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—— Abstract

Following the homotopic dictum, we define the set of second-order paths, i.e., paths on paths,

associated with a second-order rewriting system and equip it with a structure of partial algebra, a
structure of category, and a structure of Artinian ordered set. Next, we consider an extension of the
signature associated with the second-order rewriting system and we associate each second-order path
with a term in the extended signature. This constitutes a second-order Curry-Howard type mapping.
After that we prove that a refined quotient of the set of second-order paths by the kernel of the
second-order Curry-Howard mapping is equipped with a structure of partial algebra, a structure
of 2-category, and a structure of Artinian preordered set. Following this we identify a subquotient
of the free term algebra in the extended signature that is isomorphic to the algebraic, categorical,
and ordered structures on the quotient of second-order paths. This constitutes a second-order
Curry-Howard type isomorphism. Additionally, we prove that these two structures are isomorphic
to the free partial algebra on second-order paths in a variety of partial algebras for the extended
signature.
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1 Introduction

In the first part of [9] we introduced Pth 4 the set of paths associated with a rewriting system
A = (3, X, A) and equipped it with a structure of partial ¥4-algebra, a structure of category,
and a structure of Artinian ordered set. We associated each path in Pth 4 with a term in
Txa(X). This constituted a Curry-Howard type mapping [10, 17]. After that we proved
that the quotient [Pth 4] is equipped with a structure of partial YA-algebra, a structure
of category, and a structure of Artinian ordered set. Following this we identified [PTs.a],
a subquotient of Tx.a(X), that is isomorphic to the algebraic, categorical, and ordered
structures on [Pth4]. This constituted a Curry-Howard type isomorphism. Additionally, we
proved that these two structures are isomorphic to Tg.a(Pthg), the free partial X-4-algebra
in PAIg(f,’A), a variety of partial algebras.

What we present here is the second part of the ongoing project presented in [9]. This
time, we delve into second-order rewriting systems and second-order paths, exploring how to
establish a second-order Curry-Howard type result. This work is the preliminary development
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Second-order rewriting systems

through higher-order many-sorted Curry-Howard isomorphisms. The interested reader can
consult all the proofs presented in this article in [9]. Next to each result, the reader will find
the corresponding reference. The notation from the first part will be assumed. Recall that
our work is framed in the study of syntactic derivation systems in the context of many-sorted
algebras. Nevertheless, to facilitate comprehension, in this paper we have opted to present
the single-sorted version of our findings. The only prerequisites for reading this work are
familiarity with category theory [16, 18], universal algebra [1, 4, 5, 6, 7, 14, 15, 15, 21, 22, 24],
the theory of ordered sets [2, 11] and set theory [3, 13]. For historical roots of rewriting
theory we refer to [12, 19, 20, 23].

2 First-order translations

For the many-sorted partial ©“4-algebra Ty (X), we introduce the concepts of elementary
first-order translation and of first-order translation respect to it.

» Definition 1. We will denote by Etl(Tga(X)) the subset of Hom(Tga(X), Tsa(X))

defined as follows: for every mapping T € Hom(Tga(X), Txa(X)), TM € Etl(Txa(X))

if and only if one of the following conditions holds

1. There is a natural number n € N — 1, an index k € n, an n-ary operation symbol o € ¥,,,
a family of paths (B;)jer € Pthﬁ and a family of paths (B1)ien—(k+1) € Pthzt_(kﬂ) such
that, for every P € Tya(X)

TW(P) = o= (CHY (Py), ..., CHY (Pi—1), P,CHY (Pira), ..., CHY (Bo));
2. There is a path B € Ptha such that, for every P € Txa(X),
TW(P) = P "TsA(X) cHWY () or TW(P) = CH(P) *T=aX) p,

We will sometimes add an underlined space to denote where the variable will be placed.
In the first case we will say that TV is of type o, while in the second case we will say that
T s of type o°. We will call the elements of Etl(Txa(X)) the first-order elementary
translations for Ty.a(X).

We will denote by T1(Tsa (X)) the subset of Hom(Tsa(X), Tsa(X)) defined as follows:
for every mapping T € Hom(Tyga(X), Txa(X)), TM € Tl(Tsa(X)) if and only if
there is an m € N — 1 and a family (le )jem of first-order elementary translations in
Etl(Tsa(X))™ for which TM) = Ty(nlll 0---0 Tél). We will call the elements of T1(Tga(X))
the first-order translations for Txa(X). The notions of prefiz, height and type of a first-order
translation is defined as in the first part. Besides the mapping idTEA(X) will be viewed as an
element of TI(Tga(X)).

The following results will be useful to justify the definition of second-order paths.

» Lemma 2 (Lemma 17.0.3). Let TV be a first-order translation in TI(Tsa(X)) and M, N
path terms in PT 4 such that (ip™-X) (M), ip(hX)@(N)) € Ker(sc®D) N Ker(tg®V). Then
1. TMW(M) is a path term in PT 4 if, and only if, T (N) is a path term in PT 4;

2. If either TV (M) or TV (N) is a path term in PT 4, then

(i1 (@O (31)), ip™ N TN (N))) € Ker(se®D) N Ker(tg®D),

» Proposition 3 (Prop. 17.0.4). Let T be a first-order translation in TI(Tsa(X)) and
P, P’ path terms in PT 4 such that (P,P") € OW. If either TV (P) or T (P') is a path
term in PT 4, then (T™M(P), TM(P')) € Ol
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3 Second-order paths on path term classes

In this section we begin by defining the notion of second-order rewriting system.

» Definition 4. A second-order rewriting system is an ordered quadruple (X, X, A, A®),
often abbreviated to .A(2), where (3, X, A) is a rewriting system, and, for the signature »A,
AP a subset of Rwr(ZA, X), the set of second-order rewrite rules with variables in X, i.e.,

{([(M],[N]) € [PT.a]? | (ip" (M), ip" ) (N)) € Ker(sc®) N Ker(tg>V)},

We will call the elements of Rwr(E'A, X) second-order rewrite rules of type X and we will
denote them with lowercase Euler fraktur letters with the superscript (2), indicating the order,

with or without subscripts, e.g., p), p(2) q®, qEQ) etc.

We next define the notion of second-order path in A@ from a path term class to another.

