hence Q2 > b;.

Ifa<b: le%"b—g >bea—+VA>be a—b> VA False. Hence
Q1 < b;

ng% T‘F> sat+VA>Sbsa-b> VASb-a< VA&
(a—b)% < (a—b)2+ 4%% True. Hence Q2 > b;
We conclude we always choose Q2 = GTH’—&—L > b.

The only thing to be tested is whether Qs < a+ (2 + ¢2) &

‘”b ‘F<a+(1+q2)<:)b+\/gga+2(%+q2)

\/> A<a—b+2(3+q). (For this condition to be satisfied, we have to ask
additionally that a — b > 2( + qg))

(a=b)*+4525 < (a=b)’+4(3 + @) +4(a - b)(3 +q) &

%%7( +CI2) (a_b)(*‘f'%) (a_b)(%‘F%)Z%U%—(%‘Hh)Q

a—b>—(3+aq)+ 5W (we have to ask only for this restriction,
a—b> —2(3 + ¢2) is redundant) < (taking into account the definitions of a

and b) —(3 4+ ¢2) + O“}/)fl 2 11501( 1-lr(12) 3+q@) e
a1 X, 1 1 271 _ _
X1t (To—a1 Xo) (IR = 8 o7} +a2) & a Xy (001 (5 +2) = 1) = (To—arXo)(1+
R]).

44



We assume the parameters satisfy do7(3 + ¢q2) —1 < 0. Then X; <

(Io—a1 Xo)(1+RT) L . .
o (602 (3 +a)—1) < 0. But this is impossible. Hence, the approximated 3rd

order equation does not have convenient solutions. We renounce to the interior
solutions.

2) For Strategy 2. We approximate the term —(1+‘5 L )d o~ —(i%)R in
91
the equation giving the interior solutions, such that it becomes:
R? — (¢ +d)R* + (cd + L)R - LHR=0s
R? —(c+d)R+ (cd+ 5 — %%) = 0. This equation has alwayb two real
1
solutions, because A = (¢ + d)2 —4 (cd - %712) = (c—d)?+432% > 0. Hence
1

(c—d)2+43 5
Ry = c+dif c+d + 71

2 = - 2

However we have to check whether the solutions R; o satisfy both R > d
and R <c+ (f — g2). We start by checking whether Ry o > d.

Ife>d: R—"+d VAsdec-—VA>dec—d>VAs (c—d) >
(c—d)?+43 False Hence Ry < d;

WetryalsoRg.R :%d+§>d«t>c+\/§>d@cfd>f\/gTrue.
Hence Ry > d;

Ife<d: Rlz%d—g>d<:)c—\/z>d<:>c—d>\/ZFalse. Hence

Ry < d;
R2=f+d+‘ﬁ>d@c+\ﬁ>d@c—d> ~-VAsd-c< VA&
(c—d)2<( —d)? + 432 True. Hence Ry > d;
We conclude we always choose Ry = %"'T > d.
The only thing to be tested is whether R2§c+(%fq2)<i>
%d—&—@§c+(%—q2)<:>c+d+\/Z§2c+2(%—qg)(:>
VA <c—d+2(3 — g2) (we have to ask additionally ¢ —d > 2(g> — 1) )
(c—d) +455 < (c—d)’ +4(5 — )’ +4(c—d) (5 — @) &
c—d>—-1%-q)+ %ﬁ (we have to ask only this, c —d > 2(g2 — 1)
1\2

—q2)
is redundant)

< (taking into account the definitions of ¢ and d)
X
(Gta) - 25an—0 G- e
()é1X1 ) <
(11X1+(IU_(X1XO)(1+R{) -

a1 X1 < (lp — a1 Xo)(1+ R{) (007 (
X, < %ﬂlw‘)

—QQ)—1)<:>

(50%(% +q2) — 1) . But this never happens, under the

N

assumption do%(3 +¢2) — 1 < 0.
Hence, again, we renounce to the interior solutions.

9. Proof of Proposition 4
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We introduce first the following lemmas:
Lemma 5 The following appromimation holds: log(ay X1 +m) = log(ay Xo+

)+T1 +ajP(ry —7"1) + 2a77(1 — ajP)od, whenever a)¥ = —L—— €
(1+Rr)a1 X

1+Rf
(0,1).

Proof: Consider the portfolio composed by oqrisky assets and B = H%

risk-free assets. The invested value is Invg = a1 X

after 1 period (at T = 1): a3 X; + m. The proportlon 1nvested in the risky

assets for this portfolio is aff = —1Xo — i 1m . Then log(a; X1 +
1+R{ (1+R Yoy Xg

m) = log(ITwo) + &P log(RT +1) + (1 — i) log(R] + 1) + aIp(l - al P)od =
log(lnvo) +alPrr + (1—aiP)rf + 3047(1 = oi?)od = log(Invy) + rf +alP(re —
1)+ 1aiP(1 — ajP)oZ, whenever o}f € (0,1).q.e.d.
We compute the objective function for the 4 decision paths in Proposition

4:

1) f1 = 6{log(Io — a1 Xo) R{ + 8 log[W — (I — a Xo) RY] +6(— ) +d(g2+
o2 4 0rd) = 6{log Iy + log(1 — a}) + log R + §log(ay X1 + B1) + 6(— )+
(g2 + )0} +orf};

We used:
log(Io—ac1 Xo)RI = log Iy+log(1—a)+log R] and log[W;—(Io—a1 Xo)RI)] =
IOg(Oéle + ﬂl)

1
2
0

2) fo = 6{log ey + dlog(Wi — ¢1) + 6rd } = 6{log[ay (X1 — Xo)] + 6 log[Wy —
o1 X1 + a3 Xo] + 6} = 6{log ot + (14 6) log Iy + log(% —1)+6log[l + Rf —
i R{] + drd };

Wi — a1 X1 + a1 Xo = Io(1 + R — i RY) and log[a; (X, — Xo)] = log o +
log Iy + log(% —1).

