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STABILITY AND FIXED POINTS
FOR NONEXPANSIVE MAPPINGS

JESUS GARCIA-FALSET

ABSTRACT. We use a coefficient to give fixed point theorems in the setting
of Banach spaces with the weak Opial condition

1. Introduction.

Let X be a Banach space. A self-mapping T of a closed convex subset
C of X is said to be a nonexpansive mapping if | Ta — Ty ||<|| « — y || for
all z,y in C.

We will say that X has the weak fixed point property (f.p.p.) if
every nonexpansive mapping defined on a nonempty weakly compact convex
subset of X has a fixed point.

Since 1965, F. Browder, D. Gohde, W.A. Kirk [10-12], and other au-
thors have established that, under several conditions of geometric type on
the norm of X, the f.p.p. can be guaranteed. Uniform convexity and normal
structure are examples of such conditions.

Until D.E. Alspach [2] gave an example of a fixed point free nonexpan-
sive mapping on a weakly compact convex subset of L; [0, 1] it remained open
whether or not every Banach space posessed the f.p.p. Later B. Maurey,
using nonstandard methods [1], [16], proved that every reflexive subspace
of L[0,1] and also the space of sequences ¢y have the f.p.p.

In order to generalize Maurey’s ideas on the f.p.p. for ¢y to a larger
class of Banach lattices, J. Borwein and B. Sims [3] introduced the notion
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of a weakly orthogonal Banach lattice. We say a Banach lattice is weakly
orthogonal if lim, |||z»| A |z}|| = O for all z in X, whenever (z,) is a weakly
null sequence. Thus it is shown that a Banach space X has the fixed point
property if there exists a weakly orthogonal Banach lattice Y such that
d(X,Y)a(Y) < 2, where d(X,Y) is the Banach-Mazur distance between X
and Y, and o(Y) is the Riesz angle of Y. (a(Y) := sup{|||z| V |y||| : =,y €
Bx}).

On the other hand, R. Huff in [11] introduced the following definition:
a Banach space X is UKK if for every € > 0 there exists 6 > 0 such that
||z]| < 1— 6 whenever z is a weak limit of some sequence (z,) in Bx with
sep(z,) = inf{||z, — zm| : n # m} > e. A Banach space X is said to be
NUC if it is reflexive and has the UKK property. D. van Dulst and B. Sims
[6] have shown a fixed point theorem for a weakening of the UKK property
(i.e. a Banach space is called WUKK if it is satisfies the condition from
the UKK definition replacing ”for every e > 0” by "for some € in (0,1) 7. A
reflexive Banach space satisfying the WUKK is called WNUC.

In [17] S. Prus gave a characterization of Banach spaces which are
dual to NUC. He called these spaces nearly uniformly smooth (NUS). A
Banach space X is NUS provided that for every € > 0 there exists g > 0
such that if 0 < ¢t < p and (z,) is a basic sequence in the unit ball of X,
then there is k¥ > 1 so that ||z; + xx|| < 1+ €t. A natural generalization
of this notion is (WNUS). A Banach space is WNUS when it satisfies the
condition obtained from the above definition by replacing ”for every ¢ > 0”
by "for some € € (0,1)”.

Kutzarova, Prus and Sims in [14] have proved that if X is a WNUS
Banach space with the weak Opial property (a Banach space X has the
weak Opial property provided that for every weakly null sequence (z,) in
X and every z € X liminf, || z, ||< liminf, || z 4+ =, ||) then X has the
f.p.p..

In this paper, we define a coefficient R(X) of the Banach space X
which allows us to give a more general fixed point theorem than both the
Borwein-Sims theorem and Kutzarova-Prus-Sims result. Moreover we char-
acterize the Banach spaces with R(X) < 2 and we show that such spaces
have the weak Banach-Saks property.