» Definition 5. Let [P]s, [Q]s be path term classes in [PT 4] and m € N. Then a second-order

m-path in A® from [P] to [Q] is an ordered triple B2 = (([P])icmas1, (pEQ))iemv (Ti(l))iem)

in [PT 4] x (A@)™ x TI(Tsga(X))™, such that

1. [Ro] = [P], [Pn]s = [Q], and,

2. for every i € m, if pi” = (M), [Ni]), then TV (M;) € [P}] and TV (N;) € [Piga].

That is, at each step i € m, we consider a second-order rewrite Tule pZ@) and a first-order

translation of sort Ti(l) for Txa(X) and we require that the translation by Ti(l) of M; is in

[P;], whilst the translation by Ti(l) of N; is in [Pi11]. In this regard, let us recall that, by

Lemma 2, the condition on the (0, 1)-source and (0, 1)-target we have imposed in Definition 4

guarantees that the values of the first-order translations will always be path terms. Moreover,

according to Proposition 3, ultimately, it does not matter which representative term we use.
These second-order paths will be variously depicted as PP : [P] = [Q], or

(p® M) @ TM) (2, 1" ) ORI i)
P [P == [P|] —= ... [Pn—2] =2 [P ——

[Prn]

For every i € m, we will say that [P;y1] is (pgz) Tz(l)) -directly derivable or, when no
confusion can arise, directly derivablefrom [P;]. For every i € m + 1, the path term class
[P;] will be called a 1-constituent of the second-order m-path B3, The path term class [Pp)
will be called the ([1],2)-source of the second-order m-path B, whzlst the path term class
[P,,] will be called the ([1],2)-target. We will say that B2 is a second-order path from [Pp]
to [Pn]. The length of a second-order m-path B in AP | denoted by |BP)|, is m and we
will say that PP has m steps. If PP =0, then we will say that L@ is a (2,[1])-identity
second-order path. This happens if, and only if, there exists a path term class [P] in [PT 4]
such that B = (([P]), A\, A), identified to ([P], A\, \), where, by abuse of notation, we have
written (A, \) for the unique element of (A®)? x TI(Txa(X))?. This path will be called
the (2,[1])-identity second-order path on [P]. If || = 1, then we will say that P2 is a
one-step second-order path. We will denote by Pth 42 the set of all possible second-order
paths in AP We define the mappings
1. ip®X) the mapping from X to Pth 4 that sends x € X to ([n LX) (2)], A, A); b
ech®A) the mapping from A to Pth 42 that sends p € A to ([nHA (p)], A, \); by
sc(12) the mapping that sends a second-order path to its ([1],2)-source; by
tg2) the mapping that sends a second-order path to its ([1], 2)-target; and by
. ip® Mt the mapping that sends a path term class [P] to ([P], A, A).

These mappings are depicted in the diagram of Figure 1a.

o
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Second-order rewriting systems

We next define the partial operation of 1-composition of paths.

» Definition 6. Let B3, Q3 be second-order paths in Pth 42 such that
scl1:2)(Q@)) = tg((1:2) (@),

Then the 1-composite of PP and QP denoted by Q2 ol PP, is the concatenation of
the respective sequences. When defined, Q) ol B is a second-order path in A? from
sc112 (@) 10 tg(11:2(Q®2)). Moreover, when defined, the partial operation of 1-composition
is associative and, for every path term class [P] € [PT 4], the ([2],1)-identity second-order
path on [P] is, when defined, a neutral element for the operation of 1-composition. The above
definition gives rise to a category whose objects are path term classes in [PT 4] and whose
morphisms are second-order paths P between path term classes.

We next define the notion of subpath of a second-order path.

» Definition 7. Let m € N, and k,l € m with k < 1. Let B be a second-order m-path in
Pth 42. We denote by PP *! the subpath of B beginning at position k& and ending at
position [ + 1.

We introduce the notion of second-order echelon, a key concept in the development of
our theory.

» Definition 8. We denote by ech®A™) the mapping from A® to Pth 42 defined as follows:

och@4®) { A® _ Pihac
b = (ML IV) — (M1, [N, idr,_ )

This mapping associates to each second-order rewrite rule p® = ([M],[N]) in A® the
one-step second-order path from [M] to [N] that uses the second-order rewrite rule p® in
the identity translation. This definition is sound because (1) idry(x)(M) € [M] and (2)
idr,(x)(N) € [N]. We will call ech(z’Am)(p(Q)) the second-order echelon associated to p().
Moreover, we will say that a second-order path B> € Pth 42 is a second-order echelon if
there exists a second-order rewrite rule p? € A@) such that ech(2’A<2))(p(2)) =P, Finally,
we will say that a second-order path P is echelonless if \‘,]3(2)| > 1 and none of its one-step
subpaths is a second-order echelon.

From the above it follows that the first-order translations of an echelonless second-order
path must be non-identity translations. We next introduce the notion of a head-constant
echelonless second-order path.

» Definition 9. Let P> = (([Pi])iem+17 ((pl(?))iem, (Ti(l))iem) be an echelonless second-
order path in Pth 4. We will say that ‘13(2) is a head-constant echelonless second-order
path if (Ti(l))iEm, the family of first-order translations occurring in it, have the same type,

i.e., they are associated to the same operation symbol.

Unlike in the first part of this work, an echelonless second-order path does not necessarily
goes across head-constant families of first-order translations. This is shown in Example 41.
We next introduce the notion of coherent head-constant echelonless second-order path.

» Definition 10. Let m € N — 1 B be a head-constant echelonless second-order m-path in
Pth 42 of the form PR = <([Pi]s)i€m+l, (pgz))iEm, (T-(l))iem) where, for a unique n € N

K2
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and a unique n-ary operation symbol T € LA, the family (Ti(l))ie,n is a family of first-order
translations of type 7. That is,

TV = 7 T4 (CHO (R, 0), -+, CHO (B 1), TV, CHO (B4 4,41), - CHO (By1)).

Assume that, for every i € m, the second-order rewrite rule p§2) is given by ([M;], [N;]).
Hence, for every i € m, Ti(l)(Mi) € [P] and Ti(l)(Ni) € [Piy1] In particular, for every
tem—1, [Ti(l)(Ni)] = [Ti&l)1 (M;11)]. That is, the following equality holds

[r PO (CHO (P;0), -+, T (N3), -+, CHO (P 01))]
= [TTZA(X)(CH(D(Y»BHLO), e aﬂ(i)l,(Mi+1)7 e ,CH(l)(g«Bijtl,nfl))].

