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Fixed point theorems in b-metric spaces

The concept of b-metric space

Definition-Bakhtin, Czerwik, ...

Let X be a nonempty set and let s > 1 be a given real number. A
functional d : X x X — R is said to be a b-metric (quasi-metric,
almost metric) on X if the following axioms are satisfied:

1) if x,y € X, then d(x,y) =0 if and only if x = y;

2) d(x,y) = d(y,x), for all x,y € X;

3) d(x,z) < s[d(x,y)+d(y,z)], forall x,y,z € X.
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The concept of b-metric space

Definition-Bakhtin, Czerwik, ...

Let X be a nonempty set and let s > 1 be a given real number. A
functional d : X x X — R is said to be a b-metric (quasi-metric,
almost metric) on X if the following axioms are satisfied:

1) if x,y € X, then d(x,y) =0 if and only if x = y;

2) d(x,y) = d(y,x), for all x,y € X;

3) d(x,z) < s[d(x,y)+d(y,z)], forall x,y,z € X.

A pair (X, d) with the first two properties is called a semi-metric
space, while a pair (X, d) with above three properties is called a
b-metric space.
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Fixed point theorems in b-metric spaces

The concept of b-metric space

Definition-Bakhtin, Czerwik, ...

Let X be a nonempty set and let s > 1 be a given real number. A
functional d : X x X — R is said to be a b-metric (quasi-metric,
almost metric) on X if the following axioms are satisfied:

1) if x,y € X, then d(x,y) =0 if and only if x = y;

2) d(x,y) = d(y,x), for all x,y € X;

3) d(x,z) < s[d(x,y)+d(y,z)], forall x,y,z € X.

A pair (X, d) with the first two properties is called a semi-metric

space, while a pair (X, d) with above three properties is called a
b-metric space.

For the concept of b-metric space see also N. Bourbaki, D. Kurepa,
L.M. Blumenthal, J. Heinonen.
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Fixed point theorems in b-metric spaces

Examples.

Example
The set I,(R) with 0 < p < 1, where

Ih(R) := {(xs) C R| Z |xn|P < 00}, together with the function
n=1

d: Ip(R) x r(R) = R,
d(Xv.y) = (Z |Xn - yn|p)1/pa
n=1

is a b-metric space with constant s = 21/P > 1,
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Fixed point theorems in b-metric spaces

SETE

For 0 < p <1, the space Lp[a, b] of all real functions x(t),
t € [a, b] such that f (t)|Pdt < oo, together with the function

d(x,y) == (/ y(t)|Pdt)/P, for each x,y € L,[a, b],

is a b-metric space. Notice that in this case s = 21/P > 1.
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Fixed point theorems in b-metric spaces

Let E be a Banach space and P a normal cone in E with
int(P) # (. Denote by "<" the partially order generated by P.
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Fixed point theorems in b-metric spaces

Example

Let E be a Banach space and P a normal cone in E with

int(P) # (. Denote by "<" the partially order generated by P.

If X is a nonempty set, then a mapping d : X x X — E is called a
cone metric on X if the usual axioms of the metric take place with
respect to "<".
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Example

Let E be a Banach space and P a normal cone in E with

int(P) # (. Denote by "<" the partially order generated by P.

If X is a nonempty set, then a mapping d : X x X — E is called a
cone metric on X if the usual axioms of the metric take place with
respect to "<".

The cone P is called normal if there is a number K > 1 such that,
for all x,y € E, the following implication holds:

0<x<y=|x|| <Klly|.
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Fixed point theorems in b-metric spaces

Example

Let E be a Banach space and P a normal cone in E with

int(P) # (. Denote by "<" the partially order generated by P.

If X is a nonempty set, then a mapping d : X x X — E is called a
cone metric on X if the usual axioms of the metric take place with
respect to "<".

The cone P is called normal if there is a number K > 1 such that,
for all x,y € E, the following implication holds:

0<x<y=|x|| <Klly|.