2 A Fixed Point Theorem.
Let X be a Banach space and [X] be the quotient space [oo(X)/co(X)
endowed with the quotient norm given by || [2,] ||:= limsup,, ||zx||, where
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[2,] denotes the equivalence class of (2,) € lo(X). When we write z €
[X}(M € [X]) it means z = [(z,z,z,...)](M ={z € [X]:z € M}). When
K is a subset of X, we can consider the set [K] := {[z,] € [X]: 2z, € K, n =
1,2,...}. If K is a closed bounded convex subset of X, then [K] is also a
closed bounded convex subset of [X].

We suppose that C is a weakly compact convex subset of a Banach
space X, and T : C — C is a nonexpansive mapping. The set C contains
a weakly compact convex subset K which is minimal for T. That means
T(K) is contained into K and no strictly smaller weakly compact convex
subset of K is invariant under T. If K contains only one point then 7T has a
fixed point in K. Otherwise we can assume that diam(K) > 0, it is easy to
see that K contains sequences (z,) with lim,, || Tz, —z, ||= 0( we call such
a sequence an approximate fixed point sequence for T'). We can define the
mapping [T] : [K] — [K] by [T|[2s] := [T2,]. Clearly [T] is a nonexpansive
self-mapping of [K]. Moreover it is known that

Lemma 2.1. (Lin): Let [W] be any nonempty closed convex subset of [K]
which is invariant under [T'], then sup{|| [w,] — z ||: [w,] € [W]} = diam
(K) for every z in K.[see 1-3-9-15]

Definition 2.2. Let X be a Banach space, then R(X) := sup{liminf,
|[zn + ||} where the supremum is taken over all weakly null sequences (z)
in the unit ball and over all points x of the unit ball.

Later we will determine this coefficient for some special Banach spaces.

Theorem 2.3. A Banach space X has the fixed point property if there
exists a Banach space Y with the weak Opial condition such that
dX,Y)R(Y) < 2.

Proof. Let us suppose that X does not have the f.p.p. Then there is a
weakly compact convex subset K of X with diam(K) = 1, which is minimal
for a nonexpansive mapping T : K —K. Thus we can assume that there
exists an a.f.p. weakly null sequence (z,) for T in K.

We will consider the following subset of [X]:

[W]:={[zn] € [K] :|| [2n] = [2n] € 1/2 and 3z € K :|| 2] — 2 || < 1/2}

Clearly [W] is a [T]-invariant, closed and convex subset of [K] and
moreover [W] is nonempty ([z,]/2 € [W], since || [z,] — 0 ||[< 1). Thus by
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the Lemina 2.1 we know that
sup{|| [wn] — 2 ||: [wn] € [W]} =1 for all z in K.

Let [2,] be an element of (W], || [2,] || = limsupy, || 2z, ||= limg || zn, ||,
where (z,,) 1s some subsequence of (z,,). As K is a weakly compact subset
of X we can assume that {z,,} is weakly convergent to y € K. Let U be a
linear isomorphism from X onto Y with | U || . || U™ || .R(Y) < 2. Since
U is a linear isomorphism and {z,,} is weakly convergent to y, we have
that {Uz,,} is weakly convergent to Uy.

Then, passing to subsequences, we can suppose that, for each k € N,

(1 =1/k) || Uzn, = Uy ||[< liminf | Uz,, - Uy || .

Hence, for all k£ > 1
(1= 1/k)(Uzn, — Uy)-(max{liminf || Uz,, = Uy |, || Uy |7 € By

and

Uy.(ma.x{ljrr}cinf | Uz, = Uy |l,|| Uy |})"" € By.
Then, by definition of the coefficient R(Y), we derive
(1) limkinf | Uzn, |I< R(Y).ma.x{limkinf | Uzp, = Uy ||, || Uy ||}
On the other hand, since [z,] € [W] there exists 29 € K such that
| [zn] = 20 ||< 1/2 and moreover || [z,] — [,] ||< 1/2. Hence
(2) Iy I< liminf || 20, = Zn, I<|] [2a] = [2a] | 1/2.
Since Y satisfies the weak Opial condition, we have
(3) lin}cinf | Uzn, — Uy |I< lirrbcinf | Uzn, —Uzo || -

Then, by using (1), (2) and (3)
liminf [V, | < R(Y). [V mas{lim nf 2, o] 4]}

< R(Y).||U|| /2
The above conditions imply
I (zn] = 0 fl=lim || zn, || =lim | U™ Uzn, |<| U™ || Lim || Uz, |

<IUHN- U -R(Y)/2 < 1.
This contradicts the Lemma 2.1. O
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Corollary 2.4. Let X be a Banach space with the weak Opial condition
such that R(X) < 2, then X has the fixed point property.