We will say that P> is coherent if, for every i € m — 1, from the above equality, we can
derive the following n equalities

[CHO (PBi0)] = [CHY (Pis10)], - T (N)] = [CHO (B0,
[CH(l)(‘pukm)] = [Tfi)f(Mm)] [CHY (P n—1)] = [CHD (Pip1,0-1))-

Example 41 illustrates two head-constant echelonless second-order paths: one exhibiting
coherence, while the other does not. For a coherent head-constant echelonless second-order
path, we propose a process of second-order path extraction. We will refer to it as the
secod-order path extraction algorithm.

» Lemma 11 (Lemma 18.1.9). Let PO = (([P])iemst, (0 )icm: (T2)iem) be coherent
head-constant echelonless second-order path in Pth 4¢). Let T be the unique n-ary operation
symbol in X4 for which each of the first-order translations of the family (T;)iem is of type
7. Then there exists a unique pair ((m;)jen, (%;2))j€n) € N x Pthy ) such that, for every
jEnN, 235.2) is a second-order m;-path in Pth 42y and there exists a unique bijective mapping

. . . 2 2
i H]En mj; —> m such that, for every (j,k) in HjEn m;, p;,ﬂ = pg(;yk).

3.1 Algebraic structure on Pth 4.

The next proposition states that every 1-constituent that traverses a second-order path, when

interpreted as a path by means of the ip"*®, have the same (0, 1)-source and (0, 1)-target.

» Proposition 12 (Prop. 19.2.3). Let m € N and B®) a second-order m-path in AP of the
form PB@ = (([P])iemt1, (sz))i@m (Ti(l))ie,n). Then, for every i,j € m + 1, we have that

(ipH(Ry),iptM)(P))) € Ker(sc®V) nKer(tg™D).

The last proposition justifies the definition of the (0, 2)-source and the (0, 2)-target of a
second-order path. We will also introduce the (2, 0)-identity second-order path on a term.

Definition 13. We will denote by

s¢(®2) the mapping sc(®1D) o ip(:X)@ o ge(112) from Pth 4 to Tx(X); by
tg(®2) the mapping tg(®M) o ip(X)@ o 15112 from Pth 42 to Tx(X); and by
ipO% the mapping ip™[1E o cHW o ip(L0% from Ty, (X) to Pth 4.

These mappings are depicted in the diagram of Figure 1a.

wNo=Y

We next define a structure of partial EA—algebra in the set Pth 4.
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Second-order rewriting systems

» Proposition 14 (Prop. 19.2.10). The set Pth 4 is equipped with a structure of partial
YA -algebra.

Proof. Let us denote by Pth 42y the partial EA—algebra defined on Pth 42) as follows. For
every m-ary operation symbol ¢ € ¥,,, the operation oF*a® | from Pth’y2) to Pth 4,
assigns to a family of second-order paths (‘}3§»2))j6n € Pth’y ) the second-order path
oPthae ((‘1352)) jen), defined in a similar way as in the first part. For every rewrite rule p € A,
Pth, to be equal to ech>* (p), i.e., the (2,[1])-identity second-order path on
[pPTA]. The 0-source operation symbol sc® is interpreted as the unary operation, from
Pth 4 to Pth 42, that maps a second-order path P> in Pth 4 to ip(20) (5c(0:2) (p(2))),
the (2,0)-identity second-order path on the (0,2)-source of P3). The interpretation of
the O-target operation symbol is defined analogously. We will focus our attention on the
interpretation of o, the 0-composition operation symbol, as a partial binary operation on
Pth 4. For two second-order paths of the form P2 = (([Pi])icm,+1, (132(2))1‘6m17 (T.(l))ie,nl),

we define p

(2

and Q) = (([Qj])j@m“,(qu))jEWQ,(U;l))jEmz), its O-composition, defined whenever

sc(02(Q®) = tg(02) (PP is given by the second-order m-path in A® given by
Q@ o Ra PO = ([Rikems1, () Jkem (K kem),

where m = mq + msy, and

(Ry] = {[QO ofPTA Py, if k € ma o+ 1;
[Qr—m, 0"FTA P, ], if ke [my+1,m+1],
tl(f) _ {Pg} 1£ k € my;
Ao, if k € [my,m],
= [ ke
Uy, 0P T4 CHW (ipt-X9 (P, ), if k € [my,m], <

It can be shown that Q3 o’Ptha@ B® s a path in AP of the form
Q@OPE o P 5o([112)(92))OPTAlge([12) (5(2)) s 1((1112) (9(2)) 0P Tl g (11.2) (P (@)

Moreover, if Q) or P is a non-(2, [1])-identity second-order path, then Q2 o'Pthac q3(2)
is an coherent head-constant echelonless second-order path. Furthermore, the second-order
path extraction algorithm applied to it retrieves P and Q). Let us note that the set
ip@IDA[[PT 4]], of (2, [1])-identity second-order paths, becomes a partial Y*4-subalgebra
of Pth 42 in the QE-variety PAlg(SA), the mappings sc(1?) and tg(('1:?) become TA-
homomorphisms and the mapping ip>!D? is a ©A-homomorphism that can be obtained by
the universal property of Tx(X) on ip@[ | see Figure 1a.

3.2 Order structure on Pth 4

In this subsection we define on Pth 42y an Artinian order, which will allow us to justify both
proofs by Artinian induction and definitions by Artinian recursion.

» Definition 15. We let =<Pth (s denote the binary relation on Pth 4 consisting of the

ordered pairs (Q®),B2)) e PchA(z) for which one of the following conditions holds

1. B and QP are (2, [1])-identity second-order paths of the form B2 = ip@IDE([P]) and
Q@ = ipEUD2((Q]) for some path term classes [P, [Q] € [PT.al, and [Q] <pr4 [P].
where <[p 4] s the Artinian partial order introduced in the first part of this work.