If the cone P is normal with the coefficient of normality K > 1,
then the functional

d: X x X =Ry, d(x,y):= |ld(x,y)|

is a b-metric on X with constant s := K.
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Fixed point theorems in b-metric spaces

Czerwik’'s fixed point theorem for single-valued
nonlinear contractions

Theorem. (Czerwik (1993), Kirk-Shahzad)

Let (X, d) be a complete b-metric space with constant s > 1 and

f : X — X be an operator, for which there exists a comparison

function ¢ : Ry — Ry (i.e., ¢ is increasing and lim ¢"(t) =0, for
n—o0

every t > 0) such that

d(f(x),f(y)) < ¢(d(x,5)), Vx,y € X.

Then, f has a unique fixed point x* € X and, for all, x € X
Ii_)m d(f"(x),x*) =0, i.e., f is a Picard operator.
n o0
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Czerwik’'s fixed point theorem for single-valued
nonlinear contractions

Theorem. (Czerwik (1993), Kirk-Shahzad)

Let (X, d) be a complete b-metric space with constant s > 1 and

f : X — X be an operator, for which there exists a comparison

function ¢ : Ry — Ry (i.e., ¢ is increasing and lim ¢"(t) =0, for
n—o0

every t > 0) such that

d(f(x),f(y)) < ¢(d(x,5)), Vx,y € X.

Then, f has a unique fixed point x* € X and, for all, x € X
Ii_)m d(f"(x),x*) =0, i.e., f is a Picard operator.
n o0

Particular case: p(t) := kt, t € Ry (where k € (0,1)).
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Fixed point theorems in b-metric spaces

Czerwik’s fixed point theorem for multi-valued nonlinear

contractions

If (X, d) is a metric space, then we denote

Hq4(A, B) = max{sup mf d(a, b), sup |nf d(a, b)}.
beB a€A

Theorem 1. (Czerwik-1998)

Let (X, d) be a complete b-metric space with constant s > 1 and
F : X — Pc,(X) be a multivalued operator. Suppose that d is
continuous and there exists a comparison function ¢ : Ry — R
such that

Ha(F(x), F(y)) < @(d(x,y)), Vx,y € X.

Then, there exists x* € X such that x* € F(x*).
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Fixed point theorems in b-metric spaces

Czerwik’s fixed point theorem for multi-valued nonlinear

contractions

Theorem 2. (Czerwik-1998)

Let (X, d) be a complete b-metric space with constant s > 1 and
F : X — P¢(X) be such that there exists k € (0, 1) such that

Ha(F(x), F(y)) < kd(x,y), ¥x,y € X.

Then, F is a multivalued weakly Picard operator, i.e., there exists
x* € X such that x* € F(x*) and, for every (x,y) € Graph(F),
there is a sequence of successive approximations for F starting from
(x,y) which converges to x*(x,y) € Fix(F).
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Fixed point theorems in b-metric spaces

Ran-Reurings type theorem

Ran-Reurings (2003)

Let X be a nonempty set endowed with a partial order "<" and d
be a complete metric on X.
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Ran-Reurings type theorem

Ran-Reurings (2003)

Let X be a nonempty set endowed with a partial order "<" and d
be a complete metric on X.

Let £ : X — X be a mapping for which there exists k € [0, 1) such
that
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Fixed point theorems in b-metric spaces

Ran-Reurings type theorem

Ran-Reurings (2003)

Let X be a nonempty set endowed with a partial order "<" and d
be a complete metric on X.

Let £ : X — X be a mapping for which there exists k € [0, 1) such
that

d(f(x),f(y)) < kd(x,y), forall x,y € X with x < y.
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Fixed point theorems in b-metric spaces

Ran-Reurings type theorem

Ran-Reurings (2003)

Let X be a nonempty set endowed with a partial order "<" and d
be a complete metric on X.

Let £ : X — X be a mapping for which there exists k € [0, 1) such
that

d(f(x),f(y)) < kd(x,y), forall x,y € X with x < y.

If additionally, f is continuous and increasing (or decreasing) and
there exists an element xp € X such that xg < f(xp), then f has at
least one fixed point.
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Fixed point theorems in b-metric spaces

Ran-Reurings type theorem

Ran-Reurings (2003)

Let X be a nonempty set endowed with a partial order "<" and d
be a complete metric on X.