3) f3 = d{log(c1) + dlog(W7 —c1) + 5(7;7%)062 + (g2 + %)a%ag + 57"5} =
5{(1+ 6)log Wi +log(517) + dlog(527) + ord };

4) f1 = o{log(5 W) + dlog(525:Wh) + 6[rf + F(q2 + $)%1} = o{(1 +
) log Wy + log(p%l) + 510%(5%) + 5[7'5 + %(CD + %)2]}7

During "HC Bad Time" it is clear the FT uses Strategy 2, hence the objective
function is given by f1. Similarly, for values of X; > X772, the FI uses
Strategy 1 and the FB allocation and there is no need to check any allocation
with Strategy 2, because we proved it is always inferior to the FB allocation.
The only cases to discuss are when X7 € (Xo, X/5°") and both Strategies are
feasible.

We show f3— f1 > 0 always. f3 = 6{(1+4)logW; +log(6+1)+5log(%)

57’2}
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fi = §{log Iy +log(1 — o) + log R + 6log(an Xy + B1) + 6(—2 ) + 0(qa +

1ot +orf};
Applying Lemma 5, and considering
logWy =log Iy + afr{ + (1 — a’{)r{ + %a’f(l —aj)od

* f
log(a1 X1+41) = log Io-+log(1-+af R] ) —log(1-+R{)+r{ +(rf —r{) 201 4
11
;(at(HR{) 1-af )Uz.
2\ 1+atR] 1+atR{) 7O
we have: f3— f1>0<«
5 —rf) (146 — 0B ) p ol ar(1—af)(1+0— 06— ) 5log(1
aj(ry —ry) (1+ okl )T aj(l—af)(1+ (ta *Rf)z) og(1+

aTR{) log(1l — o) > log R1 + 6qp0? — 7’2 10g(5+1) 6log(6+1)

f f
From — 21 <ﬂ:1+Rf:>1—l+7fRf>l (1+R{)=-R] =

1+aiR] 1+
f f *
1 (1 _ 1+R{ ) f 1 1+R —1q Rf(a7-1) .
+9 Trar k] —0R; >0=1+40-105 7 +51+aIR{ >0
1+Rf 1+ f +R{ _ H— _Rrf
Also, from (1+O/{Rl{)2 < =1+R) = 1- e *le)2 >1-(1+R{) = —R;
1+R] 1+R{
:>1+6—5m:1+5( —m)>1—6Rf>OItlﬁbufﬁclent
to show that —dlog(1 + ot RY) —log(1 —a3) > log R +6ge0? —r] — log(é_H)
5log(5+1) v ai € [0,1].

For of = 0 this is equivalent to show that 0 > log Rf +0¢y0%—r] —log((p%l) -

5log(6+1)
But log R + dgz02 — 7'2 log(517) — §1og(ﬁsl) = logR{ + 6qa0? — 7’2f +

0+1
log(0 + 1) — dlogd + dlog(d + 1) < 0 for § > e. Also, the LHS is increasing in
of.
_ «pfy ] sR{ 1 —SRI(1—af)+14alR!
[ dlog(1+ afRy) —log(l —af)| = 1+af1R{+1*aT = (11(1;12{%)(17&{) 1—

a Rf(1+5)+1 SRS
(taii)(i-ay)

q.e.d.

Hence, for Xy € [CornerThrStry, X3#5°") the FI always chooses Strategy 1
and the objective function is f3.

We are looking for ThreshStr € (Xo, CornerThrStry) the point where the
FI has to decide between the two available strategies.

f2-f1>0< log(— —1) —dlog(ar Xy + p1) + dlog Iy + log aj — log(1l —

of) —log RY + 6log(1 +Rf —afR)) = 6g02 >0
We employ the two following approximations: log(a; Xy 4 51) = log(a Xo +

B1) =log Iy and log(1 + R — atR]) = Rl — R = RI (1 — o).
Hence f2—f1>0< log(%— )+log (IO‘W—I—(SR{(l—aT)—(SqQU% >0s
—oq )
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* —a" RS : N
logl(3—1) %L1 2 6203 —6R] (1-a5) & Xy 2 Xo[14I=ai i eduaed -oR[ (0]

17041‘)1?{
We can approximate e~ (1=0%) = 1 because 5R{(1 —aj) € (O,R{), then
e~ dR{(1-a]) ¢ (e_R{, 1). Hence an approximated value for the threshold be-
—a RS
tween the two strategies is ThreshStr = Xy (1 + %66(120%). For X, €
1

(Xo, ThreshStr), Strategy 2 is superior and the objective function is given by
f1. Similarly, for X; € [ThreshStr, CornerThreshold;), the FI chooses Strat-
egy 1 and the objective function is given by f2.

We discuss now the position of this approximated T hreshStr with respect to
CornerThreshold;. We affirm ThreshStr < CornerThreshold, < Th%‘(’ohs” <

—a" RS f * o f
Corner’l;?oresholdl o 14+ (1 zi)Rl eéqgo’f S 14+ 1 (1+R1 _ 0‘1?1) o=
1

o B
(1—a})R{ (56&120? - 1) <1

We assume 6277 — 1< 0= (1 — )R] (66‘5‘12"f - 1) <0 Vai. True.