242

243

244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

259

260

261

262

263

264

265

266

267

268

269

270

271

272

273

274

275

276

277

J. Climent Vidal and E. Cosme Ll6pez

2. PP s a second-order path of length m strictly greater than one containing at least one
second-order echelon, and if its first second-order echelon occurs at position i € m, then
a. if i =0, then Q@ is equal to PP)00 o P)Lm=—1
b. if i >0, then Q@ is equal to PR)-0i=1 o P2)sim—1.
3. BB is an echelonless second-order path, then
a. if B is not head-constant, then let i € m be the mazimum index for which P20 s
a head-constant second-order path, then Q®) is equal to P20 o PRhit1m—1.
b. if B is head-constant but not coherent, then let i € m be the maximum index for which
P07 4s a coherent second-order path, then Q3 is equal to 2107 op P(2)itlm=1,
c. if PP is head-constant and coherent then Q3 is one of the second-order paths we
can extract from PP in virtue of Lemma 11.

We will denote by <Pth 5, the reflexive and transitive closure of =<Pth 42 i.e., the
preorder on Pth 42y generated by =<Pth ()

For the preordered set (Pth 4, gpthA(2>) it can be shown that the minimal elements are
the (2, [1])-identity second-order paths on minimal elements in PT 4, i.e., variables, constants,
and echelons, and the second-order echelons. The most important feature of this relation is
that it is antisymmetric and there is not any strictly decreasing wg-chain.

» Proposition 16 (Prop. 20.0.14). (PthA@),gpthA(z)) is an Artinian ordered set.

4 The second-order Curry-Howard mapping

In this section we define a new signature, the categorial signature determined by A2

» Definition 17. The categorial signature determined by A®?) on ¥, denoted by EA(2), 18
the signature defined, for every n € N, as follows:

Y, ifn#0,1,2;
$A®D _ Yo ITAILA®, if n=0;
" ¥ 11 {sc?, tg0, sct, tgt}, ifn=1;
S 11 {00, o1}, ifn=2.

That is, »A? s the expansion of X4 obtained by adding, (1) as many constants as there
are second-order rewrite rules in A2, (2) two unary operation symbols sc* and tg', which
will be interpreted as total unary operations, and (3) a binary operation symbol o' which will
be interpreted as a partial operation.

Let (%) denote the standard insertion of generator from X to Ty 4 (X). This extension
allows us to view all terms in Tx;(X) and terms in T.a(X) as terms in T, 42 (X). Let (204

and 7(31% denote the embedding from, respectively Tx(X) and Tyx.a(X), to Ty (X).

Furthermore, every rewrite rule in A and every second-order rewrite rule in A®) can also
be seen as a constant in Ty 4 (X). Let >4 and n(Q’A(z)) denote the embedding from,
respectively A and A®), to Tsa(X), see Figure 1a.

We next show that the set Pth 42y has a natural structure of partial E'A(2)—algebra.

» Proposition 18 (Prop. 21.1.1). The set Pth 42 is equipped with a structure of partial

A -algebra.
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Second-order rewriting systems

Proof. Let us denote by Pth 4 the partial EA(z)—algebra defined on Pth 42 as follows. The
operations from Y% are defined as in Proposition 14. Every constant operation symbol p(?) e
A®) is interpreted as the second-order echelon ech(2’A(2))(p(2)) introduced in Definition 8.
The 1-source operation symbol is interpreted as the unary operation that maps a second-order
path P in Pth ) to the (2, [1])-identity second-order path ip[D#(sc(11:2) (B(2))) | see
Definition 5. The 1-target is interpreted analogously. The 1-composition is the partial
operation defined in Proposition 6. |

The previous results, will allow us to consider paths in the second-order rewriting system
A®) as terms relative to »A? and X. To do this, we will define, by Artinian recursion, a
mapping from Pth 4¢) to Ty, 42 (X). In this way, every second-order path in AP will be
denoted by a term in Ty, 42 (X). To stress this situation we will refer to this mapping as

the second-order Curry-Howard mapping and we will denote it by CH®.

» Definition 19. The second-order Curry-Howard mapping is CH® . Pth 40 — Tgae (X)
defined by Artinian recursion on (Pth 4, SpthA(z)) as follows.

Base step of the Artinian recursion.

Let B3P be a minimal element of (PthA(z>,§pthA(2>). Then, R is either (1) an
(2, [1])-identity second-order path or (2) a second-order echelon.

If (1), then PP = ipRLD[P)) for some path term class [P] in [PT4]. we define
CH(Q)(‘Q(Q)) to be the term in Ty, 42 (X) given by the lift of the original Curry-Howard map-
ping applied to the interpretation as a path of its defining path term class, i.e., CH® (PP =
nDECHD (ip1X)2 ([P]))).

If (2), if PR is a second-order echelon associated to a second-order rewrite rule p(?) then
we define CH® (p?)) = pPTsa@ X

Inductive step of the Artinian recursion.

Let B be a non-minimal element of (Pth 42, SpthA(z)) We can assume that P> is
not a (2, [1])-identity second-order path, since those second-order paths already have an image
for the second-order Curry-Howard mapping. Let us suppose that, for every second-order
path Q@) ¢ Pth 4, if 0@ <Pth 42 PP, then the value of the second-order Curry-Howard
mapping at Q2 has already been defined.

We have that B3 is either (1) a second-order path of length m strictly greater than one
containing at least one second-order echelon or (2) an echelonless second-order m-path.

If (1), let i € m be the first index for which the one-step subpath B35 of PP is q
second-order echelon. We consider different cases for i according to Definition 15.

Ifi =0, we have that the second-order paths 3200 and 2).tm—1 =<Pth (2 -precede the
second-order path PP . We set CH® (@) = CHP (p@)-1.m—1) o Tram (X) CH® (p(2).0.0),

Ifi # 0, we have that the second-order paths P20i=1 gnd p2)Hm—1 =<Pth (2 -precede the
second-order path P2 . We set CH® (P2)) = CH® (p@-im—1)5'Tsa Xop®@ (PR)0-1),

If (2), ie., if PP is an echelonless second-order path in Pth 42). It could be the case
that (2.1) PP is not head-constant. Then let i € m be the maximum index for which the
subpath PR107 of B s a head-constant, echelonless second-order path. Note that the
second-order pairs 207 gnd PR2)-i+1m—1 =<Pth (2 -precede the second-order path 3. We
set CH(Q)(‘I?(Q)) = CH® (p@i+1m—1) oITam (X) CH(Q)(m(2)’O’i).