Let £ : X — X be a mapping for which there exists k € [0, 1) such
that

d(f(x),f(y)) < kd(x,y), forall x,y € X with x < y.

If additionally, f is continuous and increasing (or decreasing) and
there exists an element xp € X such that xg < f(xp), then f has at
least one fixed point.

If additionally, for every x,y € X there exists z € X which is
comparable to x and y or every pair of elements of X has a lower
bound or an upper bound, then f is a Picard operator.
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Fixed point theorems in b-metric spaces

Ran-Reurings theorem in b-metric space (I)

Theorem.

Let X be a nonempty set endowed with a partial order "<" and
d: X x X — X be a complete b-metric with constant s > 1. Let
f : X — X be an operator which has closed graph with respect to
d and increasing with respect to "=<".
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Fixed point theorems in b-metric spaces

Ran-Reurings theorem in b-metric space (I)

Theorem.

Let X be a nonempty set endowed with a partial order "<" and
d: X x X — X be a complete b-metric with constant s > 1. Let
f : X — X be an operator which has closed graph with respect to
d and increasing with respect to "=<".

Suppose that there exist a constant k € (0, %) and an element

Xp € X such that:
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Fixed point theorems in b-metric spaces

Ran-Reurings theorem in b-metric space (I)

Theorem.
Let X be a nonempty set endowed with a partial order "<" and
d: X x X — X be a complete b-metric with constant s > 1. Let
f : X — X be an operator which has closed graph with respect to
d and increasing with respect to "=<".
Suppose that there exist a constant k € (0, %) and an element
Xp € X such that:

(i) d(f(x),f(y)) < kd(x,y), forall x,y € X with x < y.
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Fixed point theorems in b-metric spaces

Ran-Reurings theorem in b-metric space (I)

Theorem.
Let X be a nonempty set endowed with a partial order "<" and
d: X x X — X be a complete b-metric with constant s > 1. Let
f : X — X be an operator which has closed graph with respect to
d and increasing with respect to "=<".
Suppose that there exist a constant k € (0, %) and an element
Xp € X such that:

(i) d(f(x),f(y)) < kd(x,y), forall x,y € X with x < y.

(i) xo < f(x0)-
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Fixed point theorems in b-metric spaces

Ran-Reurings theorem in b-metric space (I)

Theorem.

Let X be a nonempty set endowed with a partial order "<" and
d: X x X — X be a complete b-metric with constant s > 1. Let
f : X — X be an operator which has closed graph with respect to
d and increasing with respect to "=<".
Suppose that there exist a constant k € (0, %) and an element
Xp € X such that:

(i) d(f(x),f(y)) < kd(x,y), forall x,y € X with x < y.

(i) xo < f(x0)-
Then Fix(f) # () and the sequence ("(x))qen converges to a fixed
point x*(x) of f, for each x € X which is comparable to xo.
Moreover, if d is continuous, then we also have

sk
— sk

d(F"(x),x") < 7= d(x,(x)), ¥n € N,

Adrian Petrusel (joint work with G. Petrusel, J.-C. Yao) Coupled fixed point problems and applications



Fixed point theorems in b-metric spaces

Ran-Reurings theorem in b-metric space (Il)

Let X be a nonempty set endowed with a partial order "<" and
d: X x X — X be a complete b-metric with constant s > 1.
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Fixed point theorems in b-metric spaces

Ran-Reurings theorem in b-metric space (Il)

Theorem.

Let X be a nonempty set endowed with a partial order "<" and
d: X x X — X be a complete b-metric with constant s > 1.Let
f : X — X be an operator which has closed graph with respect to
d and is increasing with respect to "<".
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Fixed point theorems in b-metric spaces

Ran-Reurings theorem in b-metric space (Il)

Theorem.

Let X be a nonempty set endowed with a partial order "<" and
d: X x X — X be a complete b-metric with constant s > 1.Let
f : X — X be an operator which has closed graph with respect to
d and is increasing with respect to "<".

Suppose that there exist a comparison function ¢ : Ry — R and
an element xg € X such that:
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Fixed point theorems in b-metric spaces

Ran-Reurings theorem in b-metric space (Il)

Theorem.

