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§.I.1. Le théordme du min-max sous sa forme la plus élémentaire

est dli 4 Von Heumann (1937). La démonstration du théorime 1.1 repose

sur une idée de Shiffman (e¢f, KARLI¥ [1]). On trouvera danc la

littérature de nombreuses généralisations du théordme du min-max ;

i citons entre autres celles de BROVDER [14], OHOUILA-HOURI [1],
Opercteurs | Ky Fad [1] [2] [3], ™ u la

[1] (qui &tablit la relation avec
H héori s i n s conjuguées) et sION [1].
GXImaUx Monofones théorie des fonctions convexes conjuguée
1’ . d f 1’- ROCKAFELLAR [5] met en évidence le lien qui existe entre la
€ seml-grOUpeS e COfl racrions recherche des points selle et celle des zéros d'un opérateur
dans |es espaces de Hllberf | monotone ; notons simplement que si K(x,y) est une fonction

convexe-concave différentiable sur ExF et si Kx(x.:’) (resp.

Ky(x,y)) désignent les différentielles de ¥ par rapport i

| x (resp. y) , alors {xc,yc! est un point selle de K si et
seulement si Kx(xc,ya) = Ky(xo,yol =0 i.e. "(xo.yo) =92 ou
= ( D § sat i & 16 EuxP
HAIM BREZIS Mix,y) EKx_x,y). .‘(y(x,.{)) est un opérateur monotone de E xF

dans E'x F'

i §.1.2, Le théorSme 1.2 a été prouvé indépendamment par BROVDER [6],
|

KIRK [1] et oOHDE [1]. La démonstration que nous présentons n'est
pas la plus simple, mais on en retiendra surtout la propriété
remarguable de fermeture indiquée i la proposition 1.3, fette proposition

est due & F. BROWDER|17] . De nombreux travaux ont &té comsacrés a 1'Etude des

points fixes d'une contraction (resp.communs & ume famille de contractions ainsi qu'a

la convergence de diverses méthodes itératives (cf., 3ELLUCE - XIRK [1],
BROAL dya [1], xanIEL [2] ainsi que les monographies de de

FIGUEIREDO [1] et OPIAL [1]) Le probl3me suivant semble &tre encore

- P

cuvert :

Pb.l. Soit E un espace de Danach C un convexe

fermé borné d= E . Soit T une contraction 2 € dans C ; est-

ce que T admet un point fixe ?

Le théorime 1.4 a été remarqué indépendamment par CRANDALL

NORTH-HOLLAND/AMERICAN ELSEVIER
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The fixed point property (FPP)

Suppose that (X. || - ||) is a Banach space. We say that

@ 7:C C X — X i1s nonexpansive if
1T (x) =T < [lx—yl|

for all x,y € X.

@ (X.||-||) has the fixed point property (FPP) if every nonexpansive map
T : C — C defined on a nonempty, bounded, closed and convex subset C
of X has a fixed point in C.

@ (X.| -||) has the weak fixed point property (w-FPP) if the above property
1s satisfied replacing bounded, convex by weakly compact.
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Browder-Gohde-Kirk, 1965

A Banach space (X, || -

|) has the w-FPP if:

e (X,|l-||) 1s a Hilbert space;
e (X.| -||) 1s uniformly convex:
e (X,|-||) has weak normal structure: any nonempty, convex and weakly

compact subset C of X, with diam(C) > 0 is contained in a ball centered
at a point xo € C and radius r < diam(C).
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Big (still open) problems

@ Does every reflexive Banach space have the w-FPP?
@ Does every renorming of a uniformly convex space have the w-FPP?

@ Does every renorming of ¢, have the w-FPP?

A (not so big) Problem : find geometric properties implying the w-FPP, but
not normal structure.
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Uniformly nonsquare Banach spaces

The modulus of convexity and the characteristic of convexity:

Xty
g,

Ox (&) = inf{l —

: X,y € By, ||x—y|| > E‘}

go(X) = sup{e € [0,2] : ox(e) =0}
Then,

@ X is uniformly convex iff £y(X) = 0;

e X is uniformly nonsquare iff £9(X) < 2.

‘Theorem (Goebel, 1870)

If &9(X) < I, then (X, || - ||) has weak normal structure (and then w-FPP).




K. Goebel, Convexity of balls and fixed point theorems for mappings with
nonexpansive square. Compositio Mathematica 1970.

Some unsolved problems

The following questions seem to be interesting:

1°. Does exist the B-space with ¢, = 1 and without normal structure?

