EQUIVALENCES INVOLVING (p, ¢)-MULTI-NORMS
OSCAR BLASCO, H. GARTH DALES, AND HUNG LE PHAM

ABSTRACT. We consider (p, ¢)-multi-norms and standard ¢-multi-norms
based on Banach spaces of the form L"(Q2), and resolve some question
about the mutual equivalence of two such multi-norms. We introduce
a new multi-norm, called the [p, g]-concave multi-norm, and relate it to
the standard ¢-multi-norm.

1. INTRODUCTION

1.1. Definitions. A theory of multi-norms based on a normed space E was
first introduced by Dales and Polyakov in [8]. We recall the basic definitions
of the theory.

We write N for the set of natural numbers, and set N, = {1,...,n} for

n € N; the collection of permutations of the set N,, is denoted by &,,.

Definition 1.1. Let (E,]|-||) be a complex normed space. A multi-norm
on the family {E£" : n € N} is a sequence (|| - ||, : n € N) such that || - ||, is
a norm on E™ for each n € N, such that ||z|, = ||z| for each 2 € E, and

such that the following Axioms (A1)—(A4) are satisfied for each n € N and
x=(r1,...,2,) € E™

(A1) |[(zo), - - o) ||, = Izl (0 € &y);

(A2) [(aqzy, ..., nxy)]], < (Mmaxen, o)) |2, (a1,...,a, € C);
(A3) [[(z1s - 2, O) oy = [lll,i5
(Ad) (21, @negs Ty ) gy = ],

In this case, ((E™,||-,,) : n € N) is a multi-normed space.

We shall sometimes say that (|| - ||, : » € N) is a multi-norm based on E;
we write &g for the family of all multi-norms based on E.
In the case where (E, | -||) is a Banach space, each space (E™, |- |,) is

a Banach space, and ((E", || - ||,) : » € N) is termed a multi-Banach space.
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In fact, Axiom (A3) is a consequence of Axioms (Al), (A2), and (A4)
[8, Proposition 2.7]; to establish (A4), it suffices to show that

(@1, 1, Ty )|y < ],
for each element © = (z1,...,x,) € E™.

Many properties of multi-norms were described in [8]; these properties
included some strong connections with the theory of absolutely summing
operators and with the theory of tensor norms. A study of multi-norms was
continued in [9] and [10].

In [9], we explained how multi-norms correspond to certain tensor norms.
We recall this briefly; details are given in [9, §3]. We write ¢; for the sequence
(0, : j € N) for i € N; ¢¢ is the Banach space of all complex-valued null

sequernces.

Definition 1.2. Let E be a normed space. Then a norm || - || on co® E is a
co-norm if ||6; ® z|| = ||z|| for each x € E and if the linear operator T'® Ig
is bounded on (co ® E,||-||), with norm at most ||T||, for each compact

operator 7' on F.

We note that a cop-norm on ¢y ® E is a ‘reasonable cross-norm’ in the
sense of [21, §6.1]; see [9, Lemma 3.3].
Suppose that || - || is a cog-norm on ¢o ® E, and set

@1zl =Y di®a; (x1,....2, € E, n€N).
=1

Then (|| - ||, : n € N) is a multi-norm based on E.
A more general and detailed version of the following theorem is given as
[9, Theorem 3.4].

Theorem 1.3. Let E be a normed space. Then the above construction de-

fines a bijection from the family of co-norms on co @ E onto Eg. U

The notion of the equivalence of two multi-norms was given in [8, §2.2.4],
as follows.

Definition 1.4. Let (E,|-||) be a normed space. Suppose that the two
multi-norms (|- ||} : n € N) and (|| ||> : n € N) belong to £g. Then
(- 1a) < (-1 i llly, < ezl (z€ B", neN),

and (|| - Hi :n € N) dominates (|| - H:L :n € N), written (]| - Hi) < (- Hi), if
there is a constant C' > 0 such that

(1.1) ], < Cllll;, (ze€E" neN;
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the two multi-norms are equivalent, written

(-l neN) = (-1 :neN) or (I =(-12),

n n

if each dominates the other.

A main theme of [10] was to determine when two multi-norms based on
the same normed space are mutually equivalent. In particular, we discussed
in [10] the ‘(p, ¢)-multi-norms based on a normed space E’, and tried to
determine when these multi-norms are mutually equivalent, especially on
the Banach spaces of the form L"(£2). The question was resolved for most,
but not all, cases. Here we resolves some of the remaining cases, and give
simpler proofs of some results already established in [10]. We also consider
the question whether a ‘standard multi-norm’ is ever equivalent to a (p, q)-
multi-norm on a space L"()). For this, we introduce a new ‘[p, g]-concave
multi-norm’, and use some theorems of Maurey to show that ‘usually’ a
standard ¢-multi-norm is not equivalent to any (p, ¢)-multi-norm on L"(£2).
However there are special combinations of p, ¢, and » when this equivalence
does hold, thereby refuting a conjecture of [10].

1.2. Notation. Let E be a normed space. The closed unit ball of E is
denoted by Efy), and the dual space of £ is E’; the action of A € E’ on
x € E with respect to the duality gives the complex number denoted by
(x, A). Let F and F be Banach spaces. Then B(E, F') denotes the Banach
space of all bounded linear operators from F to F', with the operator norm.

The standard Banach spaces of all complex-valued sequences on N that
are bounded and r—summable (for » > 1) are denoted by £°° and ¢", respec-
tively; the norms on ¢*° and £" are denoted by || - || and || - ||,., respectively,
so that ¢ is a closed subspace of £°°. For n € N and r € [1, 00|, the space C"
with the ¢"-norm is denoted by ¢; it is regarded as a subspace of ¢y and £"
by identifying (z1,...,x,) € C* with (x1,...,7,,0,...) € CN. The Banach
space of all complex-valued, continuous functions on a compact space K,
taken with the uniform norm, is denoted by C(K).

Let € be a measure space, and take r > 1. Then we denote by L"(2) or
L™(€, 1) the usual Banach space of complex-valued, r-integrable functions
with respect to a positive measure p on §2; here

i1, = ([ 1reor du(t))w (f € L'().

and we identify functions which are equal almost everywhere. For each r

with 1 < r < oo, the conjugate index to r is denoted by 7/, so that we
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have 1/r + 1/ =1, and we regard 1 and oo as conjugates; throughout we

interpret

n 1/r
<Z‘<Z’w> as maX{Kl”'"vKn’}
i=1

when 7 = 1. The dual space of L"(€2) is identified with L™ (2) in the usual
manner.

It is standard [1, Proposition 6.4.1] that, in the case where L"(2) is an
infinite-dimensional space, we can regard ¢" as a closed, 1-complemented
subspace of L"(€).