Let X be a nonempty set endowed with a partial order "<" and
d: X x X — X be a complete b-metric with constant s > 1.Let

f : X — X be an operator which has closed graph with respect to
d and is increasing with respect to "<".

Suppose that there exist a comparison function ¢ : Ry — R and
an element xg € X such that:

(i) d(f(x),f(y)) < ¢(d(x,y)), forall x,y € X with x < y;

(i) xo =< f(x0);

(iii) for every x,y € X there exists z € X which is comparable to x
and y.
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Fixed point theorems in b-metric spaces

Ran-Reurings theorem in b-metric space (Il)

Theorem.

Let X be a nonempty set endowed with a partial order "<" and
d: X x X — X be a complete b-metric with constant s > 1.Let
f : X — X be an operator which has closed graph with respect to
d and is increasing with respect to "<".

Suppose that there exist a comparison function ¢ : Ry — R and
an element xg € X such that:

(i) d(f(x),f(y)) < ¢(d(x,y)), forall x,y € X with x < y;

(i) xo =< f(x0);

(iii) for every x,y € X there exists z € X which is comparable to x
and y.

Then f is a Picard operator.
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Coupled fixed point theorems

Coupled fixed point problems

The coupled fixed point problem

If (X,d) is a metric space and T : X x X — X is an operator,
then, by definition, a coupled fixed point for T is a pair
(x*,y*) € X x X satisfying

x* =T (x*y")
{ y =T x"). )

We will denote by CFix(T) the coupled fixed point set for T.
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Coupled fixed point theorems

Coupled fixed point theorems

Theorem.

Let (X, <) be a partially ordered set and let d : X x X — R be a
complete b-metric on X with constant s > 1. Let T: X x X = X
be an operator with closed graph which has the mixed monotone
property on X x X. Assume that the following conditions are
satisfied:

(i) there exists k € (0, %) such that, Vx < u,y > v, we have:
d(T(x,y), T(u,v))+d(T(y,x), T(v,u)) < k[d(x, u)+d(y, v)];

(i) there exist xp, yo € X such that xo < T(xp, y0) and
¥o > T(y0,xo)-
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t theorem metr S e
Coupled fixed point theorems

Then, the following conclusions hold:

(a) there exists (x*,y*) € X x X a solution of the coupled fixed
point problem (7) and the sequences (xn)neN, (Vn)nen in X defined
by

2
Yot1 = T (¥n, Xn) := T"(y0, X0), (2)

have the property that (xp)nen — X*, (Vn)neny — y* as n — oo.
Moreover, for every pair (x,y) € X x X with x < xp and y > yp
(or reversely), we have that (T"(x, y))nen converges to x* and
(T"(y, x))nen converges to y*.

{ Xnt1 = T (Xn, ¥n) == T"(x0, y0)

Adrian Petrusel (joint work with G. Petrusel, J.-C. Yao) Coupled fixed point problems and applications



t theorem metr S e
Coupled fixed point theorems

Then, the following conclusions hold:

(a) there exists (x*,y*) € X x X a solution of the coupled fixed
point problem (7) and the sequences (xn)neN, (Vn)nen in X defined
by

{ Xp+1 = T(Xna)/n) — Tn(X0>YO) (2)
Y1 = T (yn, Xn) == T"(y0,%0),
have the property that (xp)nen — X*, (Vn)neny — y* as n — oo.
Moreover, for every pair (x,y) € X x X with x < xp and y > yp
(or reversely), we have that (T"(x, y))nen converges to x* and
(T"(y, x))nen converges to y*.
(b) In particular, if the b-metric d is continuous, then:

d(T"(x0,y0),x") + d(T"(y0, x0),y") <

sk
1— sk

“[d(x0, T(x0,¥0)) + d(y0, T(¥0,%0))], for all n € N*.
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Coupled fixed point theorems

We denote Z := X x X and the partially ordering <p given by

(x,y) <p (u,v) & x<uy>v.
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Coupled fixed point theorems

We denote Z := X x X and the partially ordering <p given by

(x,y) <p (u,v) & x<uy>v.