Therefore we are left with the case of B2 being a head-constant echelonless second-order
path. It could be the case that (2.2) B is not coherent. Then let i € m be the mazimum
index for which the subpath P01 of BP) s a coherent head-constant echelonless second-
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order path. Note that the pairs P20t and PR it1m—1 =<Pth 5, -precede the second-order

path PR . We set CH® (P@) = CH® (P@-i+Lm=1) 5! Toae X0 a2 (9p(2).0.4),

Therefore we are left with the case (2.3) of PP being a coherent head-constant echelonless
second-order path. Under this setting, the conditions for the second-order extraction algorithm,
that is, Lemma 11 are fulfilled. Then there exists a unique n € N and a unique n-ary operation

symbol T € L associated to PP, Let (‘135-2))]»611 be the family of second-order paths in Pth'y 2

which we can extract from PP . We set CH® (P@)) = 7 nA® (X)((CH(Q)(mf)))jen).

It can be shown that the second-order Curry-Howard mapping is a 3-homomorphism.
However, it is not a A-homomorphism, much less a ZA(Q)-homomorphism. It is enough
to consider the case of identity second-order paths. However, as it was the case in the
first part of this work, the study of its kernel proves to be interesting. In general, it can
be shown that for a pair of second-order paths in Ker(CH®)), their length, ([1],2)-source
and ([1], 2)-target are equal. The most interesting property of the mapping CH® is that
its kernel, Ker(CH(Q)), is a closed EA(Q)—congruence on Pth 4. This proof is achieved by
induction on (Pth 4, SPthEi))'

» Proposition 20 (Prop. 22.1.1). Ker(CH®) is a closed ZA(Z)-congruence on the partial
nA® -algebra Pth 4.

4.1 The quotient of second-order paths

The last results opens up a new object of study, the quotient of second-order paths by
Ker(CH(2)). However, in contrast to the first part, this is not the ultimate interesting object
of study, since the corresponding quotient is not a 2-category. This is due to the fact that
the 0-composition does not behave accordingly. To surpass this problem, we consider a new
congruence.

» Definition 21. We define YV to be the relation on Pth 42 consisting ezactly of the

following pairs of second-order paths

1. For every second-order path B, (P2, PR OPthae) 5 OPth @) () e YO,

2. For every second-order path B3, (PP, tg/Pthac (P(2)) oOPth @ p2)) ¢ YO,

3. For every second-order paths PP, Q@ RP) in Pth 4 with sc®?)(RP)) = tg(>2(Q?)
and sc®2(Q?)) = tgO2D(RP)) | then

(m(Q) OOPthA(2> (D(Q) OOPthA(Q) m(2)>, (m(Q) OOPthA(2) D(Q)) OOPthA(Q) S;B(Q)) e T(l);

4. For every n € N and every n-ary operation symbol o € ¥, for every two families of

second-order paths (‘13(-2))3'671 and (Q§2))j€n in Pth'y o) satisfying that, for every j € n,

J
sc@2(QP)) = 152 (P), then

(PP (P Ra P je ), P Pa® (2)7) jen)o P Pa® P (PBT)en)) € TO.

Finally, we denote by Y the smallest ZA<2)-congruence on Pth 4 containing T,

In this subsection we study Ker(CH(Q))\/T[l]7 the supremum of the two EA(z)-congruences,
Ker(CH(Q)) and YU, defined on Pth . For simplicity, the quotient will be denoted
by [Pth 4 ]. Following this simplification the equivalence class of a second-order path
PP € Pthye), will simply be denoted by [P?)]. We next investigate the algebraic,
categorial and order structures that we can define on [Pth 4=)].
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Second-order rewriting systems

» Proposition 22 (Prop. 25.1.2). The set [Pth 4] is equipped with a structure of partial
EA(Q)—algebm, that we denote by [Pth 4)].

The set [Pth 4] is equipped with a structure of 2-categorial ¥-algebra.

» Proposition 23 (Prop. 25.2.20). The set [Pth 4] is equipped with a structure of 2-
categorial X-algebra, that we denote by [Pth 4] .

Furthermore, the set [Pth 4] is equipped with an Artinian preorder.

» Definition 24. Let <[Pth (2] be the binary relation defined on [Pth 4] containing

every pair ([QP], [BP]) in [Pth 4]? satisfying that there exists a natural number m €
N—{0}, and a family of second-order paths (%I(CQ))ka-&-l in Pthjﬂ;} such that [[9%(()2)}} =[Q®@]
[[9‘{7(73)]} = [BP] and, for every k € m, [[9‘{,(62)]} = [[9%&21]] or R <pin i)%,(i)l

A(2)

» Proposition 25 (Prop. 25.3.2). ([Pth 4], S[[pthA(2)]]) is an Artinian preordered set.

5 Second-order path terms

Following ideas of Burmeister and Schmidt [4, 5, 6, 21, 22, 8], we consider, for a signature I'
and a partial [-algebra A, its free I'-completion, denoted by Fr(A). This total I'-algebra has
the following universal property; for every partial I'-algebra B and every I'-homomorphism f
from A to B, there exists a unique I'-homomorphism, ff, the free completion of f, from
Fr(A) to B satisfying that fon® = f, where n, from A to Fr(A), is the standard
insertion of generators.

With the aforementioned ideas we consider the partial E‘A(Z)—algebra Pth 4.

» Definition 26. Consider the mapping ip>™) from the set of variables X to Pth 4,

introduced in Definition 5. If we consider Dy 40 (X), the discrete EA(z)—algebm on X, i.e.,
no operation in »A? s defined, the application ip>*X) becomes a nA® -homomorphism of the
form ip®X) Dy (X) — Pth 4. By the universal property of the free completion, there
exists a unique nA® -homomorphism (nPth (Q’X))fc, simply denoted ip>X)®, from
Tyae (X), the free completion of the discrete nA? -algebra Dy, 42 (X), to Foi@ (Pth 4e)),
2,x)@

A2) o 1p

the free EA(2)—completion of the second-order path algebra Pth 4, such that ip!

77(2:X) = ’)7PthA(2) fe) 1p(23X)

2,X)@  The following

At this point we begin to study the EA(Z)—homomorphism ip
proposition states that ip(>*)® acting on the value of CH® at a second-order path P is
always another second-order path, not necessarily equal to the input B®, but which has the
same image under the second-order Curry-Howard mapping. Moreover, it preserves the Y1)

relation.

