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REWRITING SYSTEM

A rewriting system is an ordered tuple A = (3, X, A) where

> is a signature;
X is a set of variables;
Alis a subset of Ty (X)2.

The elements of A are called rewriting rules.
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PATHS

A pathin A of length m € Niis

B = ((Pi)iem+1, (Pi)iem, (Ti)iem)

where, forevery i € m, if p; = (M;, N;), then

(1) Ti(M;) = Py, (2) Ti(N;) = Piya.
Y,p: PO (p07T0) Pl (Pth) (pm72~,Tm72) Pm,1 (mehTmfl) Pm
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PATHS
Example

((9,2) , ©(z,0(2,)))

B: & (z,8(z, )) &(z, )
((®(2,2),2),®(z,_)) (z, 2)
((@(z,z),Q(E(ZJ)&,E(I@)))’,)’ o(B(z, 2), 2, B(z, 7))
(1), 0(8(z2),_,8(z,1))) o(B(z, 1), z, B(z, 7))
((B(z:2),9), 0(,2,0(z,7))) o(y, z, Bz, 7))
((B(z,2),2), O(y,_) ) oy, 2, 7)
((O(y,2,2),T),_) T
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MAIN QUESTION

When can two rewriting systems be
considered equivalent?
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COMPOSITION

Paths can be composed.
IfFB: P— QandQ: @ — R, thenQoP: P — R.
Composition is a partial binary operation.

SC
Pthy +— ip

tg

Tx(X)

We denote by Pth 4 to the category whose objects are terms
and whose morphisms are paths.
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DECOMPOSITION

Paths can be decomposed.

If p = (M, N)is arewriting rule in A, its associated echelon is
the path of length 1

Ech(p): M &= N

We will say that a path has echelons if any of its subpaths of
length 1is an echelon.
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DECOMPOSITION
Example
B: & (z,0(z, )) ®(z, )
b(z, 2)

echelon — 0o(E(z, ), 2, B(z, z))
— @(E(Z,.’E),x,lﬂ(x,x))
- O(y,z,8(z, 1))
— O(y,7,2)

echelon — T

Proposition. Paths without echelons are paths between
complex and homogeneous terms.
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DECOMPOSITION
Example

o(fa(z,z))» ( =z ) E(x,x)\)
[ 1 [

o(\B(z2) [ = | |B(z2)|)
1 [ [

off v , T » \B(z,z)))
[ [ 1

ol v Lz )2 )

Proposition. In a path without echelons, we can extract as
many subpaths as the arity of the operation.
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DECOMPOSITION

Let < be the binary relation on Pth 4 defined by Q < B if

i. P has length strictly greater than 1, has its first echelon in
position ¢ and 9 is the prefix subpath strictly preceding the
echelon or the suffix subpath containing the echelon; or

ii. B is anon-identity echelonless path and £ is one of the
subpaths extracted from 3.
We denote by < to the reflexive transitive closure of <.

Proposition. < is an Artinian order on Pth 4 whose minimal
elements are identity paths and echelons.
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DECOMPOSITION

Example
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CATEGORIAL SIGNATURE

We define the categorial signature determined by the
rewriting system A to be the signature that enlarges X with

i. the rewriting rules in A as constants;
ii. two unary operations sc and tg;
iii. abinary operation o.

We will denote this signature with 4.
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THE CURRY-HOWARD MAPPING

The Curry-Howard mapping is defined by Artinian recursion

CH: Pthyq — Txa(X)

1. For minimal paths

CH(ip(P))

P CH(Ech(p)) = p.

2. For non-minimal paths

B CH(m7"m|_1) o CH(;BO,Z'—I);
CHOP) = { SR,
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THE CURRY-HOWARD MAPPING
Example
B: & (z,9(z, )) ®(z, )
o(z, 2)

- o(38(2 ), 2,0(z, 1))
— @(I](Z,f),$,|ﬂ($,x)>
- O(y,,0(z, 1))
- Oy, 2, 2)
- T

CH(%) - ((.O(@(.7-7.)>)O.)O(@((L’7 O@((L’, ))
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THE ALGEBRA OF PATHS