Finally in this section, we recall that the generalized Holder inequality
implies the following. Take ¢, s,u > 1 such that s < gand 1/u=1/s—1/q.
Then
(1.2)

1Br, - B, = sup{||<<151,..‘,gn5n>||s GG €C DI < 1}
j=1

whenever n € N and §y, ..., 3, € C. Indeed, 1/(u/s) +1/(q/s) =1, and so
181, Budllg = NUBI - 18l

n 1/s n
Somlgll Y <1
j=1 j=1

= sup

n 1/s n

= sup (Z G |5j|8> |Gty
j=1 j=1

= sup {H(Cl@l, s GBa)ll Z Gl < 1} ;

J=1

giving (1.2).

1.3. The weak p —summing norm. We recall the definition of the weak
p—summing norms on a normed space; the following standard definition
was given in [8, Definition 4.1.1] and [10, §2.3]. For further discussion, see
(11, 13, 14].

Let E be a normed space, and take p > 1 and n € N. Following the
notation of [8, 9, 14|, we define u, ,(x) for * = (x1,...,z,) € E™ by

n 1/p
fipn(®) = sup (Zm, A>|p) : X € By
=1

— sup {||((:v1, Aoy (@ W, A € Efl]} .
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Then p,,,, is the weak p —summing norm (at dimension n).
Note that, for all p > 1, n € N, and © = (21,...,x,) € E", we have

Z@l’j 1Clyee5 G €C, Z|<j’p/ < 1} .
j:1 jil

Let FE be a normed space. Take n € N and = (z1,...,z,) € E", and
define

(13)  ppula) = sup{

Tp: (CooiGo) = Y Gy, C"— E.
j=1
It follows from (1.3) that

(14) fn(@) = |

for p > 1; the map @ + Ty, (E", ) — B((F', E), is an isometric linear

T, 07 = EH

isomorphism.

1.4. (q¢,p)—summing operators. Let F and F' be Banach spaces, and
suppose that 1 < p < ¢ < oo. We recall that an operator T' € B(E, F) is
(q, p)—summing if there exists a constant C' such that

n 1/q
(Z ||T:v,-|]q) < Cppn(zy,...,xn) (21,...,2, € E, n €N).
i=1

The smallest such constant C'is denoted by 7, ,(T"). The set of these (g, p)—-
summing operators is denoted by II,,(E, F); it is a linear subspace of
B(E,F), and (II,,(E, F),m,,) is a Banach space; we write (IL,(E, F), m,)
for (IL, ,(E, F'), mp,). The latter space of all p —~summing operators has been
studied by many authors; see [11, 13, 14, 16, 21], for example.

1.5. The maximum and minimum multi-norm. Asin [8] and [9], there
are a maximum multi-norm and minimum multi-norm based on a normed
space F; they are denoted by (|- [|™* : n € N) and (||-|™ : n € N),

respectively, and they are defined by the property that

Izl < llzll,, < [z, (zeE", neN)

min

for every multi-norm (|| - ||, : » € N) based on E. The formula for || - || is
(™ = max |zil|  (x = (21,...,2.) € E", n €N).
€Ny
The dual of |- || is the weak 1—summing norm gy, (8, Theorem 3.33],
and hence

n

Z(xj? Aj)

j=1

][5 = sup {

Cpin(A) < 1}
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for each = (z1,...,2,) € E™ and n € N, where the supremum is taken

over all A= (Ag,...,\,) € (E")™

1.6. The (p, ¢)-multi-norm. The following definition was first given in [8,
§4.1].

Definition 1.5. Let E be a normed space, and suppose that 1 < p < ¢ < oo.
For each n € Nand © = (xy,...,x,) € E", define

I = sup (

= sup {1, A G Al s ) S 1}

where the supremum is take over all A = (A\y,...,\,) € (E')".

3

1/q
‘<xjv /\j>’q> D pn(A) <1

Jj=1

As noted in [8, Theorem 4.1], (|| - ||£Lp’q) :n € N) is a multi-norm based
on E; it is called the (p, q)-multi-norm.

Clearly, we have (]| - ng’ql)> < (I |‘£Lp’q2)) whenever 1 < p < ¢, < ¢ and
(- 1222y < (|| - |79 whenever 1 < py < pp < g.

Lemma 1.6. Let E be a normed space, and take p, q.,qs such that

I<p<q1 <g<00.

Then

12 = sup {u<<1x1, G [P )t < 1}
Jj=1

foralle = (z1,...,2,) € E™ and n € N, where u is defined by the equation
lju=1/q —1/gs.

Proof. The result follows by applying the generalized Hoélder’s inequality
(1.2) with ¢ = ¢2 and s = ¢; and with f; taken to be the value (x;, \;) for
1 € N,, from the definition of the multi-norms. Ul

A key result from [10, Theorem 2.6] relates (p,q)-multi-norms to the
known theory of absolutely summing operators.

Theorem 1.7. Let E be a normed space, and suppose that 1 < p < q < o0.
Then the (p, q)-multi-norm induces the norm on co® E given by embedding
co ® E into 1, ,(E', co). d
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Indeed, for n € N and @ = (zy,...,z,) € E", we have
(15) el = 7 (T = B = o).

Further, it is shown in [10, Corollary 2.9] that, for 1 < p; < @1 < 0
and 1 < py < ¢o < o0, we have (|| ||7(1p1’q1)) = (- ||$1p2’qz)) if and only if
Iy (B co) =y, 0o (B, ¢o) as subsets of B(E', ¢y).

Let F' be a 1-complemented subspace of a Banach space E, and suppose
that 1 < p < ¢ < oo and that n € N. Then it follows from [8, Proposition
4.3] that the restriction of the norm || - ||£Lp’q) on E™ to F™ is exactly || - ||£Lp7q)
defined on F™. In particular, to show that two (p, ¢)-multi-norms based on
an infinite-dimensional space L"({2) are not equivalent, it suffices to prove
this for the corresponding (p, ¢)-multi-norms based on £7.

1.7. The standard ¢-multi-norm. Let (€2, 1) be a measure space, take
r > 1, and suppose that r < t < co. In [8, §4.2] and [9, §6], there is a
definition and discussion of the standard ¢ -multi-norm on the Banach space
L7(€2). We recall the definition.

Take n € N. For each ordered partition X = (Xi,...,X,) of Q into
measurable subsets and each fi,..., f, € L"(2), we define

(e ) = (St

Here Px, : f — f | X, is the projection of L"(§2) onto L"(X;), and |- | is
the L"-norm. Then we define

Hmm%w:gmmwmm

where the supremum is taken over all such measurable ordered partitions
X. As in [8, §4.2.1], we see that (|| - Hg} : n € N) is a multi-norm based on
L7(2); it is the standard t -multi-norm on L"(£2).

Clearly the norms | - || g} decrease as a function of ¢ € [r,00), and so the
I

maximum among these norms is || -

For example, by [8, (4.9)], we have
1/t
I f)ld = (AN + -+ 15077 (neN)

whenever fi,..., f, in L"(Q) have pairwise-disjoint supports, and, in par-
ticular,
(1.6) 161, ..., 0 =0t (neN),

where we regard J; as an element of /. Further,

L) oo FT = WAV VSl | (froeees fu € LT(Q), n € N);
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this is equation (4.13) in [8]. Thus (]| - HT) is the lattice multi-norm on
L7(Q); see [8, §4.3].