10. Proof of Proposition 5
Considering f1, fo, f3 and f; as in Annex point 9, we denote:
ThreshStr CornerThrl X gprow
Intl —Jo fl Xm’ Int2 = JThresnstr f2 Xm’ Int3 = fCoFrfberThrl f3 Xm
and Inty = f;pmm fadX;.
FB
We are replacing first the functions (Inty, Ints, Ints) with approximations
given by Lemma 5, for the following cases:

i) log(Wy) = log Iy + oir® + (1 — o )rd + 1ai(1—ai)od; for m = B (1 +R))
and Invg = Iy.
i) log(ar X1 + B1) = logly + log(1 + aiR{) —log(1 + RY) + rf + (r7 —
fyeileh)) | 1 (ai<1+R{) 1-a] ) 2.
1 4o RS 2\ 1+oiR] 1+a;R{ )"0’

Io+a1 XoRY *
for m = By, Invg = a1 Xo + 1511%{ ="/ L and o) = # =
(1+Ry )1 X
of (1+R])
1+aiRS

Now we can re-write the functions:
1) f1 = é{log Ip + log(1l — af) + log R{ + dlog(an X1 + B1)+

o2 . o f
+0(=%) + 0(g2 + $)oF + ord} = S (karf + ky) with by = 62 and
ap g
- wpfy . foi(+R]) | 1ai(1+R]) 1-af 9
k? - (S[IOg IO + log(l + alRl) ri 11+a1<R{ 5 11+QTR{ 1+QTR{ 0_0} + log IQ +

log(1 — oF) + logR{c +0(—F) +6(q2 + 3)ot + 57"5;

2) fo = 6{log o + (1+6)log Iy +log(3: — 1) + dlog(1 + R] — ajR{) + or{}
f2 = dlkslog(2 — 1) + kal;
ks =1; ky = log o} + (1+6)log Iy + 6log(1 + RI — atRY) + ord;

3) f3 = 6{(1+0)log W1 + log(527) + dlog(525) + 073 } = & (ksr§ + ke) ;
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ks = (140)af; ke = (1+5)[log10+(1—a{)r{—i—%a’{(l—a’{)a%]—l—log(ﬁ)-i—
510g(5j%1) +§7"2f;

4) fy = 6{(1 + 8)log W7 + log(%) + (5log(5%) +o[r] + %g(% + 12 =
6 (k‘7’l‘1 + ]4}8)

br = ks = (14 0)ads ks = kg + 0% (g2 + )

We have to evaluate fab p(z1)dxy, ff r¥ p(z1)dx, and f: log(%—l)p(ml)daﬂl.
The first two integrals are equal to:

f; px,(x1)dr; = @ (%) _ P (M) :

oo

f:rfpxl(asl)dxl f In Xl)px1 (z1)dxy = f/ *In(y) px, (y)dy =
Xo

(ny—p)? (ny—p)?
b/ X T2z b/X -
- a/XOU ln(y) y001\/27726 o dy B fa/XO ln( )00\1/2776 *70 (ln(y))/dy =
(z—p)
ln(b/X - o2
Jintarxa) Zoqvze 0 dz

but this is a truncated mean of a normal variable, hence:

S 7 pxc, () ey = pl@ (TR — (el

[efo) go
In(a/Xo)— In(b/Xo)—
+oop( ( /000) 1y — p( (/000) 1Y);
The thresholds needed for the integrals are: ThreshStr, CornerThrStry,
X

ThreshStr __ Tll +

Xo Otli Tip with 11 =1 — R{e‘sg%q? and Tho = R{e&’fflz_

R{ 1+R{
CornerThrStr, _ T21 + %T22; T21 —1— 71.T22 — +Ry

Xo 8 L
xaproe RS (1+Rf)6(q2+ ). _ (+R)
Xo =1T3 + 3 T32,T31 =1- 5(1_q2) 5(L ; Ta2 T d(5-a2) +
(+R])(g2+3) .
6(3—g2)

With these formulas we can re-write (exactly) the integrals: Intq, Ints, Int,.

Iﬂtl _ OThreshStr fl Xm ThreshStr 6(k17"f +/€2)Xm _
_ J{kl fThreshStr del +k2 ThreshStr Xm} _ {5]{31[#(1) (N) — oop (N)] +

2®(N)};

Xgpror xor xaproz
FOI‘ I?’Ltg - fCornerThrl f3 Xm fCorﬁerThrl 0 (k57“f + kﬁ) Xm = 6{k5 fCoiierThrl T{Xm—i_

kﬁ CornerThrl Xm} - (5{](15{/1[ ( ) o (M)] +00[p (M) _p(P)]} +k6[¢)(P) -
O(M)]};

For ITLt4 = f;?q?p[:oz f4 dX1 = f;ot;}goz 5(/457?"% + ks) Xm =

= (5{]€7 f)O(?z?;go_L T‘%dX1 + kg f)(:v(;l;}g'oz Xm} = (5{]67[/./, (1 - ¢ (P)) + ogpp (P)]+
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+hs[l — @(P)]};

Now we discuss the second integral.

CornerThrl CornerThrl X
IntQ = JThreshStr f2 Xm = JThreshStr 6{k3 1Og(7; - ) + k4}dX1 =
CornerThrl CornerThrl
— (ks

ThreshStr IOg(% - )Xm + k4 ThreshStr Xm}

fhofgﬁgﬁ” dX; = ®(M) — ®(N); Unfortunatelly,
1)dX; cannot be writtten as before.