We also introduce the functional d : Z x Z — R defined by

d((x,y), (u,v)) == d(x, u) + d(y, v).

It is easy to see that d is a b-metric on Z with the same constant
s > 1 and if the space (X, d) is complete, then (Z, d) is complete
too.
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We also introduce the functional d : Z x Z — R defined by

d((x,y), (u,v)) == d(x, u) + d(y, v).

It is easy to see that d is a b-metric on Z with the same constant
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Coupled fixed point theorems

We consider now the operator F : Z — Z given by

F(x,y) == (T(x,y), T(y,x))-
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Coupled fixed point theorems

We consider now the operator F : Z — Z given by

F(x,y) == (T(x,y), T(y,x))-

As a consequence of our hypotheses and the construction of F, we
have the following properties for F:
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Coupled fixed point theorems

We consider now the operator F : Z — Z given by

F(x,y) == (T(x,y), T(y,x))-

As a consequence of our hypotheses and the construction of F, we
have the following properties for F:
1) F: Z — Z has closed graph on Z;
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Coupled fixed point theorems

We consider now the operator F : Z — Z given by

F(x,y) == (T(x,y), T(y,x))-

As a consequence of our hypotheses and the construction of F, we
have the following properties for F:

1) F: Z — Z has closed graph on Z;

2) F: Z — Z is increasing on Z with respect to <p;
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Coupled fixed point theorems

We consider now the operator F : Z — Z given by

F(x,y) == (T(x,y), T(y,x))-

As a consequence of our hypotheses and the construction of F, we
have the following properties for F:

1) F: Z — Z has closed graph on Z;

2) F: Z — Z is increasing on Z with respect to <p;

3) there exists zp := (xp, yo) € Z such that zg <p F(z);
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Uniqueness of the fixed point

- under some additional assumptions
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Coupled fixed point theorems

Other qualitative properties of the coupled fixed point
problem

If we assume that all the hypotheses of previous Theorem take
place, then the following properties of the solution take place:
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Other qualitative properties of the coupled fixed point
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If we assume that all the hypotheses of previous Theorem take
place, then the following properties of the solution take place:
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e Ostrovski (Limit shadowing) property
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Coupled fixed point theorems

A more general case

If (X,d),(Y,p) are two b-metric spaces and 77 : X x Y — X,
To: X x Y — Y are two single-valued operators, find
(x*,y*) € X x Y satisfying

{ o) Q

y* = To(x*,y%).
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Coupled fixed point theorems

The approach

Definition

Let (X,<3) and (Y, <3) be a two partially ordered sets and

T1 : X XY = Xand T : X XY — Y be two mappings. We say
that the operators T; and T, have the inverse mixed-monotone
property if the following conditions hold:

(i) if x1, x> € X with x; <1 x» then

Ti(x1,y) <1 Ti(x2,y)

, Yyey
To(x1,y) 2 > Ta(x2,y)
(ii) if y1,y2 € Y with y3 2 > y» then
Ti(x, 1) <1 Ti(x, y2)
, VxeX

T2(X,Y1) 2 > T2(X7.y2)
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Coupled fixed point theorems

An existence result

Theorem

Let (X, <;1) and (Y, <) be a two partially ordered sets and
suppose that we have two complete b-metrics d : X x X — R
and p: Y X Y — R with the same constant s > 1.
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Coupled fixed point theorems

An existence result

Theorem

Let (X, <;1) and (Y, <) be a two partially ordered sets and
suppose that we have two complete b-metrics d : X x X — R
and p: Y X Y — R with the same constant s > 1.

Let Ti : X x Y — Xand T, : X x Y — Y be two operators with
closed graphic which have the inverse mixed-monotone property.
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Coupled fixed point theorems

An existence result

Theorem
Let (X, <;1) and (Y, <) be a two partially ordered sets and
suppose that we have two complete b-metrics d : X x X — R
and p: Y X Y — R with the same constant s > 1.
Let Ti : X x Y — Xand T, : X x Y — Y be two operators with
closed graphic which have the inverse mixed-monotone property.