Let Q be a measure space, and take ¢ > 1. By [8, Theorem 4.26], we have
1= 1 157 on LH(€).

Lemma 1.8. Let €2 be a measure space, and take r,t1,ty such that
1<r <t <ty <oo.

Then
I(frs- s fa) 22 = sup {Hm, LGS TG < 1}
j=1

for each fi,..., fn € L"(Q) and n € N, where v satisfies 1/v = 1/t; — 1/ts.

Proof. Let X = (X3, ..., X,) be an ordered partition of €2 into measurable
subsets. Now the generalized Holder’s inequality (1.2) with ¢ = t3 and s = ¢4
and with (; taken to be the value || Py, f;|| for i € N,, shows that

rx((fi,. -, fu)) = sup {Tx((ﬁfl, L Gf)) Z Gl < 1}

for each f1,..., f, € L"(Q) and n € N. Taking the supremum over all such
ordered partitions X gives the result. U

It was conjectured in [10, §3.8] that, whenever ¢t > r > 1, the standard
t -multi-norm on an infinite-dimensional space L"(€2) is never equivalent to
a (p,q)-multi-norm based on the same space. In §4, we shall extend the
cases for which this is true, but, in §4.3, we shall give a counter-example to
this conjecture.

1.8. Earlier results. The basic questions that we are concerned with in
this paper are to determine, for a given normed space, when two (p,q)-
multi-norms based on that space are mutually equivalent and when a (p, ¢)-
multi-norm is equivalent to a standard ¢-multi-norm on the space.

Some elementary relations were given in [8]. For example, the following
is [8, Theorem 4.6].

Theorem 1.9. Let E be a normed space. Then ||x||"" = ||x||

n

max

. for each

x € E" andn € N, and so (|- ||S’1) :n € N) is the mazimum multi-norm
based on E. 0

The mutual equivalence of different (p, ¢)-multi-norms is discussed more
seriously in [10, §3]. The first general result is [10, Theorem 2.11]; it follows
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immediately from [13, Theorem 10.4] by using the connection between (p, q)-
multi-norms and absolutely summing operators given in Theorem 1.7.

Theorem 1.10. Let E be a normed space, and suppose that
I<p<qg<oo and 1<py<q<o0.

Then (|| - H,(lm’qz)) < (I ||£Lp1’ql)) on E when both 1/p1 —1/q1 < 1/ps — 1/¢2
and 1 < qo. g

Given a (p,q)-multi-norm, the following figure illustrates the regions
where the (p, ¢)-multi-norms are definitely smaller and larger than this par-
ticular (p, g)-multi-norm on each space L"(€2). We have not at this stage
excluded the possibility that the shaded regions are larger; indeed, we shall
show in §4 that the upper area can be larger for certain values of r.

FIGURE 1. Regions where the (p, ¢)-multi-norms are smaller
and are larger than a particular (p, ¢)-multi-norm.

To explain the main classification result obtained in [10], we refer to
some curves C. contained in the ‘triangle’
T={p,9):1<p<q<oo}.
For ¢ € [0,1), the curve C. is
1 1
CC:{(p7Q)ET:___:C} )
p q
so that 7 is the union of these curves. Note that, for r > 1, the curve Cy,
meets the line p = 1 at the point (1,77).
Following [10, §3.2], we say that two points P, = (p1,¢1) and Py = (p2, ¢2)
in 7 are equivalent for a normed space E if the corresponding multi-norms

(I - 1P2%) and (|| - |”%)) based on E are equivalent.
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The results in [10] on the equivalence of two such points in 7 for the
Banach space L"(2) are given in the following cases; here 2 is a measure

space, r > 1, and we suppose that L"(€2) is infinite dimensional.

(I) The case where r = 1 is fully resolved in [10, Theorem 3.3].

Indeed, suppose that Py = (p1,q1) and Py = (p2,q2) are in 7. In the
case where g1 < gy, we have (|- [¥*®) < (|| [|%*")). Thus a necessary
condition for the equivalence of P; and P, on L'(€) is that q; = go; in this
latter case, the points P, = (p1,q) and P, = (ps, q) are equivalent whenever

1 <p1 <p2 <q, but (p,q) is not equivalent to (¢,q) when 1 <p < q.
(IT) The case where r € (1,2) is considered in [10, Theorem 3.16].
(IIT) The case where r > 2 is considered in [10, Theorem 3.18].

The above two cases will be fully described below.
Now take r > 1, and set 7 = min{r, 2}. We define the set

1} =U{Cc:c€ 1/7,1)}.

> =
T

Aﬂ:{m@e7=3—1

p q

Note that it follows from Theorem 1.10 that (]| - ||£Lp’q)) < (- ||7(11’?l)) for
each (p,q) € A,.

The following is [10, Theorem 3.9]. The proof uses Orlicz’s theorem and

some strong results on tensor norms; we shall give a direct proof of a some-

what more general result in Theorem 2.1, below.

Theorem 1.11. Let Q be a measure space, and take r > 1 and (p,q) € A,.
Then (|- |9) = (|| [™™) on L"(9). O

Next, the theorems in [10] show that the two points P, and P; in T
are not equivalent for L"(€2) (when L"(Q2) is an infinite-dimensional space)

when at least one point lies outside the region A,, except perhaps in the
following three cases, (A), (B), and (C).

(A) : Both of the points P, = (p1,q1) and Py = (p2,q2) lie on the same
curve C., where ¢ € [0,1/T) and, further, p1,ps € [1,7) when r < 2 and
p1,p2 € [1,2] when r > 2.

The question whether two such points P, and P, are indeed equivalent
was already resolved in [10, Theorem 3.8] in the special case where ¢ = 0:
here, P, = (p1,p1) and Py = (po,p2) are equivalent, and the correspond-
ing multi-norms were shown to be equivalent to the maximum multi-norm
whenever py, ps € [1,7). Further, in the case where 1 < r < 2, so that 7 = r,
the point (r,7) is not equivalent to any point P = (p,p) when p € [1,r) (this

is a result of Kwapien [15, Theorem 7]; see also [3]), and, in the case where
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r > 2, so that 7 = 2, the point (2, 2) is equivalent to each point P = (p, p) for
p € [1,2), and hence is equivalent to the maximum multi-norm for L" ().

We shall prove in Theorem 2.5 that the above two points P; and P,
specified in case (A) are indeed equivalent whenever r > 1. (The case (A)
does not arise when r = 1.)

The second and third cases that were left open in [10] arise only when
r < 2 (so that 7 = r). Suppose that ¢ € [1/2,1/r) and the curve C. meets
the vertical line {(p,q) : p = r} at the point (r,u.), so that u, = r/(1 — cr),
and consider the horizontal line {(p, q) : ¢ = u.}. This line meets the curve
Ci/2 at the point (z., u.), say, where x. = 2u./(2+u.) = 2r/(2(1 —cr) +7),
as in [10, §3.5]. Let us denote by L. the horizontal line segment

L.=A{(p,u;):r<p<uaz.}.
(See Figure 3.) Then the following case was also left open in [10].
(B) : Both of the points Py = (p1,u.) and Po = (ps,u.) lie on the line

segment L..