Hence Inty = 8{ks [rrogn log(X: — 1)dXy + ky[®@(M) — B(N)]}; We

CornerThrl 1

X1 _
ThreshStr Og(Xg

denote % =V;
However, fTChO:(ZZ;}:” log(% —1)dX; can be approximated in a similar man-
ner with ff:;;;r;ﬁﬂ log(%)Xm7 by taking into account the position of the

1) if CornerThrl/Xy < 3, then fThreshStT
CornerThrl

2) if ThreshStr/Xo < 3 < CornerThrl/Xy, then [, oo = log(
1dX; = &(N) = &(V) + p[@(M) = &(V)] + ao[p (V) — p(M)];

3) if 3 < ThreshStr/Xo, then f::;j:;?rl log(% —1)dX; ~ p[® (M) —
@ (N)] + a0lp (N) = p (M)];

Finally we write a simplified version of the sum of the 4 integrals, which
alllows for an analytical result for aj.

thresholds values:
CornerThrl IOg(%fl)Xm ~ @(N)*(I)(M),
X1
Xo

We approximate (M) —P(N) ~ (M —N) (w) with the trapezoidal
rule and p(N) — p(M) ~ 0.

Moreover,
ln(TquﬁTm)fu 111(T11+ﬁT12)—H
- U—U — N — o0 )
ln(TgH—%ng)—u IH(T21+QI%T22)*H
- O'—U — M — o0 )
ln(T31+%T32)*# ln(T31+a1‘%ng)—u
P= — Xp= - ;
1 —1a2 : 1 —1inNZ 1 ,—-1x2
= 2 = 2 ~ 2N —
From p(z) 7€ we approximate p(IN) 7€ ~ ——e
) 1n(T11+ﬁT12>
1 1 (—LXN) ol 1302 1 ™ I
2 o J— o o o .
\/ﬂ(Tu—’_rfFB T12) 0 el'2o0 = —me 0 (Tll-l-quB T12) 0 0 ;
5 In T21+ﬁ7“22)
3 u 1
CI 1 7 22 1 2 202
~ = —— 0 — 0 0 N
Similarly, p(M) ~ p(Xas) 7€ (To1 + 2TFB T52) :
(P) ~ p(Xp) = =€ >3 (T51 + —5T52)"0 208 ;
p =P\AP)= 50 31T GFB 432 )

The four integrals can be approximated as:
Intysimplif = 6{k1[pn® (N) — 0op (N)] + ko ®(N)} ~
= 6{klsim,uq) (N) + k2simq)(N)} =09 (N) (Hklsim + kQSi'm) )
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(M

Intasimplif = 6{ks g;:iir]z;izll g(3 — 1)dXy + ka[®(M) — D(N)]} ~

o b{anin [T 0g(E0)X, + Rywin [B(M) — D(N)]} =
M F3sim {p[® (M) — @ (N)] +aolp (M) — p (N)]} + kasim[P(M
= (S(lf3sim,u((D (M) - (I)(N)) +'Z€431',m( (M) - (I)(N))) =

= 6(XM - XN) (w) (,Ukiisim + k4sim) ;

) = ®(N)]} =

Tntgsimplif = 5(ks (1[® (P) — ®(M)] + oo[p(M) — p(P)]} + k[®(P) -
)] 22 0{kssimp|® (P) =P (M)]+kpsim[P(P)—P(M)]} = §[® (P)=P (M)] (1kssim + kesim) =

§(Xp — Xap) (PXELELEND) (ks i + Kaim)

o(—

Intysimplif = 6{kr{p[l — @ (P)] + 0op (P)} + ks[1 — ®(P)]} ~
~ {krsimp[l — @ (P)] + kssim [l — ®(P)]} = 0[1 — @ (P)] (tksim + kssim) ;

With the trapezoidal rule for N (depending whether it is positive or not)

®(N)=3=+ 7P(N)+p(0) (N-0)=3=+ 7(XN)+MXN, for Intysimplif.

We take for simplicity ® (N) ~ 3 1y MX

Also @ (P) ~ 1 + %Xp; Hence 1 — & (P) ~

We write the simplified integrals:
Intysimplif = 6@ (N) (pkisim + kasim) = 0 (2 + MX > (k1sim + k2sim) ;

P(Xp)+ =
PP X

Intysimplif = 6(Xy — Xn) (w) (1kssim + Kasim) ;

Intssimplif = 6(Xp — Xur) (W) (tkssim + Kesim) ;

. . p(Xp)+
Intysimplif =6 (1 — @ (P)) (pkrsim + kssim) = 0 <; — MX ) (k7sim + kssim) ;
with the simplified k-s:
klsim = 60[{7

aaim = 8llog Io+oi R —rfaf +5 "2 0] +log Io +log(1—af) +log B +

2
) 4+ 8(gz + 2)o? + or];

k3sim = k3 = 1;
kasim = log i + (1+0) log In+6(R] — ot R]) +6r] = log o + (146) log Iy +

SRI(1—at) +ord;

The rest of the k-s are unchanged.
We are looking for the argmax of the sum of the four integrals. We compute

the derivative with respect to aj of each of the integrals in the sum.