3. Relation to Other Fixed Point Theorems.

Proposition 3.1. Let X be a weakly orthogonal Banach lattice, then
R(X) < a(X), where a(X) is the Riesz angle.

Proof. Let (z,) be a weakly null sequence in the unit ball of X, and let z
be an element of the unit ball of X.
In all Banach lattices, it is known that

|zn] + [2] = |zna| V |2| + 20| Al2].

Then lzn] + Il < lHlzal V2]l + llzal Alall] -
Therefore, by the definition of Riesz angle

llzn| + [zl < a(X) + [[lza] A 2]l
Since X is a weakly orthogonal Banach lattice, we obtain

lim inf |||z,| + |z||] < @(X), and hence,

liminf ||z, + z|| = liminf|||z, + z|| < liminf |||z, + |z|| < a(X).

Thus, we can conclude that R(X) < o(X). O

The next result is a consequence of the previous proposition and
Proposition 4.1 of [3].

Corollary 3.2. For any set 1, we have
a) R(co(n)) = 1,
b) R(l,(n)) < 2Y/? for 1 < p < oo, and
c) R(c(n)) = 1.

The following natural generalization of weak orthogonality is investi-
gated in [18].
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Definition 3.3. Suppose that whenever (z,) is a weakly null sequence in
a Banach space X we have lim, |||z, — || — ||z» + z||| = O for all z in X.
Such a Banach space is said to have the property WORTH.

It is shown in [18] that the weak Opial condition is implied by WORTH,
thus we obtain the Borwein-Sims result as a consequence of Proposition 3.1
and Theorem 2.3.

On the other hand, W.L.Bynum [4] has proved that the fixed point
property is inherited by Banach spaces whose Banach-Mazur distance from
a uniformly convex space is not too large. In particular, he proves that if
d(l,,X) < 2/7(1 < p < o0) then X has the f.p.p.. He also proved that
the space lp o0 ( Which is I, renormed by |z| := max{||lz*]|,, [lz7]|,}), does
not have asymptotically normal structure but has the f.p.p.. The result
of Borwein-Sims does not recapture this for p < 2; moreover [, o, is not a
Banach lattice.

Proposition 3.4. A Banach space X has the fixed point property when-
ever there exists | < p < oo such that d(X,1, o) < 2}/9 where 1/p+1/q = 1.

Proof. Clearly [,  is a Banach space with a suppression unconditional
Schauder basis (ey), (i.e. the projections have norm one), hence I, o, satis-
fies the weak Opial condition, and then it is sufficient, by Theorem 2.3, to
see that R(l,,0) < 21/7.

Let (z,) be a weakly null sequence in the unit ball of I, o, and let
be also an element of the unit ball.

[ + 2] = max{]|(za + 2)*], . | (&a +2)7|,}-

Since (z,,) is a weakly null sequence there exists (z,, ) subsequence of
(z,) such that

li’£n||xn,‘ — Pezp, || =0 and liin”xnk — Pexn, ]| =0

where we denote by Py the projection Py, p,], being [ax,bx] := {s € N :
ar < s < be} with by < a4 and limg a = oo.
Moreover, we can assume that x has finite support (i.e. x = Pjq 7).
Therefore, there exists kg € N such that a; > b for all k£ > k.
Consequently, for each k£ > ko we have

[Pty +2)*[, = [P, + 2], and [(Ben +2)7]], = |Bea, +7]],
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and hence the conclusion follows from lim inf, |z, + z| < liminfy |z,, + z| <
liminfy |2n, — Petn,| + iminfe |Przn, + x| = liminfy |Pezn, + 2|
< max{liminf, || 2}, + z* ||,, liminf, ||z, + x_”p} <2l O

Remark 3.5. In [18], B.Sims proved that all weakly orthogonal Banach lat-
tices have the f.p.p. and he asked whether the f.p.p. holds for Banach
spaces with the property WORTH. In [8] the author has shown that spaces
with WORTH which are uniformly nonsquare have the f.p.p.. Now, we will
see that this result is a particular case of Corollary 2.4.