Further, the following case was left open.

(C): Py = (p1,q1) lies on a curve C., where ¢ € (0,1/r) and 1 < p; <r
and Py is the point (r,r/(1 — cr)).
We regret that we have not been able to resolve whether P, and P, are
equivalent in the case (B); we shall show that we do have equivalence in case
(C) whenever ¢ € (1/2,1/r), but leave open the case where 0 < ¢ < 1/2.

Two points P, = (p1,q1) and Py = (p2,q2) in T are mutually equivalent
for a Banach space E if and only if II,, ,, (E', F)) = I, ,,,(E', F') for every
Banach space F' [10, Theorem 2.8]. Thus one method of showing that two
such points P; = (p1,q1) and Py = (ps,q2) are not equivalent for ¢ is to
show that there is no constant C' > 0 such that

Tgr (Ln - E: = L) < Cmgyp, (In : E;;/ —{,) (neN),
where I, is the identity operator on C™. For example, it is shown in [3] that
Tpp(Ly : 07— £7) ~ (nlogn)" as n — oo

for 1 < p < r < 2, whereas =, (I, : 677;/ — L") ~ n" as n — oo, and so
(p,p) is not equivalent to (r,r) whenever 1 < p < r < 2. There are several
calculations related to these constants 7, , (I, : 7 — £I) in [5, 12, 19], but
it appears that none of them resolve the points that we have left open.

The strongest earlier result about the equivalence of the standard ¢-

multi-norm and a (p, ¢)-multi-norm on an infinite-dimensional space L"({2)
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is given in [10, Theorem 3.22]. It shows that it is only possible for a multi-
norm (|| - Hff ) to be equivalent to (|- Hg]) on an infinite-dimensional space
L7(Q2) when 1 < r < 2. Further, if 1 <7 < 2 and (|| - ||£lp’q)) = (II- ||,[§]) on
L™(€), then necessarily t > 2r/(2 —7), 1/p —1/q > 1/2, and (p, q) lies on
the same curve D, (as defined in [10, §3.5]) as (r,t) with p < 2t/(2 + t).
Stronger results will be given in §4.

2. EQUIVALENCES OF (p, q)-MULTI-NORMS

2.1. Rademacher functions and Khintchine’s inequality. We denote
the Rademacher functions defined on [0, 1] by r for k£ € N; see [1, 6.2.1] or
[13, p. 10], for example. Then |r(¢)| =1 (¢t € [0,1], k € N) and

[ rtona=o Gienizi.

We shall also use a form of Khintchine’s inequality (see [1, Theorem 6.2.3]
or [22, §1.B.8]): for each u > 0, there exist constants A, and B, such that

(2.1)
U 1/u n 1/2
dt) < B, (Z |aj\2>

(5] = (1

J=1

Z a;r;(t)

for all ay,...,, € C and all n € N.
A normed space F has type u for 1 < u < 2 if there is a constant K > 0

such that

1 n n 1/u

(2.2) /0 > itz <K (ZH%’H")
j=1 j=1

for each x1,...,x, € E and n € N.

1/2

2
dt

Theorem 2.1. Let E be a Banach space with type u € [1,2], and take
€ [1,u]. Then there is a constant K > 0 such that

||| < K |l (z € E*, neN).

Proof. The constant K is defined by equation (2.2).

Take n € N and ¢ = (z4,...,2,) € E", and suppose that p1,(A) < 1,
where X = (A1,...,A\,) € (E')". Then the following estimates hold: through-
out the suprema are taken over all (..., ¢, € C such that 3 7, |(;[” < 1.
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Indeed, we have

n 1/s' n
(Z (25, >\j>|s,> = SUP{ D (G, A
— sup{ /0 <ZC,T,(2€)$Z, ' Tj(t))\j> d¢
Y

< pi1,,(A) by (1.3) (in the case where p = 1), and

because HZ?=1 i ()N,

SO
n / 1/s 1
(Z (25, )\jHS) < sup /
=1 0

n 1/u
K sup (ZHQ‘%‘H“) by (2.2)
j=1

9 1/2
dt

> Gt
j=1

<
n 1/u
< Kmax|lal[sup 4 ( > [G]"
JENR =
- K ‘
max |||
because s < w.
The result follows. O

2.2. Calculations for the spaces L"(2). We now make some calculations
that are specific to the Banach space L"({2). Again, we set ¥ = min{r, 2}
for r > 1.

The first result is a reprise of Theorem 1.11 with a more elementary
proof; it follows immediately from Theorem 2.1 because a space L" (), for
r > 1, has type min{r, 2} [13, Corollary 11.7(a)].

Theorem 2.2. Let § be a measure space, and take r > 1 (p,q) € A,.. Then
(- 12) == (- 11" on L7(€2). O

We shall use the following elementary calculation, given in [10, (2.5)],
concerning (p, ¢)-multi-norms based on ¢", where r > 1. Recall that, for
each k € N, we write ¢ for the sequence (0,5 : j € N). Indeed, for each
(p,q) € T and each n € N, we have
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nt/r+1/a=1/p when p < rand 1/p —1/q < 1/r,
(2.3) Au(p,q) = 1 when 1/p —1/q > 1/r,

nl/d when p > r,

where A, (p,q) = ||(01, ... ,5n)||£lp’q) for (p,q) € T.
The next result is a simple part of [10, Theorem 3.11]; it follows by
inspecting the proof of that theorem.

Proposition 2.3. Let Q2 be a measure space such that L"(Q2) is infinite
dimensional, where r > 1. Suppose that Py = (p1,q1) and Py = (p2, q2) lie on
curves C., and C,,, respectively, where co < min{cy,1/7} and py,ps € [1,7].
Then, it is not the case that (|| -] < (|| - |P*®), and so P and P, are
not equivalent for L™(£2). d

The next lemma is essentially the ‘factorization theorem’ given as [13,
Lemma 2.23|, combined with results related to Grothendieck’s constant,
K.

Lemma 2.4. Let F = L*(R2), where Q is a measure space and s > 1. Take
u > s and u = 2 in the cases where s > 2 and s € [1,2], respectively.
Then there is a constant K, > 0 such that, for each n € N and each
A= (A, ) € F" with gy n(X) = 1, there exist (i,...,(, € C and
v=(1,...,vn) € F" such that:

1) A =Gy (G €No);
(i) >0 Gl <15
(1) () < Ko
In the case where s € [1,2], we can take K, = Kg.

Proof. First, suppose that s € [1,2]. By [13, Theorem 3.7], each operator
T € B({>=,F) is 2-summing, with m(T) < K¢ ||T|| (T € B({*>, F)). Sec-
ond, suppose that s > 2, and take u > s. By [13, Corollary 10.10], each
operator T € B({*°, F') is u-summing, and so there is a constant K, (de-
pending on u) such that m,(T) < K, ||T|| (T € B({>=, F)).