a1 ! P(XN)‘F% « 026
%ﬂwlf =03 + 52 X ) [~ 171@ al (1iORf)+
+6(u+R{ —r] +1 HlR{ ap)l;
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[‘)Intgdsoj’;nplzf 5(XM - XN)(P(XM);FP(XN))(O%{ . (SR{),

Slutgartih = §(Xp — Xon) (PRI [u(1 4 6) — (14 0)rf +

"’pzré"o —afog(1+9)];

N Xp)+
Olatynlal. _ g} — LT Xp) (1 -+ 6) - (1+ )r{ +
+15208 — ajop(1+9)];
We denote by:
X
consy = 1 ”(N)JXN; consy = (Xar — X )(M); conss =
X _1
(Xp — Xo) (X 5oX00) o, = 4 P20

Then the derlzyatlve of the sum leads to:

—aj[cons) — (HRf) + cons3o3 (14 6) + conssod (1 +6)] + (conss + consy) (1 +
8)[p—r{ +%0] —dconsy R{ +dcons [u+R{ —r{ + 2(1?3{)]— —1_1@ consy+ 782 =0

To simplify the computations, we can replace af = ojf'? in the first term.

This leads to

—a;FBo2cons; (1+5R{) + (consg+consy)(140)]+ (conss + consy) (1+6)(u—
7“{4—02—”) —dconsaRI +6cons [u+ RS —rf + (1+Rf)] n ConSQ(;g(Oiil);IC)OnS1QI — e

(conss + consy)(1 + 8)(u — v + %5 — ajfBod) — afFBaoconslﬁ -
5(:07152]%{c + dconsy (p + R{ - r{ + 2(1i§Rf)) + consrfxcf(nf—l:’f)omz)al —0;

But P =g + 4 = £ +%=%;‘u—r{+”§ —aiFBo? =0

Then the previous expression becomes:

ai(1—at){—atFBoZeons (HRf +6[consy (u+R] —r{ + (HRf))—consQR{]}-&-

conss — (consy + consg)a; = 0;
This is a second degree equation; we simplify it into a first order one by
making: o (1 — a}) ~ —afaif® + af;

(—0jaiFB + o) {- a*FBchonsl(HRf +6{cons [u+ RI — ok =

2(1+Rf)
consaRIY} + consy — (consy + consy)at =0 <
From here it comes:
a*HC _ conss o
1 = _ =
¥ * . f .
(alpB_l){_alFngconal (1+‘;{) +d6{consi[u+R] —r{ +m] —consa RI }}+(consy +consz)
. is an approximation
! «FB «FB f o2 (1—2a3FB) consy
1+6R1(1—O(1 )+{1+6(041 _1) |:FL+R _T1+ 2(1+Rf) consg

of the proportion of risky assets for the first period.

92



11. Proof of Proposition 6

a) For computing the expected consumption we analyze the allocations as
in Proposition 4.

b el = (Ip — o' “Xo) R = IoR{(1 —af!"“):a3"C = 1;

2) f'?=afl%(X: - Xo) = alHCI ( X, 1); agHC 0;
3) %[ *HCIO§1 +Io(1+R )( _ *HC)L «*HC =0;
4) of'? = 5o Hcfo? + I(1+ R - a;79); HO = gy 4+ &,

Th hS
= [T el (@) px, (w1)day = [y T HO (21) px, (1) dar +

C Thrl
+ fTho:Zc;LTStrT C{{C(xl)pxl (.’171)61.1'1 + fCoT’nerThrl {{C(ml)pxl (‘Tl)dxl = +
C2 + C3,

ThreshStr *
cr = [y "M O (@) px, (w1)day = ToR{ (1 — afHO)R(N);
CornerThrl N ii?
€2 = ThO;e;el:Strr ' (@1)px, (w1)der = i Io{e!+ 72 [@(M — 09) — B(N —

ou)] — @(M) T 2(N)); 2
€3 = fg’iirnerThrl Hc(xl)pxl (1’1)d1‘1 = ﬁ{aTHCIOe#+UTO[1 _(I)(M_UO)] +
Ip(1+ R)(1 = o)L - (M)}

Then
0,2
Eo(el€) = LR (1—ajTC)®(N) +a;HC Iy {et T2 [®(M —0g) — B(N —00)] —

S(M) + B(N)} + 115 {03 Toet+ F [1 - &(M — o9)] + To(1+ R) (1 - a7HE) (1 -
d(M)]};

«HC *HC f *HC
HC _ ai" "Iy HC _ a3 “Invy _ *HC «HC Inp | Jo(0+R7)(1—a7”")
b)O[l —TandOQ —T— [ +X—0
Cflc]
X1 )
1) 4 — loR{(0—ai™®) 1,
X1 - X() X1
Xo
HC
¢y «HC Ig «HC Ig 1 .
2) X Y X, M X, X17
HC
[ | «HC 10 f *HCY\_1 .
4) % = s lod + Io (1+R )L —a1™Y) <7 );
X0
Then: ( He
HC _ , «HC[,+«HC Iy | To(1=a7"%) 1 7.
1) ay’® = a37%[a] xo T Xo LL
X

1
0
1

2) off @ = g [+ R{(1 - {7 2 1
0
% x Io(1+RH)(1—axHC
4) Ozflc—achlitg[ach)%-l- o 1;{( o )é]’
0

ThreshStr [eS)
Eo(e3'®) = [, a3’ (@) px, (21)dwr + [apror a3 (21) px, (21)dy =

0
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ThreshsS HC
— Tes tT[ *HC I() +I()(1X70;1)é]pxl (,’1,'1)d$1+f;<z;z‘zgoz (q2+%)6‘f‘ [QTHC%+