: 1
Suppose that there exists a constant k € <0, ) such that for

s

each (x,y),(u,v) € X X Y with x <j u, y 2 > v we have:

d(Tl(Xay)a T1(”7 V))—{—p(Tz(X,y), T2(u7 V)) < k[d(Xa u)+p()/a V)]
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Coupled fixed point theorems

If there exists (xp, yo) € X x Y such that

xo <1 Ti(x0,¥0), Yo 2 > To(Xo, ¥0)

or
x0 1> T1(x0,¥0), Yo <2 T2(x0, y0)

then:
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If there exists (xp, yo) € X x Y such that

xo <1 Ti(x0,¥0), Yo 2 > To(Xo, ¥0)

or
x0 1> T1(x0,¥0), Yo <2 T2(x0, y0)

then:
(a) there exists (x*, y*) € X x Y such that the sequence (x,)nen
in X and (yn)nen in Y, defined by

Xn+1 = T1(Xn, ¥n) and yni1 = To(xn, yn) for all n € N,

have the property x, — x* and y,, — y* as n — oo and

y*= T2(X*7y*)
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Coupled fixed point theorems

Moreover, for any (x,y) € X x Y such that

(x<1x0, y2>w)or(x1>x0, y <2 )

the sequences up11 = T1(T"(x,y)) and vhp1 = To(T"(x,y))
where

T(x,y) = (Ti(x,¥), Ta(x, )

converges to x* and respectively to y*.
(b) If, in addition, d and p are two continuous b-metrics, then we
have:

n

1— sk

d(xn, X*)+p(¥n, y*) < [d(x0, T1 (X0, Y0))+ p(¥0, T2(x0, ¥0))]-
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Coupled fixed point theorems

Let Z=XxYand T:Z— Z, T(x,y)=(Ti(x,y), T2(x, y)).
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Coupled fixed point theorems

Let Z=XxYand T:Z— Z, T(x,y) =(Ti(x,y), T2(x,y)).
Consider on Z the functional

d:ZxZ—=Ry, d(x,y),(u,v)) = d(x,u)+ ply,v)
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Coupled fixed point theorems

Let Z=XxYand T:Z— Z, T(x,y) =(Ti(x,y), T2(x,y)).
Consider on Z the functional

dN LR Z = R-i-v dN((X)y)a (U, V)) = d(X7 U) + p(ya V)
and the partial order relation

(x,y) <p (u,v) ifand only if x <; u, y » > v.
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Let Z=XxYand T:Z— Z, T(x,y) =(Ti(x,y), T2(x,y)).
Consider on Z the functional

dN LR Z = R-i-v dN((X)y)a (U, V)) = d(X7 U) +p(y7 V)
and the partial order relation
(x,y) <p (u,v) ifand only if x <; u, y » > v.

Notice that the operator T : Z — Z has the following properties:
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Coupled fixed point theorems

Let Z=XxYand T:Z— Z, T(x,y) =(Ti(x,y), T2(x,y)).
Consider on Z the functional

J LR Z = R-i-v J((X)y)a (U, V)) = d(X7 U) +p(y7 V)
and the partial order relation
(x,y) <p (u,v) ifand only if x <; u, y » > v.

Notice that the operator T : Z — Z has the following properties:
1) T has closed graph on Z;
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and the partial order relation
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Coupled fixed point theorems

Let Z=XxYand T:Z— Z, T(x,y) =(Ti(x,y), T2(x,y)).
Consider on Z the functional

J LR Z = R-i-v J((X)y)a (U, V)) = d(X7 U) +p(y7 V)
and the partial order relation
(x,y) <p (u,v) ifand only if x <; u, y » > v.

Notice that the operator T : Z — Z has the following properties:
1) T has closed graph on Z;

2) T is increasing on Z wrt <p;

3) there exists zy = (xo, yo) € Z such that zy <, T(z);

4) there is k € (0, i) such that
d(T(z), T(w)) < kd(z,w) for all z,w € Z with z <, w.
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Coupled fixed point theorems

Then, by Ran-Reurins Theorem in b-metric space, we get that T
has at least one fixed point z* = (x*,y*) € Z and, for any z € Z
which is comparable with zy, the sequence of successive
approximation for T starting from z converges to z* = (x*, y*).