Now take n € Nand A = (Ay,...,\,) € F" with p1,(A) = 1, and define
an operator Tx € B({*, F') by requiring that Tx(J;) = A; (j € N,,) and
Tx(0;) =0 (j > n). We note that |Tx| = p1,,(X) =1 by (1.4), and so, in
each case, T is u-summing, with 7,(Ty) < K,.

We now use [13, Lemma 2.23] (taking » = 1 in that result) to see that
there exist (y,...,(, € C and v € F™ with the required properties. O
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2.3. The open case (A). The following result resolves the first open case,
(A), specified on page 10.

Theorem 2.5. Let €2 be a measure space, and take r > 1. Consider two
points Py = (p1,q1) and Py = (p2,q2) in T lying on the same curve C, with
0 < ¢ < 1. Suppose, further, that py,ps € [1,7) in the case where 1 < r < 2
and p1,pe € [1,2] in the case where r > 2. Then Py and Py are equivalent

for L™(§2).

Proof. We set E = L"(Q2), s =1, and F = E' = L*(Q2).
Take p < r in the case where 1 < r < 2 and p = 2 when r > 2. We shall
first show that there is a constant K, > 0 such that

(2.4) ||| < K, ||z]|P” (€ E", n e N).

Indeed, take u = p’ > s when 1 < r < 2 and v = 2 when r > 2.
Let K, be the constant K, specified in Lemma 2.4, and take n € N and
A= (A,...,\y) € F" with p9,(A) = 1; we adopt the notation of the
factorization in Lemma 2.4. Take © = (x1,...,x,) € E™. Then

Z (5, Aj)| = Z (25, G| = Z Gl [y, vi)] < (Z (2, Vj>|u/)

by Holder’s inequality, noting that 37, |(;|* < 1, and so

1/

n n 1/p
D I Al < (Zuxj, W) < Nally” spn() < Ky 2l
j=1 j=1

giving (2.4). This covers the case where ¢ = 0.

For the case where ¢ > 0, consider a point P = (po, qo) which lies on
a curve Cyj,,, where v > 1, and is such that p, € [1,r) in the case where
1 <r < 2and py € [1,2] in the case where r > 2; we recall that (1,v') is
a point of Cy/,. It follows from Theorem 1.10 that it suffices to prove that
(- 1929y < ()] - )t7o%). Again take n € N and @ = (z1, ..., x,) € E™.

By Lemma 1.6 with p = s =1 and ¢ = v/, we have

|||{*" = sup {H(Cm, G I Y IG < 1} :
j=1

By (2.4),

|8 < Ky sup {H@lxl, G [ G < 1} .
j=1
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However, again by Lemma 1.6, now with s = py and ¢ = qg, we have

]| 0% = sup {”(Clxb e G [T TG < 1}

j=1

because 1/v = 1/py — 1/go. Thus (|| - [|1"7) < (|| - | #2%)), as required. O

It remains to be decided whether P = (r,7/(1 — cr)) = (r,u.) is equiv-
alent to (1,1/(1 — ¢)) when 1 < r < 2; we shall discuss this further later.

We summarize the situation in the case where r > 2, where we have a full
solution to the question concerning the equivalence of (p, ¢)-multi-norms.

Theorem 2.6. Let ) be a measure space such that E := L"(2) is an infinite-
dimensional space, where r > 2. Then the triangle T is decomposed into the
following (mutually disjoint) equivalence classes:

(i) the region Tmin == A, ={(p,q) € T: 1/p—1/q 2 1/2};

(ii) the curves T, :={(p,q) € Cc: 1 <p <2}, force (0,1/2);

(iii) the line segment Tmax := {(p,p): 1 < p < 2};

(iv) the singletons Tipq = {(p,q)} for (p,q) € T with p > 2.
Moreover:

(v) there is a constant K > 0 such that

min R 1,2 min
= < - 129 < 1182 < K- 17 (neN),

n

and so the (p,q)-multi-norm is equivalent to the minimum multi-

norm for E, for each (p,q) € Tmin ;
(vi) for each ¢ € (0,1/2) and each (p,q) € T., we have

2,2/(1—2¢ , 1,1/(1—c 2,2/(1—2¢ .
|- |22 <D < BV < R | B2 (e N) 5

(vii) for each (p,p) € Tmax, the (p,p)-multi-norm is equivalent to the
maximum multi-norm for E, and the (1,1)-multi-norm is equal to

the mazximum multi-norm.

Proof. Tt follows from Theorem 2.2 that 7T, is an equivalence class and that
clause (v) holds. By Theorems 1.9 and 2.5, 7. is an equivalence class for each
c € [0,1/2) and clause (vi) holds, noting that the constant in equation (2.4)
can be taken to be Kg because s =r' € [1,2].

It remains to show that there are no other equivalences than those speci-
fied above. Again it is sufficient to prove the result for the space £”. This was
established in [10, Theorem 3.18] with the help of Khintchine’s inequalities

and classical results about Schatten classes. O
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4

q

(1,1) 5 P

F1GURE 2. The various mutually disjoint equivalence classes
of (p, g)-multi-norms on L"(Q2) for r > 2.

We now summarize the situation in the case where 1 < r < 2. Most of
the result is contained in [10, Theorem 3.16]; this is combined with the new
information given Theorem 2.5. Clause (vii) will be extended in Proposition
4.10.

Theorem 2.7. Let Q) be a measure space such that E := L"(£2) is an infinite-
dimensional space, where 1 < r < 2. Then the triangle T is decomposed into
the following (mutually disjoint) sets. Further, two points in distinct sets are
not equivalent, and each specified set is an equivalence class, except possibly
as noted:
(i) the region Tmin == A, ={(p,q) € T:1/p—1/q > 1/r};
(ii) the curves T. :=={(p,q) € Cc: 1 < p < r}U{(p,uc): r < p < x.},
where 1/r—1/u. = c and 1/x.—1/u. = 1/2 for some c € (1/2,1/r);
(iii) the curves T.:={(p,q) € Ce: 1 < p <r}, for some c € (0,1/2];
(iv) the line segment Thax == {(p,p): 1 <p <r};

(v) the singletons Tipq) = {(p,q)} for (p,q) € T with eitherp=q=r
or bothp >r and 1/p—1/q < 1/2.
Moreover:
(vi) there is a constant K > 0 such that
min R 1,7 min
- < 12 < 017 < KA (ne ),

n n

and so the (p,q)-multi-norm is equivalent to the minimum multi-
norm for E, for each (p,q) € Tmin ;
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(vii) in T. for ¢ € (0,1/r), the (p,q)-multi-norms with 1 < p < r are
all equivalent to the (1,1/(1 — ¢))-multi-norm, but we cannot say
whether any two (p,q)-multi-norms on the horizontal segment L,
(when ¢ > 1/2) are mutually equivalent, or whether the (r,u.)-
multi-norm is equivalent to the (1,1/(1 — ¢))-multi-norm;

(viii) for each (p,p) € Tmax, the (p,p)-multi-norm is equivalent to the
maximum multi-norm for E, and the (1,1)-multi-norm is equal to

the maximum multi-norm. O
A
q I o
| /o ,
T I /o
S I 7 721)41) et
uCI _/ | ,
i 5 | //
| 1 i
l // | : |
2 |—/ -~ }// L(/C7Z
| | .
| A T.whence (1/2,1/r)
| | /:/ |
| | 2 |
f —
| 7 | 7. when ¢ € (0,1/2]
| - |
I . |
Ve e e | >
(1,1) A P

FIGURE 3. The various mutually inequivalent sets of (p, q)-
multi-norms on L(Q2) for 1 <r < 2.