» Proposition 27 (Prop. 26.1.6). The mapping ip>X)®oCH® : Pth 42 — F a0 (Pth 4)
sends every second-order path %(2) in Pth 42 to a second-order path in Pth 4. Moreover,
CH® (ip@X)@(CH® (@) = CHP(PD). Furthermore, if PP, QP are second-order
paths and (PP, Q@) € YD then (ip>¥) ¢ (CHP (P?)),ip>¥)e(CHP (Q@))) e TO,

We next define two binary relations on Ty, 4) (X) with the objective of matching different

terms that, by ip™*)®, are sent to second-order paths in the same Ker(CH(2)) v Tl class.

» Definition 28. We let ©2) stand for the binary relation on To a0 (X) consisting exactly
of the following pairs of terms:
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403 For every second-order path B in Pth 42,

(CH® (scPtha (), sc"Twa® ) (CH® (p@)))) € )
(CH® (tg7Pthac (P2)), 15" 24> ) (CH) ($?))) € 0,
(CH® (sc!Pthac) (), sc Tsa® ) (CH) ($@)))) € 6@,
(CH® (tg'Ptha (P?)), 1g' Tsa® ) (CHE) (52))) € ©);

408

409 For every pair of second-order paths Q) B3 in Pth 4, if sc(0:2) (Q(z)) = tg(o’z)(‘ﬁ@)),
o (CH®(Q® oOPth,e 32y cH®) Q) SOT ae (X) CH® (p®)) e 0.

m For every pair of second-order paths Q2 P2 in Pth 4, if scl12(Q?) = tg([1:2)(p2),
> (CH®(Q® olPth,e) 3@ cH®) (Q®) oI T am (X) CH® (p®)) ¢ 0@

a3 Finally, we denote by OP the smallest EA<2)—congruence on Ty 4@ (X) containing SION

as > Definition 29. We let V) stand for the binary relation on Toae (X) consisting exactly
as  of the following pairs of terms:
416 For every pair of second-order paths 3, Q) in Pth 42, if (B 2, 9® yex M then

ar (CH® (3®), cH? (@) € v,
as  Finally, we denote by W the smallest EA(Z)—congruence on Ty, 42 (X) containing W),

a19 We next consider the congruence O v Wl on Ty 4@ (X), ie., the supremum of the

420 ZA(Q)—congruences 02 and WY that we will denote by O[], To simplify the presentation,
o1 the O2l_equivalence class of a term P in Ty a2 (X) will be denoted by [P]. We next provide
22 two lemmas to understand the usefulness of the X“4-congruence O[21,

23 » Lemma 30 (Lemma 29.0.4). Let P be a term in Ty, 42 (X). If ip>X)(P) is a second-order
a2 path in Pth 4 then (P, CH® (ip@X)e(p))) € o2,

25 » Lemma 31 (Lemma 29.0.5). Let P,Q € Ty 42 (X) be such that (P,Q) € O then
426 ip2X)®(P) € Pth 40 if, and only if, ip*¥)®(Q) € Pth 4 ;
a If ip@ X (P) or ip>X)(Q) is a second-order path in Pth 4 then

s [ip*¥)*(P)] = [ip**(Q)]-

429 We next introduce the notion of second-order path term.

w0 » Definition 32. We let PT 4 stand for [CH® [Pth 4-]]®"" = U@ epen s [CH® (PP g a1,

s the OB _saturation of the subset CcH® [Pth 4] of Tyae (X). We call PT 42 the set of
4 second-order path terms.

433 It can be shown that a term in Ty 4 (X) is a second-order path term if, and only if,
s it can be interpreted as a second-order path in Pth 42y by means of ip™X)®_ Following
5 this, all the known mappings from or to Tx.a(X) have nice restrictions, corestrictions or
a6 birestrictions to the set of path terms. When possible, we will use these refinements instead
a7 of the original mappings, see Figure 1b.
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5.1 The quotient of second-order path terms

In this subsection we define the set of second-order path term classes as the quotient of
PT 42 by the restriction of ol2] 14 it.

» Definition 33. We denote by [PT 4] the image of PT 4 under pr@m, the canonical
projection from Ty, 42 (X) to Ty ae (X)/0LL, je., [PT 4] = pro™! [PT 4»]. We call
it the set of second-order path term classes. Let us note that [PT 4] is a subset of the
quotient Ty 42 (X)/6L1 j.e., that [PT 4] is a subquotient of T ae (X). Actually, we
have that [PTA(Q)] = PTA(z)/@[pH rPTA(2)-

The projection, from Ty, 42 (X) to Ty, a2 (X)/O birestricts to PT 42 and [PT 4»].

We investigate the algebraic, categorial and order structures that we can define on
[PT 42 ]. As an immediate consequence of the definition, the set of second-order path term
classes inherits a structure of partial EA(Q)—algebra.

» Proposition 34 (Prop. 30.4.1). The set [PT 4] is equipped with a structure of partial
EA(Q)—algebm, that we denote by [PT 4 ].

The set [PT 4] is equipped with a structure of 2-categorial X-algebra.

» Proposition 35 (Prop. 30.5.20). The set [PT 4] is equipped with a structure of 2-categorial
Y-algebra, that we denote by [PT 4»].

Finally, we define an Artinian preorder on [PT 4 ].

» Definition 36. We let S[PT 5] Stand for the binary relation on [PT 4] which consists
of those ordered pairs ([Q], [P]) in [PT 4]* satisfying that

[[ip(z,x)@(Q)]] S[[PthA(z)ﬂ [[ip(z,x)@(P)]]_

» Proposition 37 (Prop. 30.6.3). ([PT 4], S[PT ,(»)]) is an Artinian preordered set.

6 Second-order isomorphisms

In this section we are in position to prove the main results of the paper, that the algebraic,
2-categorial and preorder structures that we have defined on second-order path classes and
on second-order path terms are isomorphic.

» Theorem 38 (Th. 31.1.1, 31.2.1, 31.3.3). The partial A -algebras [Pth 4] and
[PT 4] are isomorphic. The 2-categorial X-algebras, [Pth 4] and [PT 4] are iso-
morphic. The Artinian preordered sets ([Pth 4], §[[pthA(2)]]) and ([PT 4], S[[PTA@)]]) are
isomorphic.