2°. Is the condition (6) exact? It means, does exist the space B, the
convex set C < B and the involution F of C satisfying the condition

2 k

and without fixed points?
3°. What are the sufficient condition for existence of the fixed points

for the involutions of higher order (i.e. such mappings F that F* = I for

some integer n)?

4°. It is not known whether Kirk’s theorem is true in arbitrary re-
flexive B-space. Is it true in the spaces with ¢, = 1? If yes, is it true in
the space with g, < 2? What is the greatest lower bound of such numbers
¢ that Kirk’s theorem is true for all spaces with ¢, < &?
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Uniformly nonsquare Banach spaces

Question: Does &y(X) < 2 imply w-FPP?

Partial answers. (X, | - ||) has the w-FPP if
@ £(X) < 2and X has the WORTH Property (Jesus Garcia 1993)
o % 0(_X)+%,u (X) < 1 (A.Jiménez, E.Llorens, 1996)

@ &(X) <2 (J.Garcia, E.Llorens, E.Mazcunan, 2006)
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Stability of the FPP in £,

Let C be a nonempty, convex and weakly compact subset of £, and let
T : C — C be a uniformly lipschitzian map such that

IT"(x) —T"W)|l2 <klx—yll2 xy€X, n=12,...
If k < /2. then T has a fixed point in C.

A consequence: Suppose that
@ |-|is anorm on /5 such that a||x||» < x| < b||x]|, forall x € X.
@ 7:C — Cis |-|-nonexpansive.

Then T is || - ||2-k-uniformly lipschitzian with k = .

a-

_J

Ifd(Y,l>) < /2, then Y has the FPP.
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Three questions

(Q1) Islip(£2) = sup {k > 0: k can replace v/2 in the Theorem } < o0?

V2 < lip(€,)

(Baillon, 1975)

(Q2) Is eqv(f3) = sup {s > 0: s can replace v/2 in the Corollary } < oo?

No idea. But eqv(4;) >

eqv((>)
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Three questions

(Q1) Islip(¢2) = sup {k > 0: k can replace v/2 in the Theorem } < o0?
V2 <lip(tp) < 3 (Baillon, 1975)

(Q2) Is eqv(ly) = sup {S > 0: s can replace v/2 in the Corollary } < 00?

() > V/2:

No idea. But eqn
eqv(lx) > (14++/5)/2 ~ 1.6] (A.Jiménez, E.Llorens, 1992)
o eqv(ly) >V3~1.73 (T. Dominguez, 1996)
o eqv(lr) > V2+V2~1.85 (A.Jiménez, E.Llorens, 2000)
o eqv(ty) > \/(5+VT3)/2~2.074 (PK. Lin, 1999)
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(Q3) Is Baillon’s example | - |-nonexpansive for some norm |- | on £
equivalent to || - [[2?
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(Q1) Is lip(£2) = sup {I\ > 0 : k can replace v/2 in the Theorem } < 007
V2 <lip(ty) < (Baillon, 1975)
(Q2) Is eqv(f>) = sup

ml:l

s > 0: s can replace v/2 in the Corollary } < o7
> V2

/"\,—JH

No idea. But egv(/>)
o eqv(l) > (1++/5)/2~ 1.6l (A.Jiménez, E.Llorens, 1992)
o eqv(ly) >V/3~1.73 (T. Dominguez, 1996)
o eqv(lr) >\V2+V2~1.85 (A.Jiménez, E.Llorens, 2000)
o equ(ly) 2 1/(5+VT3)/2~2.074 (PK. Lin, 1999)
o equ(ty) 2 \/(5+V/17)/2 % 2.135 (E. Mazcuiian, 2006)

(Q3) Is Baillon’s example | - [-nonexpansive for some norm |- | on £,
equivalent to || - ||2?

No (J.Garcia. A.Jiménez. E.Llorens. 1997)
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E.Llorens, Some moduli and constants related to Metric Fixed Point Theory, Handbook 2002.
E. Llorens, Semigroups of mappings with rigid Lipschitz constant, PAMS 2002.

E. Llorens, Some remarks about the Goebel-Kirk-Thele mapping. Annales Univ. Mariae Curie-
Sklodowska 2004.

C.A.Hernandez, M.A.Japodn, E.Llorens, On the structure of the set of equivalent normson|_1
with the fixed point property, J.Math.Anal.Appl 2012.

E. Llorens, The fixed point property for renormings of |_2, Arab.J.Math 2012.
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