3. THE [p, ¢|-CONCAVE MULTI-NORMS ON BANACH LATTICES

In this section, we shall introduce a new class of multi-norms on general
Banach lattices, and relate some of them to standard ¢-multi-norms: these
multi-norms are of interest in their own right, and also will help us to settle
at least one of the above questions about the equivalence of the (p,q)-
multi-norms and to resolve the conjecture on the equivalence of (p, ¢)- and
standard ¢-multi-norms on £".

Let (L, || -||) be a (complex) Banach lattice. A summary of all necessary
background in Banach lattice theory is given in [8, §1.3].

Throughout, L’ denotes the dual Banach lattice to L. We write |z| for the
modulus of an element x € L. Take n € N and an n-tuple (z1,...,x,) in L".

1/p
Recall that, for each p > 1, we can define the element (Z?zl |z;|” > €L
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by the Krivine calculus, and that

n 1/p
(Z |~”Cj!p> = sup {
=1 =

n
Z Gz
7j=1

: Clu'-ane(Cv Z|Cj|p,§1} )
j=1

where the supremum is taken in the Banach lattice sense; for more details,
see [8] and [17, II.1.d], although only real Banach lattices were considered

in the latter source. In fact, it can be seen that

n 1/p n n
(Z|xj|p) :sup{% (Z@y) : (1,...,G, €C, Z|(j|p,§1}
j=1 j=1 J=1
:SUp{ZK}Iﬂ: Cl,...,CnE(C, Z‘<j|p/§1} .
J=1 J=1

It is also obvious that

n 1/p
(31) ,up,n(xl,...,xn) S <Z|:L'J|p> ,
j=1

with equality whenever L is a C'(K)-space.

Definition 3.1. Let (L.||-||) be a Banach lattice, and take p,q > 1 and
n € N. For each € L", define

n 1/q n 1/p
||| = sup (Z (2, w) : (Z w) <1,
J=1 J=1
where Ay,..., A\, € L'. Then || - ||T[f’q} is the n'™ [p, q]-concave norm on L".

Clearly, we have (||-||7[f’qﬂ) < (||-||£f’q2]) when 1 < p < ¢ < ¢ and
(I 1) < (- 1) when 1< py <o <.

We shall prove that (]| - ||£f’q] : n € N) is a multi-norm on L whenever
1 < p < q < oo, and then we shall call the sequence (||-[|P? : n e N)
the [p, q]-concave multi-norm on L. For the remainder of this section, we
suppose that L = (L, || - ||) is a Banach lattice.

Lemma 3.2. Suppose that 1 < p < q1 < ¢a < 00. Then

2] = sup {n@m, LG [P Y Gl < 1}
j=1

for each ® = (x1,...,2,) € E™ and n € N, where u satisfies the equation
lu=1/q1 —1/g.

Proof. This is essentially the same as the proof of Lemma 1.6. U
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Following the argument in [2, Proposition 3], we obtain the following

basic result.

Proposition 3.3. Suppose that 1 < p < q < o0, and let 0 : N,, = N,, be

any map. Denote by iy, ..., i, the distinct elements of o(N,,). Then

[p.q] :
[(@oys - s o) || < N irs s 2 )P (20,0 2, € L)
;. n » 1/p
Proof. Let Ai,..., A\, € L' with (ijl I\ ) < 1. Then
" " a/p
> [t A =3 Z oy W< 2| D [ewn M
j=1 k=1 o(j)= =1 \o()=ix
. q
k=1 |o(5)=ik
for some ¢; € C with 3°,;,_; 1G;|” <1, and so
Z {(-%7(]’)7 )‘j”q = Z |<x1k7 :uk>|q )
=1 k=1
where p = > ;=i GAj € L
We sce that, for every ai,. .., ap, € C with 327, |ag” < 1, we have
m 1/p
S| =3 3 man < ()
k=1 k=1 o(j)=
because > 7", 37 i eGP < SO Jagl” < 1. Tt follows that
m 1/p n 1/p
(Swr) = ()
k=1 j=1
and so || (S )| < 1.
The result now follows. U

Theorem 3.4. Let (L, ||-||) be a Banach lattice. Then the sequence
(I s nen)

1s a multi-norm based on L whenever 1 < p < q < 0.

Proof. The multi-norm axioms follows easily, using Proposition 3.3. U
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Let E be a Banach space, and suppose that 1 < p < ¢ < oo. Recall from
[13, page 330] that a bounded linear operator T': L — E is (q, p)-concave
if there is a constant C' > 0 such that

n 1/q n 1/p
(Z ||ij||q> <C (Z |g;j|p) (z1,...,2, € L, n € N);
j=1 Jj=1

the least such constant C' is denoted by K, ,(T"). We write C,,(L, E) for the
space of (g, p)-concave operators; C,,(L, ) is a Banach space with respect
to the norm K ,(-). The Banach lattice L is (g, p)-concave if the identity

operator I, : L — L is (g, p)-concave.

Proposition 3.5. Let L be a Banach lattice, and and take p,q such that
1<p<qg<oo. Then L' is (q,p)-concave if and only if the [p,q|-concave

multi-norm is equivalent to the minimum multi-norm on L.

Proof. Suppose first that L’ is (g, p)-concave, so that C' := K, ,(I) < oo.
Then, for each n € N, x1,...,2, € L, and \y,..., A\, € L', we have

n 1/q 1/q
(Zuxj, w) < max|fa]| (ZHA Hq)

1/p
< CmaXII%H (ZlA !p>

Hence [|(21, ..., 2,)|P? < Cmaxjen, ||z,]| = C[|(21, ..., 2,) 2™
Conversely, suppose that the [p, g]-concave multi-norm is equivalent to
the minimum multi-norm on L, so that there is a constant C' > 0 such that

[z, z) [P <O,z ™ (21,20 € L, n €N),

Let Aq,..., A, € L'. Take n > 1 and j € N, and choose z; € L with
||z;|| = 1 and such that ||A;|| < n|(z;, A;)|. Then

n 1/q n 1/q
(Z HAjnq) <n (Z (a;, w)

Sn”(xla"‘?