Proposition. The set Pth 4 has structure of partial ©“4-algebra,
that we will denote by Pth 4, where the operations are given by

sc(P) = ip(sc(P)); tg('P) = ip(tg(P));
p = Ech(p); QoP=90%.
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THE ALGEBRA OF PATHS

IFo € X, and (B;)jen € Pthly, then

o((sc(Po)) + (sc(F)) - (se(Bn-1)))
%o I I
o((tg(Po)) » \sc(B)) > - o )
o ((Bj)jen) : I 1P I
o| | (te(B)) . (se(Po1)))
I I 1P
o({te®o)) - (teB) » - (te(Far)))

Proposition. o((B;)jcn) is an echelonless path.
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THE KERNEL OF THE CURRY-HOWARD MAPPING

Proposition. CH is a X-homomorphism but not necessarily a
YA-homomorphism.

CH(ip(P)) = CH(ip(P) o ip(P)) # CH(ip(P)) o CH(ip(P)).

Proposition. Ker(CH) is a closed ¥**-congruence.

The quotient Pth 4 /Ker(CH) will be denoted by [Pth 4] and the
class of a path B will be denoted by [].
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THE QUOTIENT OF PATHS

The guotient [Pth 4] has structure of partial ¥4-algebra,
partially ordered set, and category.

Furthermore, the operations ¢ € X of arity n are Functors from
[Pth4]™ to [Pth 4], since

se (o (B)jen) ) = (s (),
te (o (FD)je) ) = o (b (BD)se.,)
o (19510 i) en) = ((1QUD)e,) 0@ (FiDse)

This is a categorial X-algebra that we denote it by [Pth 4].
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THE QUOTIENT OF PATHS

,(m) o((m),(m):- (m))
Il o I I
m|) c((m),\m),- u|)
Il INES I
m|) o((m|,(m m|)
Il o I
m|) :
1 RN I
m|) c(|/m|,/m|,,(m))
o mfI
n(i, ., (m)
a0 I I
o((m],(m).--, |m|)
I DI I
o(|m|,(m],, m|)
I Il o I
o(|m|,|m|,-,(m))
| ®e- o I
o(|m|,|m|,,(m) o(|m|,(m|, (W)
| an- Hfnf e
'7(\!,7\!,"”’ ) H(L’L’...7 )
o((2; ©Bj)jen) o((2;)jen) © 7 ((Bj)jen)

20
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A CURRY-HOWARD RESULT

Theorem. There exists a pair of inverse mappings
CH .
[Pth.a] = [PT 4]

A

ipfc

e isomorphisms of partial ©4-algebras;
e order isomorphisms;
e isomorphisms of categories.

21
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SECOND-ORDER REWRITING SYSTEMS

This process can be iterated.

1. We introduce the notion of first-order translation 7.
2. Forevery term class [M] € [PT 4], and every M’ € [M].

[T(M)] = [T(M)].

3. We introduce the notion of second-order rewriting rules as
pairs p(? = ([M], [N]) with the condition

se (ip(M)) =sc (ip(N)) 5 tg (iD“(M)) = tg (iD"(N)).

4. We introduce the notion of second-order paths.

22
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SECOND-ORDER PATHS

A second-order path 3 has the form

Mutatis mutandis we recover the previous results.

23
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SECOND-ORDER RESULTS

Tx(X)
|
S
S|E |2
3 e B
N4

2)I|

ip2l,x)@

24
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N-TH ORDER RESULTS
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MORPHISMS

fma

foe

fme

26



Paths Curry-Howard Higher-order
00000000000 000000000 00000e00

MORPHISMS

To determine a morphism from .A(™ to B(™ we will assign

e toeveryvariablein X atermin Tp(Y)
e toevery operation in X a derived operation in Tp(Y)

e to every k-th rewriting rule in A® a k-th order path in
Pthg respecting sources and targets

The final mapping f¥)®: [Pth 4] — [Pthyw], is obtained by
Artinian recursion and by universal property on the quotients.

27
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FUTURE WORK

1. Towers of rewriting systems.
2. Projective limits of rewriting systems.
3. Classifying spaces.

28



Paths Curry-Howard Higher-order
00000000000 000000000 0000000e

La possibilité de la traduction implique 'existence d'un
invariant. Traduire, c'est précisément dégager cet invariant.

—H. Poincaré.

Thanks!

29
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