Proof. We let ip{[2l:X)® stand for the mapping from [PT 4] to [Pth 4] that maps a
second-order path term class [P] in [PT 4 ] to the second-order path class [ip>*)®(P)]
in [Pth 4»]. This mapping is well-defined because two second-order path terms P, @ in
PT 4 for which [Q] = [P] satisfy that [ip®>*)®(Q)] = [ip®¥)®(P)]. We let CHI?! stand
for the mapping from [Pth 4] to [PT 4] that maps a second-order path class [P?)] in
[Pth 42 ] to the second-order path term class [CH® (B@)] in [PT 4»].

This two mappings constitute a pair of inverse EA(z)—isomorphisms, a pair of inverse
2-functors, i.e., of categorial ¥-isomorphisms. Finally, we show that the mappings also form
a pair of inverse order-preserving mappings, see Figure 1b. <
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526 A Diagrams

s27 The following figure collects all the mappings considered in this work.

7n(0:X) n(0:X)
x Ts(X) X Ty (X)
I
N =kls N =klz
p@ S EIS pn  SEIS,
cch (A ™ |7y cchW) ™ |7
A \ [Pth.4] A \ [Pth.a]
4 CHU = ]iplhoe 4 CHUT = ipxe
[PT 4] [PT 4]
Lt e b
C% CTJE* io S E 5&0
ech @A) v ecn@a®) P& 2
A®) Pth 4 A2 [[Pth_A@)]]
) CH® cul?l |=|pexe
p(2A%) p([21.4%)
Ty ae (X) [PT 4c2)]
(a) Mappings at layers 0, 1 & 2. (b) Quotient mappings at layers 0, 1 & 2.

Figure 1 Mappings considered in this work.

2 B Freedom

. . @ . . .
s20  For a specification € A® associated to the second-order rewriting system A? | whose defining
)
s equations EA? are QE-equations, we define a QE-variety of partial E'A(Q)—algebras V(E A ).

sn > Definition 39. For the second-order rewriting system A(z), we will denote by (EA(Z) Vi, gAY ),

(
s written EA” for short, the specification in which »AY s the signature introduced in Defini-
s tion 17,V a fived set with a countable infinity of variables, and A the subset onE(EA(Q))V,
s consisting of the following equations:

535 For every n € N, every n-ary operation symbol o € ¥, and every family of variables
s (25)jen € V", the operation o applied to the family (x;);en ts always defined. Formally,

57 o((z;)jen) = o((z5)jen)- (A0)
530 For every variable x € V, the 0-source and O-target of x is always defined. Formally,

g s (2) £ se(a); e (@) < 16 (x). (A1)
542 For every every variable x € V', we have the following equations:

543 sc¥(sc?(x)) = sc¥(z); sc(tg%(x)) = tg°(2);
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tg” (s’ (2)) = sc’(2); tg”(tg”(2)) = te’(x). (A2)

In other words, sc® and tg° are right zeros. In particular, sc® and tg° are idempotent.
For every pair of variables x,y € V, x 0® y is defined if and only if the O-target of y is
equal to the 0-source of x. Formally,

oy =zoly — sc¥z) = tgy);

sc®(z) =tg’(y) — 2%y =z (A3)

For every pair of variables x,y € V, if x oy is defined, then the 0-source of x o°y is that
of y and the O-target of x o° y is that of x. Formally,

0y) = sc(y);

zly=aly — tgo(:cooy)gtgo(a:). (A4)

e
zly=zoly — scdzo

For every variable x € V, the compositions x o° sc®(x) and tg°(z) o® x are always defined
and are equal to x, i.e., sc’(x) is a right unit element for the 0-composition with x and tg®(z)
is a left unit element for the 0-composition with x. Formally,

z 0% sc(z) = x; tg¥(z) %z = . (A5)

For every triple of variables x,y,z € V, if the 0-compositions x o°y and yo° z are defined,
then the 0-compositions x o° (y o° z) and (x 0° y) o° 2z are defined and they are equal, i.c., the
0-composition, when defined, is associative. Formally,

@y =aoy A(yo’z=yoz) = (z0”y)o’z=a0’ (yo ). (A6)

For every n € N, every n-ary operation symbol o € ¥, and every family of variables
(z;)jen € V™, the 0-source of o((x;)jen) is equal to o applied to the family ((sc®(z;))jen),
and the 0-target of o((z;);en) is equal to o applied to the family ((tg®(x;))jen). Formally,

sc”(0((x5)jen)) = o((s¢®(z;))jen); tg”(o((2)jen)) = o ((t8°(z;)) jen)- (A7)

For every n € N, every n-ary operation symbol o € 3.,,, and every pair of families of
variables (x;)jen, (Yj)jen € V", if, for every j € n, the 0-compositions x; o° y; are defined,
then the 0-composition o((z;)jen) °° o((y;)jen) is defined and it is equal to o applied to the
family (25 0% y;)jen. Formally,

Njen(xj % y; = 2500 y;) — ol(z; 9% y;)jen) = o((2))jen) ©° o((y))jen) (A8)

For every rewrite rule p € A, p is always defined. Formally,

p=p. (A9)

For every variable x € V, the 1-source and 1-target of x is always defined. Formally,

sel(z) £ sel (a); tg} (@) < g (2). (B1)

For every every variable x € V, we have the following equations:

sc!(sc!(z)) = sc' (2); sc' (tg! () = tg' (2);
tg1 .