(Z N |p> 1/p
< on (jf;w) N

Thus L' is (g, p)-concave, with K, (L) < C. O
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Note that we simply say ‘p-concave’ for ‘(p, p)-concave’; in the case where
p =1, ‘(g, 1)-concave’ is also called ‘having a lower g-estimate’ in [17, IT.1.f].

Let E be a Banach space. By theorems of Maurey (see [18] and [13,
Corollaries 16.6 and 16.7]), we have

Cop(L, E) =Cyi(L,E) C Cr(L, E)
whenever 1 < p < g <7r < oo, and
Co1(L,E)=11,,(L,E) whenever ¢ > 2.
The proof of [13, Corollary 16.7] also gives the inclusion
Coo(L,E) C 1lg4(L, E) .

We also have the following more elementary inclusion, which follows
immediately from the definitions and inequality (3.1):

,,(L,E) CCup(L,E) with K, ,(T) <m,(T) (T'ell, (L, E))

whenever 1 < p < ¢ < oo; moreover, II,,(C(K), E) = C,,(C(K), E) with
K, (T) =m,,(T) (T €11,,(C(K), E)) for a compact space K.
We remark also that, by [13, Theorems 10.4 and 16.5], the inclusion

Clepl (L7 E) - CQ2,P2 (L7 E)

holds, with K, ,(T) < K., (T) (T € Cyp (L, E)) whenever we have
1<p <q <00, 1<py< g <oo,and both 1/p; —1/q1 < 1/py —1/go
and ¢; < qo.

The following result is similar to equation (1.5).

Theorem 3.6. Let L be a Banach lattice, and suppose that 1 < p < ¢ < oo.
Then
] = Kopl(Ty - L' = £7) (z€ L™ neN).

Proof. Set ® = (x1,...,2,) and K, , = K ,(Ty, : L' — (:°).
We see that
1/p

n 1/q n
Kqp = sup Z HT:::)‘J'“Zgo) : (Z ’)‘j‘p> <1
j=1 j=1
n 1/q n 1/p
= sup Z sup [{xy, )\jﬂq) : <Z \)\j|p> <1

j=1 keN, j=1

n 1/q n 1/p
>supq (Y |<$j,)\j>!q> : (Z ’/\j\p> <1
P =1

| [p,q]

= [[(z1,...,2,)]|
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where \i,..., A\, € L'. In particular, this gives H:cHEf"I] < K,

1/p
On the other hand, take A,...,\, € L with H (E?Zl ])\j\p) < 1

For each j € N, let k; € N,, be such that supycy, [(7x, Aj)| = ‘(xkj,)\j>|,
and set 0(j) = k;. Then we see that

n 1/q
(Z sup |<xk,xj>|q) < oy zomn) 7 < ]2

‘o3 keln

Hence K, < ||ac||7[f’q]. O

Consequently, we have the following conclusions.

Corollary 3.7. Let L be a Banach lattice, and consider multi-norms based
on L. Then:

(i) (- ||,[fz’q2}) < (- ||7[f1’q1]) whenever we have 1 < p; < ¢ < oo and
1 <py<q <00 and both 1/p1 —1/q1 <1/ps —1/qs and ¢1 < qo;

i) (|- 129y < (|| - |P9) whenever 1 < p < q < oo;

(i) (- 129 = (- 159 = (- [157) whenever 1 < p < q <1 < oo;

(iv) (]| - HQ’Q]) = HS’Q)) in the case where q > 2;

@) A1) < (- 122, O

Proposition 3.8. Let E be a Banach space, and take r > 1. Then the map
T = (T(5;)), Cia(t",E) = "(E),

18 an isometric isomorphism.

Proof. Take T € Cy1(¢", E). Then, for each n € N, there are ay, ..., a, € C

with

n

n 1/r n
> oy <1 and (Z ||T(5j)||r) = T (a;6,)] -
=1 =1

j=1

Therefore

n 1/r
(Z ||T(5j)||7") < K14(T)

Conversely, take & = (z;) € ("(F), and set T'(d;) = z; (j € N); extend

T to be a linear map from cqyy into F. Then, for each n € N and each

n

> layé;]

J=1

= KI,I(T) .

e’
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fi,.- ., fn € Ccoo, We see that

ZHTfk ||<ZZ|fk )T, ||—ZZ!fk ) s

k=1 j=1 7j=1 k=1
00 n AN 00 1/r
< (S (Zuwon) ) (Ser)
j=1 \k=1 j=1
= | x| ||33||er(E)
k=1 o’

Thus T extends uniquely to an operator in CLI(W', E) with the 1-concave

norm at most |||,z O

We can now give a key relationship between a standard ¢-multi-norm

and certain concave multi-norms.

Theorem 3.9. Suppose that 1 <r <t < oo, and set 1/v =1/r—1/t. Then
the standard t-multi-norm is equal to the [1,v']-concave multi-norm on 7.

Proof. By Lemmas 1.8 and 3.2, it is sufficient to consider only the case
where r = t, so that v = 1. Thus we need to show that

(@ = (21,...,2,) € ()", n eN).

’[1 Al

[, = [l

However, we have seen that

n 1/r
U1l — g (T 07— 1) = (Z ||Té(5j)||r)
j=1

= [lfza[ V-Vl s

and this gives the result. Il

4. EQUIVALENCE OF THE STANDARD ¢-MULTI-NORM AND A
(p, ¢)-MULTI-NORM

4.1. Notation. We now consider when a standard ¢-multi-norm is equiva-
lent to a (p, ¢)-multi-norm on an infinite-dimensional space L"(£2). In fact,
this problem clearly divides into two separate questions: determine when
(- 15 =< (- 199) and when (][ [9) < ([|- 14)).

We define two new subsets of the triangle 7 for 1 < r <'t, we set

By ={(pyg) €T :1/p—1/q¢<1/r =1/t ¢ <t}

and

Cri={lp,q) €T :1/p=1/q>1/r =1/t} U{(p,q) €T : q > t},
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so that B,; and C,, intersect in the curve

Ly ={(p,g) €T :1/p—1/qg=1/r=1/t, p <r}U{(p,t) €T : v <p < t}.

Further, we set B, = B,, = {(p,p) : 1 <p <r} and C, = C,, = T. Note
that

Biy={(p.q) €T :q<t} and Ciy={(p.q) €T :q>t}.

The answer to the first question is easy.

Theorem 4.1. Let Q2 be a measure space such that L™ () is infinite di-
mensional, where v > 1. Then (|| - ||7[f]) < (|- ||7(f’q)) for L"(Q) if and only if

(p,q) € Byy.

Proof. Let S be the set of points (p,q) € T with (|| - |!) < (|| - |*?).

By [8, Theorem 4.22], (|| - Hif}) < (I Hﬁf’t)), and so (r,t) € S. By Theorem
1.10, we increase (|| - ||,(1p’q)) when we move from (7, t) to any point (p,q) € T
with 1/p—1/¢<1/r—1/t and ¢ <t, and so B,; C S.