In an attempt to simplify Schafer’s notion of girth and perimeter, Gao
and Lau [7] studied the parameter

J(X) :=sup{llz +yll Allz -yl : 2,y € S(X)}

They showed [7,p. 51] that J(X) < 2 if and only if X is uniformly non-
square.

Proposition 3.6. Let X be a Banach space with the property WORTH,
then R(X) < J(X).

Proof. Adapting a proof of [3, p. 126] it is not difficult to see that
J(X)=sup{l|lz+yl Allz -yl : z,y € Bx}.

Let (z,) be a weakly null sequence in Bx. Since X has the property
WORTH, fixing € Bx we have that for each 1/k there exists n, € N such
that |||z, — || = ||z~ + ||| £ 1/k for all n > n,. Hence for £ > 1,

—1/k + |20, + 2| < [l20, — 2] < [[20s + 2] + 1/F.
Consequently
~1/k+ [[2n, + 2| < [|2n, = 2] All2ns + 2|| < [[@n, + 2]l
Therefore
limkinf"znk +z|| < lin}cinf(”znk —z|| A |lzn, +2||) < limkinf | zn, + z ||
Thus, using the coefficient J(X), we obtain
lirr%inf |zn + x| < lirr}cinf |zn, + || = ljrrkinf(”xn,, + z||A||zn, — z]|) < J(X)

and consequently R(X) < J(X). O

This result allows us to rederive the result that every uniformly non-
square Banach space with the WORTH property has the f.p.p..
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4. Banach Spaces with R(X) < 2.

Definition 4.1.. A Banach space is said to have the (KK)-property if
whenever z = lim, z, and ||z|| = lim, ||z,| we have lim, ||z, — z|| = 0.

See [11] for this. Now, we shall give a characterization of Banach
spaces X with R(X) =1 and with the (KK)-property.

Proposition 4.2. Let X be a Banach space, then the following conditions
are equivalent

(a) X is a Schur space.

(b) X has the (KK)-property and R(X) = 1.

Proof. (a)= (b) is evident.

(b) = (a) Otherwise, we can suppose that there exists a weakly null
sequence (z,) in Bx such that lim, || z, ||# 0. Hence, there exist ¢ > 0 and
a subsequence (z,,) of (z,) such that for all ¥ € N || z,, ||> €. Consider
z € X with || z ||= 1. Since R(X) = 1, then liminfy || z,, + z [|< 1

On the other hand, since (z, + ) is weakly convergent to z and
| z ||= 1, we have 1 =|| = ||< liminf; || z,, + z ||< 1. Since X has the
(KK)-property, we obtain limy || z,, ||= 0 which is a contradiction. O

We continue with a characterization of Banach spaces X obeying

R(X)<2.

Theorem 4.3. Let X be a Banach space. The following conditions are
equivalent:

(a) There exists € € (0,1) and n > 0 such that for all t € [0,n) and
for every weakly null sequence (z,) in Bx there is k > 1 with
| 21+ tzy |< 14 te

(b) There exists ¢ € (0,1) such that for every weakly null sequence ()
in By thereisk > 1 with || z1 + 21 || 2 —c.

(c) R(X) < 2.

Proof. (b) = (c) Let (z,) be a weakly null sequence in the unit ball of
X and let z be an element of Bx. We consider the sequence (y,), where
Y1 = and Yn41 := zpn =1,2,.... Then (y,) is a weakly null sequence in
the unit ball of X.

Hence, since X satisfies (b), we obtain that there exists k; > 1 such
that ||z + ¢, [[<2—c
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Now, we take the sequence, z; := = and z, := Tk, 4o = 1,2,.... It
is easy to see that (z,) is a weakly null sequence in the unit ball of X, and
then there exists ko > k; such that ||z + x4, ||[<2—c.