(z)

[
o
—
—
o2}
(@)
=
—~
8
~—
~—
[le
o2}
(@)
=
—
8
~—
[
(05}
[
—~
-
02
[
—
8
~
~
o
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ss  In other words, sc' and tg' are right zeros. In particular, sc' and tg' are idempotent.
589 For every pair of variables x,y € V, x o' y is defined if and only if the 1-target of y is
s equal to the 1-source of x. Formally,

501 zoly=zoly — scl(z) =tgl(y);

592 scl(z) =tgl(y) — aolyZaxoly. (B3)
593

504 For every pair of variables x,y € V, if x ol y is defined, then the 1-source of x o'y is that

ss  of y and the 1-target of x o'y is that of x. Formally,

596 zoly=zoly — scl(zoly) =scl(y);
g ro'yZroly o tghaoly) L ig(a). (B4)
599 For every variable x € V, the compositions x ol sc'(x) and tg'(z) o' x are always defined

o and are equal to x, i.e., sc'(x) is a right unit element for the 1-composition with x and tg'(z)
o1 18 a left unit element for the 1-composition with x. Formally,

zolscl(z) = x; tgl(z) ol z = z. (B5)
604 For every triple of variables x,y,z € V, if the 1-compositions x o'y and yo' z are defined,
sos  then the 1-compositions x o (y o' z) and (x o' y) ol z are defined and they are equal, i.c., the
o6 1-composition, when defined, is associative. Formally,

g (@olySaoly) A(yolzLyols) o (voly)olzaol (yol 2). (B6)
609 For every n € N, every n-ary operation symbol o € 3,,, and every family of variables
a0 (x)jen € V™, the 1-source of o((x;)jen) is equal to o applied to the family ((sc*(x;))jen),
en and the 1-target of o((z;)jen) is equal to o applied to the family ((tg'(x;));jen). Formally,

o((sc'(5))jen); tg' (o((z)jen)) = o((tg" (z;))jen)- (B7)

612 sc' (o((x5)jen)) =
614 For every n € N, every n-ary operation symbol o € ¥,,, and every pair of families of
s variables (x)jen, (Yj)jen € V™, if, for every j € n, the 1-compositions x; o' y; are defined,
ais  then the 1-composition o((x})jen) o' 0((y;)jen) is defined and it is equal to o applied to the
ar  family (zj o y;)jen. Formally,

g Njen(zjoly; =ajoly) = ol(z 0 yj)jen) = 0((2))jen) o 0((y5)jen) (B8)
620 For every second-order rewrite rule p® € A®) | p®) is always defined. Formally,
@ p® £ p@), (BY)

623 For every variable x € V, the elements sc*(sc(x)), sco(scl(x)) and sc® (tg! (z)) are always
s defined and are equal to sc®(x). Analogously, the elements tg'(tg®(z)), tg°(tg! (z)) and
o5 tg¥(scl(x)) are always defined and are equal to tg°(x). Formally,

s sl(sc()) & s(a); t! (t°()) < e ()
621 sc?(scl(z)) = sc¥(2); te®(tg! (2)) = te°(x);
628 sc?(tg! (z)) = sc®(z); tg® (sc (z)) = tg°(x). (AB1)
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For every pair of variables x,y € V, if x o° y is defined, then the 1-source of x 0%y is the
0-composition of the 1-source of x with the 1-source of y and the 1-target of x o°y is the
0-composition of the 1-target of x with the 1-target of y. Formally,

zly Lo’y — scl(zoy) = scl(z) o scl(y);

zly=xoly — tgl(zo®y) = tgl(x) o tgl(y). (AB2)
For every four variables x,y, z,t € V, if the 0-compositions x oy and z " t are defined

L2 and y o' t are defined, the 1-composition of x o®y with z 0%t is
equal to the 0-composition of x o' z with y o' t. Formally,

and the 1-compositions x o

1

(mooygxooy)/\(zootgzoot)/\(xo zéxolz)/\(yoltéyolt)

— (@ y) ol (z0%t) = (zol 2) o (yolt). (AB3)
A model of axioms A1-A6, B1-B6, and AB1-AB3 is a 2-category.

We will let PAlg(gAm) stand for the category canonically associated to the QE-variety
V(é"A(z)) determined by the specification eA”
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Another fundamental result of this work is that the two partial E‘A<2)—algebras T £A® (Pth A ),

which is the free partial EA(Q)—algebra in the category PAlg(S‘A(Z)), and [Pth 4] are iso-
morphic.

» Theorem 40 (Th. 32.2.9). The partial S A _algebras [Pth 4] and T e (Pth4e)

are isomorphic. As a consequence of Theorem 38, the partial E‘A(g)—algebms [PT 4] and
T£A<2) (Pth ) are isomorphic.

C An example

For the sake of illustration, here is an example of an echelonless second-order path that is
not head-constant and a head-constant echelonless second-order path that is not coherent.
Finally, we present a coherent head-constant echelonless second-order path.

» Example 41. Let ¥ be the signature containing a unique binary operation symbol o. For
X ={z,y, 2z}, we consider Tx(X), the free X-algebra on X. Consider the set of rewrite rules

A={p=(y),a=(y2), = (z,2)}
and the set of second-order rewrite rules
A® = (p® = ([q " pL.[])}
Let us note that p(? is a valid second-order rewrite rule because

sc@D (iph) (g o p)) = 5@ (ip" (1)) =
tg @ (ip1 % (q o0 p)) = 1D ip1 (1)) = =

Consider the second-order path

(»@,0(__,q0°p))

PR [o(q0%p,q° p)]

(r®o(2)0% (x,_))
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Second-order rewriting systems

One can easily verify that S3(®) is a second-order path from [o(q o° p, q 0® p)] to [o(+, )]
of length 2. Let us note that none of the one-step subpaths of (® is a second-order echelon.
Thus B3 is an echelonless second-order path. In contrast to what happens in the first
part of this work, the first-order translations o (v, ) and o(+,z) o o(z,__) are non-identity
translations but they are not associated to the same operation symbol.

Now consider the second-order path

(»®,0(__,2)0% (2,q0°p))

QP [o(q 0% p,q0" p)]

[o(+,q 0" p)]
[o(v, )]

(r®,0(2,2)0%(+,_)))

One can easily verify that Q) is a head-constant echelonless second-order path from
[0(qo%p, qo®p)] to [o(+, )] of length 2 associated to o°, the 0-composition operation symbol.
However, this second-order path is not coherent.

This is so, because from the equality

([o (v, 2)]) o*FTAT ([0, q 0 p]) = ([0(2, 2)]) T4 ([0 (v, 4 0 p)),

we cannot infer that [o(v, 2)] = [0(z, 2)]. In this regard, let us note that the class on the left
represents paths of length 1, while the class on the right represents paths of length 0.
Now consider the second-order path

(r®,0(__,2)0% (2,q0%))

R [o(q 0% p,q0° p)]
6@ 0(c,2) % (z,_)

This is also a head-constant echelonless second-order path associated to the 0-composition
operation symbol. However, this second-order path is coherent.
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