Remark. If, in addition to the hypotheses of above Theorem, we
suppose that every pair of elements X x Y has a lower bound or an
upper bound with respect to <,
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Coupled fixed point theorems

Then, by Ran-Reurins Theorem in b-metric space, we get that T
has at least one fixed point z* = (x*,y*) € Z and, for any z € Z
which is comparable with zy, the sequence of successive
approximation for T starting from z converges to z* = (x*, y*).

Remark. If, in addition to the hypotheses of above Theorem, we
suppose that every pair of elements X x Y has a lower bound or an
upper bound with respect to <,,then the system of equations

x = Ti(x,y), y = Ta(x,y) has a unique solution.
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Coupled fixed point theorems

A global version of the previous theorem

Let (X, d) and (Y, p) be two complete b-metric spaces with
constant s > 1. Let T : X XY — Xand To: X X Y = Y be two
operators with closed graph. Suppose there is k € (0,1) such that

d(Tl(Xay)a Tl(uv V)) + p( T2(X’y)7 T2(u’ V))

< k[d(x,u) + p(y,v)], ¥ (x,y),(u,v) € X X Y.

Then, there exists a unique (x*,y*) € X x Y with
X' =Ti(x%y"), ¥ =Tax"y7)
such that the sequences (xp)nen in X and (yn)nen in Y defined by
Xn+1 = T1(Xn, ¥n) and yni1 = To(xpn, yp) for all n € N,

have the property x, — x* and y,, — y* as n — oc.
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Applications and research directions

An application

We will consider, for a given continuous function
f : [a, b] x R? — R, the following system:

—X"(t) = F(t,x(1), ¥'(1))
() = £(s, y(£),X(1)), (4)
x(a) = x(b) = y(3) = y(b) = 0.

This problem is equivalent to

(s=a)(b=t) o<
where G(t,s) := { (t_;f)(tf—s) T
b—a ’
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Applications and research directions

Application (I1)

We denote X := {x € C![a, b] : x(a) = x(b) = 0} and we consider
on X the following norms

= t d =
e 2= max x(e) and |xlls == max [X(0).
Then, both of them are Banach spaces.
Denote
T:XxX—=X, by T(x,y)(t /Gts (s,x(s),y'(s))ds.

Then T is well defined and our problem can be re-written as follows

{ x=T(x,y)
y = T(y,X)
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Applications and research directions

Application (I11)

Let us suppose that there exist a, 8 > 0 such that, for each
u1, vi, i, vo € R and for all s € [a, b], we have

|f(s,u1,v1) — f(s,uz,v2)| < alug—wa|+Blvi —w|. (5)

Moreover assume that

nmﬂa(w;ay+b;J)HBCb;ﬂ2+bga>}<L (6)

Then, we obtain:

IT(asy1) = T, y2)lle + 1 T(x, 1) = T y2)lls <
(b—a)®> b—a (b—a)> b-—a
max{a< 8 + 5 >,5< 3 + > )}

(I =xllc +[ly1 = yalls)
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Applications and research directions

An existence, uniqueness and approximation theorem

Let us consider the problem (4), where f : [a,b] X R xR — R is a
continuous mapping. Assume that that the above conditions (5)
and (6) hold. Then, problem (4) has a unique solution

(x*,y*) € C?[a, b] x C?[a, b] and the sequences (xn)nen, (Vn)nen
given, for n € N*, by

b

srsa (£) = / G, 5)F (5, xa(5), y'(5))ds,

a

and
b
oia(0) 1= [ G(t5)f(s,als). x4(5)) s

converges to x* and respectively to y* as n — oo, for any arbitrary
elements xo, yo € C1[a, b).
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Applications and research directions

The coupled fixed point problem in the multivalued case

Let (X, d) be a metric space and P(X) be the family of all
nonempty subsets of X.
If G: X x X — P(X) is a multi-valued operator, then, by
definition, a coupled fixed point for G is a pair (x*,y*) € X x X
satisfying
x* e G (x*,y")
{ yhe Gy ,x). 7)
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