0
Xo
f «HC «HC o2
BORYI") 4 ()i = af€ da(N) + B0 Do Gy ¢

X0

f Ot*HC‘ _
00)+H{ga+ 1) 525 {0110 fo [1—p(P)|+ D00 e (1 gy )]} =

Bolaff©)—aff® = aC F{BWN)~1+(a ) gl 1= B(P) )+ U5 m @+
70)+ @2+ ) 1+ B 1~ (P + o)

For Eo(B¢)—BHC we remark: BHC = Iy(1—atf), i = 71””1143%2/, X1 _
«HC HO)
(1o H)_(I?f/l_” and Wy — ¢ = o1HC, §1 + Io(1 — aHO)(1 + R]) — cHC.
1
) Wy — cf HC _ a*HC] X1 +IO(1 _ a*HC‘)
2) Wy — 1€ = a*HCIO © (1 - affC) (1 + R));
3) Wi —eff € = 1255 [ai" Lot + Io(L+ R{)(1 — ai"));
CornerThrl *
fo 1'1 )px, (T1)dry = ThreshStr H_lRf (% HOIy + Io(1 +

R{ )(1 —aTHC)]le (:c1)dfc1 + X oAl 25l + I (1+ R (1 -
* 2 %
a1 px, (1) dw1+ [apros (12+;f) Er LI B +Io(1+R{)(1*a1HC)]PX1 (z1)dzy;

‘72
Eo(B3'9) = B¢ = rad I {@(M) — (N) + et [®(P - 00) —

(M —00)+(3—a2)(1=P(P—00))]} +Io (1 - ai#O){@(M) = B(N) + 35 [@(P) —
(M) + (5 — q2)(1 = ®(P))]} — Io(1 — a3");

12. Problem FV1

We check first when Wy > I.

Wi > Iy < a1 Xy +ﬁ1(1 + Rf) > I a Xy > I()Rl + OélXo(l + R ) <~
X1 > Xo(1+ R{) — % = Thresholdpy (this is the threshold that assures
v > o) .

Assuming Wy > I, we solve the maximization problem in Problem FV1,
2) with Kuhn-Tucker, denoting by f the objective function.

{ D g =G~ mea)

dc
2) aaé;é“v = _50%06 + 5(112 + %)U%

R3 . C1 S Oél(Xl — Xo) +51R{
{ 1) 98—
cy

2) 28—

daj

o4



].) (5(% — Wl(icl) = )\3
2) —éoias+6(q2 + %)Uf =0
3) As(cr —an (X7 — Xo) _BIR{) =0

=01 —gplyg =06 Uit =0e W =al+0) e d¥ =
*FB.

%:653 and —oz;FV—l—qg—i—%:0@a§FV=q2+%=O¢2 ;
In order to be able to choose the FB, one has to have: (R3) c¢I'? <TI'V <

Kﬂ; < ai(X1 — Xo) + SR & X1 > Xo(1+ R]) + IO(%‘?R{) = Xo(1+ R +
O%(% — R{) 2 CornerThresholdgy . Hence, if X1 > CornerThresholdgy , the
FI can choose FB.

On the other hand, if X; < CornerThresholdgy, the FI consumes all the
profit. ‘

If A\s # 0 = ¢ = aFV(Xy — Xo) + BFVR! and a3FV = a3FB, we choose

this solution if the FB is unavailable.

The discussion reduces to:

If X;1 < Thresholdpy = Casel = cfv =0 and aéFV =g+ % = ozSFB;

If X1 > Thresholdpy = Case2 = If X1 > CornerThresholdgy = Case2.2
(FI can choose FB) = cf'V = 1WT15 =cl'Band 3"V = go + 3 = a37'P;

If Thresholdpy < X1 < CornerThresholdry = Case2.1(FI consumes all
the profit) = c1 = of'V(X1 — Xo) + BV R{ = of V(X1 — Xo) + (Io — a1 Xo) R
andozSszqQ—F%:a;FB.

We identify o satisfying Thresholdpy < 0. This leads to Xo(1 + R{) —
IoR] fy_ R R{ f " R
L <0e Xo((1+R)—-L) <0« > (14 R{) & af < We

1
g ayq ay 1+R{ '
restricted hence the region where the proportion aj has to belong such that to

avoid the bankruptcy possibility: o] € (O, ﬁ} .
1

f
We show Thresholdgy < Xo < Xo + XoR! — 1 < Xy & XoafV < I,

3}
True. This means "FV Good Time" starts under X, (because there is a part

of the portfolio which surely appreciates -i.e. the risk-free assets).
Also, CornerThresholdpy > Xo < Xo(1 + R{) + Ll — R{) > Xo &

a1

XoR! + all"é(l — 6R)) > 0 (assuming that R < 1) q.e.d.