Thus by a recurrence argument, we obtain liminf, ||z 4+ z, || 2-¢
which means R(X) < 2.

(c)= (b) Suppose that (z,) is a weakly null sequence of Bx.

Since R(X) < 2 then there is ¢ € (0, 1) such that R(X) < 2 —c.

Therefore liminf, || z; + z, [|[< R(X) < 2 — ¢, and so, we have that
there exists k > 1 satisfying || z; + zx [|[< 2 — ¢

(a) = (b) There exist € > 0 and 1 > 0 such that for all ¢ €]0, [ and
for every weakly null sequence (z,) in the unit ball of X there is k¥ > 1 with
|| z1 + zk ||< 1 + te. Consider é := min{1,n}, then if t < §, we have

|21+ ze [|<|| 21 +tae | +A —¢) ||z [|[K 1+et+1 -t =2—t(1 —¢).

(b) = (a) Since there exists ¢ €]0, 1] such that for every weakly null
sequence (z,) in the unit ball of X, there is k > 1 with || z; + z [|< 2 - ¢,
then, for all t €]0, 1]

|z +tee |<t||zi+ze || +FA —8) |21 [K1+t1—-¢). O

The following results are a consequence of Theorem 4.3 and of the
definition of WNUS.

Corollary 4.4. Let X be a Banach space. The following conditions are
equivalent (a) X is WNUS
(b) X is reflexive and R(X) < 2.

In [17], S.Prus gave a characterization of Banach spaces which are dual
to NUC. As a consequence of Corollary 4.4 we will show that whenever X
is a WNUC Banach space then X* is a WNUS Banach space.

Definition 4.5. A Banach space X is said to have the property WUKK’
if there exist € € (0,1) and § > 0 such that | z ||< 1 — é whenever z is a
weak limit of some sequence (z,) in Bx with liminf, || z, —z ||> €.

See [13]. It is not difficult to prove that a Banach space X is WUKK’
whenever X is WUKK.
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Proposition 4.6. If X is a reflexive WUKK’-space, then X* is WNUS-
space

Proof. By Corollary 4.4 it is sufficient to see that R(X*) < 2. Consider
z* € Bx* and (2},), a weakly null sequence in the unit ball of X*.

Since X is reflexive, we can choose elements y, in the unit ball of X
such that for every n € N, (2} + z*)(yn) = ||z} + z*|| . Moreover, pass-
ing to subsequences if it is necessary, we can suppose that (y,) is weakly
convergent to y € Bx.

Hence given n > 0 such that € + 7 < 1 there exists ky € N such that
for n > ko, | 7(y) [<n/2, and | 2*(y» —y) < n/2.

Therefore, for every n > kg, we have

”‘T:l + x*” = :L‘*(yn) + m:;(yn)
=z (y) + 2 (Yn —¥) + 2 (yn — v) + 25 (v)
(1) <yl + lyn —yll +n

Let us consider two cases.

(a) There exists a strictly increasing sequence (n;) of positive integers
with ny > ko so that ||yn, — y|| < e. Then by (1), ||z}, + z*|| < 1+€+n.
Consequently

(2) liminf |z} +z*|| < 14+€e+7.

(b) There exists k1 > ko so that, for every n > ki, |lyn — y|| > €.
Therefore liminf, ||y, — y|| > € and then

[* + 27|l < |27 (yn)| + &7 (yn)| < &7 (ya)| + 1
since X is WUKK’ and (y,) is weakly convergent to y we have
(3) liminf la* + 23] < " ()] + 1< ] #1526

and so, by (2) and (3)
R(X*)<max{l+e+n2-6}<2. O

Remark 4.7.. Adapting a theorem of [17,p. 513] it is not difficult to see
that a Banach space X which has R(X) < 2 enjoys the weak-Banach-
Saks property. On the other hand, using Corollary 4.4 and Corollary 2.4
we obtain that if X is a WNUS Banach space and has the weak Opial
condition then X has the f.p.p.
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