13. Proof of Proposition 7

The objective function is:
2
In Case 1, 6E1{log(c1)+6 log(Wy —c1) +6(—> )Oz§2 +8(g2+ 30303 —+—57’£} =
—00;

%)



2
1

In Case 2.1, 0 E4 {log(c1)+6 log(W1—c1)+0(—

Jo +0(qa+3)otas+or]} =
dE {log(Wy — Iy) + dlog(Ip) + 0 FVct};

5
In Case 2.2, 6E; {log(c1)+6 log(W1 —c1)+3(=20)as” +0(qa+ 2 )o?as+or] } =
SE1{(1+6)log(Wy) + dlog(d) — (6 + 1) log(d + 1) + 6 FVct};

We assume we are starting with an initial pair («q, 1) such that there is no

s
possibility of bankruptcy of € (0, %} , hence Case 1 is eliminated.
1
We define
FV(X,) if X1 € (0,CornerThresholdpy (a))
f(Xy) = FV(Xy) if Xy > CornerThresholdpy (aq)
where

IFV(Xl) = (5{10g(W1 - I()) + (510g([0) + 6FVct};

FV(X1) = 0{(1 + 6)log(W1) + 6 log(8) — (6 + 1) log(6 + 1) + §FV et}
and FVet = (1) (@2 +3)° + (@2 + 1ot (@ + 3) + 7 = Flae + 3)° +74;

This is (—* oy + (g2 + otz + rd for the case of a3FV = gy + 3 =a3fB.
Then Eof (X1) |(arv grvy=6 (IfV + IJ'V) + *FVet;
CornerThresholdryv
where IFV — / log(Wi — Io) + 6 log(Io)]p(x1 )das:
0
v — / [(146) log(W1)+6 log(8)— (5+1) log(5+1)]p(a1 ) da1:
CornerThresholdrv
as az
We have to develop formulas for /log(Wl)pX1 (21)dzy and for /log(W1 -
a1l al
IO)le ((El)dl'l.
CornerThresholdryv
B = [ og - 1)+ Slog()lp(en)dnn =
0
CornerThresholdpy CornerThresholdpy
= / log(W1—1y)px, (z1)dx1+0 log(1p) / ox, (z1)dzy
0 0
15V = (1+0) / log(W1)px, (z1)dz1+ / [0log(d)—
CornerThresholdpy CornerThresholdpy

(0 +1)log(d + 1)]px, (z1)dx1
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For the last two integrals we apply Lemma 5.
ag az

[ 1oa(Wp(en)den = [toglen s + 511+ Rp(en)don =

ai ai
az az

= /10g[a1X1+(IO —a1Xp) (1+R{)]p(x1)dx1 = /log (a1 X1 +m) p(xq)dzq;

m :(Io — OllXo) (1 + R{) .

a2 az

/1Og(W17]0)p($1)d1’1 = /log[a1X1+(Ig — OélXo) (1+R{)—Iop(x1)]dm1

ai ai
a2

:/ log (a1 X1 + n) p(x1)dzy;

al

n = (Io — OllXo) (1 + R{) - IQ

In this case the invested quantity is Invy = a3 Xo + 1+an = a1 X +
(Io — a1 Xo) — JiOR{ = 0%;

The proportion of the risky asset in the "artificial" If)ortfolio is

oy’ = alxo(;l-s-XiLR{ - alXUJF(Ioitl)l(g(o)foi%{ =aj 1;?1 € (0,1] for any af €
(0, 114).

This leads to log (a1 X1 +n) = log(Invg) + r{ + o’ (1§ — ]) + LaiP(1 —
Py 2
ay’)og =

« 1+ RS « 1+ RS « 1+ RS S
= log(Io) + log(R]) + a T Tl r{ + 3o (L —ai—7+)og;
1 1 1 1

CornerThresholdpy

Then IfV = / log(Wh — Ip)px, (z1)dz1+
0
CornerThresholdpy CornerThresholdpy

+dlog(ly) / px, (z1)dry = k'Y / r¥px, (z1)dx1+

0 0

CornerThresholdpyv
ksV px, (z1)dzy;
0
with
f
MY =i
. ! 14+R] 02  14+R] f

KV = —1ai2(F)?03 + i ((E B — or]) + (04 1) log(Io) + log (RY);

1 1 1
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Similarly IFV = (1 + ) / log(W1)px, (z1)dz1+

ThresholdFV;
0o
b [ (108(0) ~ (654 1)log(5 + Do, (1) =
ThresholdFVy
) 9
=kiV / ripx, (x1)dey + k{Y px, (w1)dx;
CornerThresholdgy CornerThresholdpvy

with
kEV = (14 6)aj; and kY = —1a32 (1 +0) 02 + af(1+0) (% — 7)) + (1 +
8)(log(Ip) + Tl) + dlog(d) — (6 + 1) log(d + 1);

COT"”T?:S}LOMFV =Tn + Q%Tu with Ty =1+ R{E Ty =5 — R{;

From here we can find the (af'V, BF'V) for the first period by maximizing
with respect to (a1,51). We have to find the argmax, in the corresponding

interval, of the following (however, we approximated oY by a constant):

ng(Xl) |(afv,ﬁfv): 0 (IIFV + I2FV) + 52FVCt =

IH(T41+(%«T42)*H In(Tyr+ 25 Tuz)—p
= 6{k{"V [u®(———1——) — oop(————)+
In(T: +(%*T )— In(Ty1+ 25 Tuz)—
—|—k‘FV(I>( 41 o 42 M)+k§V{M[1—<I>( 41 U; 42 M)]+

In(Tu1+—% T42) W

UO

In(Tyu1+ 2 ar Ta2)

0'0

+o0p( )+ RSV - ®( )]}+(52FVct

14. Proof of Proposition 8

a)l) X; € (0 CornerThresholdpy);
cfV = af V(X1 = Xo) + (Io — of VX0)R{; 05" = g2 + §;

2) X; € [CornerThresholdFV,oo);
FV_C1 W11+57 *FV—(]Q'F%

1) V= alFVIOX + Io[(1 — 3 FV)RI — afFV);
2) fV = 5 [lo(1+ RN — a2tV 4 IyarFV £,

Xo
CornerThresholdpy
Bo(efV) = fi eV (o edo = [ {ai™V I (o
0
QR - aibox, iz + [ il B -ai™) +

CornerThresholdpy
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ToaiFV Xl]pxl (z1)dzy = 115 {Toa;FV et 73 [146®(S—00)]+Io(1—aFV)RI [14
0 ()] — (S)Io(ei™Vd + 1) + Io(1 — a5 TV) };

i

b)
We compute Eg(ad’V) — af'V.

FV _  «FvV Wi—ctV FV I I(+R)1—a;"") 1 eV
ay = on <, = (g2 + ) < T X, X X h
Xo
v «FV Iy 11 *FV S FV
DS =oi" 5+ s i (- o) R — o™,
0
FV *FV
¢ _ 1 [ «FV Io Io(1+R))(1—a7"") 1
2) X, 1+5[0‘1 + Xo b
Xo
Then
FV __ 1\ [, 1
1) &%) _<QQ+§)X7%E,
Xo
FV _ 1\ 8 LotV | L(+R)HA-o5FY) 1 4.
2) ay” = (2 +3) 57 =+ b Ca—t
0
FV FV _ oo FV FV I
Eo(afV) —af 0 (X1)px, (x1)dzy — TV 5 =
CornerThresholdFv
1\ 1 1
=(e+3)% / xoPxa (21)de+
Xo
0
oo
1N s Ioa’FV
+(Q2+§)17+5X+0 PXl(xl)d$1+
CornerThresholdpy
o
s In(+B)(1-of"V) 1 «FV I _
Hgp + ) gy et ROl oo () — oV =
0
CornerThresholdry

£l + Pert? [ (8 + 00) + 125 (1 + R))(1 — ai"™V)(1 = &(S + 00))] +

1.?5 *FV(1f<I><S))} aifVY;

We finally compute Eo(8"V) — BfV.
vV _ Io(l _ (XTFV);

__xFV
PV = S e 1o + fo(1 - i) (L4 R — o)

1+RS
1— OL*FV
1) gvz 1JrRf Io;
9) gFV — 1= aSFV S (o PV X 111 «FV RN
) 2 = 1+Rf 1+6[ 0X + 0( - )( + 1)]7
Then Eo( fo Vi(X1)px, (a:l)dxl
1—al 1—aXFV 1—a3fV
= 1+§%f I()@(S)—‘,— 1+§%{ 1_‘?_5 FVI el‘+2 [1 (D(S 00)]+W1+5IO(1

o) (1 + R{)[l — ()] — Ip(1 — af™).
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15. Transaction Costs

We first assume for any accounting regime the FI makes the same decisions as
in the case without transaction costs, but it subtracts the costs from consump-
tion (at T' = 1,2) respectively from the available resources to invest in the initial
portfolio (at T' = 0). We assume the transaction costs, known at T'= 0, 1 and
2 (hence no need here of Ey) are respectively Costg = say, Costy = s |ag — aq]
and Costy = say (proportional with the number of risky assets transacted).

The existence of Costy implies at T' = 2 the FI consumes c5°"* = co —
Costy = Wy — Costy = aaXa + f2(1 + R{)(l + Rg) — sag = anXo + m, with
m = B2(1+ RI)(1+ R}) — say.This is equivalent with having invested at T = 1

. 0 . . m
a quantity Inv] in a portfolio composed by g risky assets and RD T RD

risk-free (this portfolio gives at T' = 2 asXs + m). The equivalent invested

ntity Inv, = —M__ — Jnv; — =222 The proportion of risk
quantity Inv] = aa X2 + +RD nuy +RD) e proportion of risky assets
: : : : e *p _ asXy _ asXy Invy ~ as Xy *
in this equivalent portfolio is a5" = Tnol = Tror Tnot = Tnoy = Q3¢

At T =1 the FI equivalently invests Inv] and consumes ¢*? = ¢; — Costy,

due to the transaction costs. Hence the equivalent endowment at T =1 is W] =

C1 —COStl +I77,’01 — (11‘1135) = W1 — (COStl + (1:3;5)) = W1 —-K = Olel +61(1+
R{)—K = o1 X1+n, withn = 61(1+R{)—K. But this is equivalent with having

invested at T' = 0, Inv], in a portfolio composed by a risky assets and —"— =

(1+R])
K . / n K :
— —=2— risk-free. Inv), = o1 Xg + —2+ = Ig — ———. The proportion of
b1 (1+R{) 0= S0 LR T 0T (sr]) prop
3 3 3 3 A3 *p _ a1 Xo _ a1Xo lo ~ a1 Xo __ *
risky assets in this equivalent portfolio is a;"” = Tnol = To Tnep = T, = Qi

Finally, at T = 0 we take into account we have to subtract Costy = sy from
the equivalent invested quantity, hence the final equivalent invested quantity is

Invl! = Invl—saq = Ip— —5— — sy = Iy — Costy — -£2st — Costy =
0 0‘ 1I 07 im0 07 (1+R) ~ (1+R)(I+R])

Iy — s(a o2 o .

o~ s+ ) b ED)

Hence the additional costs imply (an approximated solution) solving equiva-

lently our initial problem with an initial investment of In—s(a;+ 1+1R 7 |Eoaa — ag |+
1

Epaw) instead of Iy. This equivalent invested quantity depends on

-1

(1+R])(1+R])

the accounting regime in force and has to be evaluated ex-ante (at 7" = 0).
gq.e.d.
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