Conversely, let (p,q) € S. In the case where p > r, we have seen that
A,(p,q) = n*? (n € N), and so, by (1.6), we also have ¢ < t In the case
where p € [1,7), by (2.3) and (1.6) again, we must have 1/p—1/q < 1/r—1/t,
which implies also that ¢ < ¢. Thus in both case (p,q) € B, and so
S C By O

We now consider the second question.

Definition 4.2. Let 2 be a measure space, set £ = L"(2), where r > 1,
and take t > r. Then

Dv={p.) eT:(- 1" < (|- I) on E},
with D, = D,.,.

Note that D,;, C D, whenever r < t; < {5, and hence, in particular,
D,, C D, whenever t > r. It is clear that A, C D,, for t > r > 1 because
(- ||7(1p’q)) = (|| -I™") when (p,q) € A, by Theorem 2.2. By comparing the
values of ||(8,...,0,)[| P and ||(61, .. ., 6,)]I!Y given in equations (2.3) and
(1.6), we see that D,; C C,., for t > r.

We now work on the spaces 7, where r > 1.

4.2. The case where r = 1. We first give a full solution to our questions in
the case where 7 = 1. Recall that we have (]| - |I1) = (|| - | = (|| - ||™)
on ¢! and so D1y =T.
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Proposition 4.3. Taket > 1. Then

Diy=A{(pq) - ¢ = max{t, p}} \ {(t, 1)} = Cra \ {(t, 1)} .
Proof. We know that

Dy, C Cry =A{(p,q) : ¢ > max{t,p}}.

Also, it is proved in [8, Theorem 4.26] that (|| - ||,[;ﬂ) = (|| ||£Ll’q)) on (! for
each ¢ > 1, and so (1,¢) € Dy ;. By [9, Theorem 5.6] (which depends on [20,
Corollary 2.5], ¢f. [13, Theorem 10.9]), we have (|| - ||£lp’q)) = (- “7(11,(1)) for
1<p<gq,andso (p,t) € Dy, for 1 <p<t.

Take (p,q) € T. It follows from the previous paragraph and Theorem
1.10 that (p,q) € Dy whenever g > t and g > p. It remains to consider the
case where ¢ = p. If ¢ = p > t, then, by [9, Theorem 5.6] again, we have

9. 17
(- 1%y < (- 159y = (|- 19y,

and so (p,p) € Di;. On the other hand, in the case where p = ¢ = t,
we certainly have (|| ||7(11’t)) < (] ||7(ft)) However, by [10, Theorem 3.2],
(- 157 2 (- 15), and so it follows that (|| [$) % (|- [ = (]| - ).
Thus (t,t) & D,. O

Theorem 4.4. Suppose thatt > 1 and 1 < p < g < oo. Then

(I 1% = (|| - |

on the space {1 if and only if p=q=t=1o0orp<q=*t.

Proof. This follows from Theorem 4.1 and Proposition 4.3. U

4.3. The case where r > 1. We now turn to the case where r > 1.

Lemma 4.5. Taket >r > 1 and 1 < p < q < oo, and consider the space
(" . Then

1

11
Ar C Dr,t - {(pv q) € Cr,t : p -

>-lce,.
q_2}+ !

Proof. Let n € N. As shown in the proof of [10, Theorem 3.22], there exists
an element g = (g1,...,9,) € (¢")" such that ||g]|g} <1and

gl ~ 101, 8)|PD as m— 00,
where we are now regarding 4, . .., d, as elements of /2. Now suppose that

1/p —1/q < 1/2. Then it follows from (2.3) that |\((51,...,(5n)|]7(fﬂ) > ne,
where a = min{1/2+1/q —1/p,1/q} > 0. Hence (p, q) & D, ;. O
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The following theorem, which is essentially [10, Theorem 3.22], deter-
mines fully the relation between the multi-norms (|| - |#?) and (|| - ') on
the space £" in the case where r > 2.

Theorem 4.6. Suppose thatt > 1r > 2 and 1 < p < g < oo, and consider
the space £7. Then (|| -||%?) < (|- |") if and only if 1/p — 1/q > 1/2, and
(11" < (I I1%9) if and only if (p.q) € Byy. In particular, (|- |"*) and
(- ||[Tf}) are not equivalent on L for any (p,q) € T and any t > r.

Proof. Since r > 2, the set A, is equal to {(p,q) € T : 1/p—1/q > 1/2},
giving the first clause. The second clause is Theorem 4.1. U

FIGURE 4. The sets B,; and D, for r > 2

It remains to consider the case where 1 < r < 2, and again it is this case
that is the more difficult. Throughout we fix ¢ > r and define v by
1 1 1

vor ot
taking v = oo when t = r.

Proposition 4.7. Suppose thatr € (1,2),t > r, and1 < p < ¢ < oco. Then:
(i) (p,q) € D,y whenever 1/p —1/q > 1/v and v < 2;
(ii) (p,q) € Dyt whenever 1/p—1/¢>1/2 and 2 < v < 00;
(iii) (p,q) € Dt whenever 1/p —1/q > 1/2 and v = oo.

Proof. (i) By Theorem 1.10, it suffices to show that (|| - HS’UI)) < (- ||,[i])

By Theorem 3.9, (|| - ||[Tf}) = (|- ||£Ll’v/]). Also it follows from Corollary 3.7(iv)
that (|| - [|*7) 2 (|| - ||I*7), where we note that v/ > 2.
(if) By Theorem 1.10, it suffices to show that (|| - |**) < (|| - |} when-

ever u > 2. But now

-1y = (- 1Ty > (- g0y 2= - 15"y on e,



28 O. BLASCO, H. G. DALES, AND H. L. PHAM

as required.

(iii) By Corollary 3.7(v), we have (||- ||£Ll’2)) < (I HEQ]); by Corollary
3.7(i), we have (|| -[|2?) < (|- |"); by Theorem 3.9, (|| - |1y = (|| - ||

n

This gives the stated result. U

We interpret the above proposition in Figures 5 and 6, below.

q

FIGURE 5. The set B,; and (the possible range for) the set
D,;whenl<r<2¢t>r,and 1/r—1/t <1/2. When r > 2,
the set D, contains the dotted line.

It follows from Figure 5 that, in the case where 1 < r <t and v > 2,
the multi-norms (|| - ||7(1P’Q)) are never equivalent to the multi-norm (|| - ||£f])a
as remarked on page 12.

FIGURE 6. The set B,; and (the possible range for) the set
D,y whenl<r<2 t>r,and 1/r—1/t>1/2

Corollary 4.8. Suppose that r > 1 and that 1 < p < q < oo. Then
(1) < (- 115 on €7 if and only if 1/p —1/q > 1/2.
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Proof. Suppose that (p,q) € D,. Then 1/p —1/q > 1/2 by Lemma 4.5.
Suppose that 1/p —1/q > 1/2. Then (p,q) € D, on £": this follows from
Theorem 4.6 when r > 2 and from Proposition 4.7(iii) when r € (1,2). O

Thus A, C D,y C D, = Ay and D, C C,.
We now have the following counter to the conjecture in [10, §3.8] on the

equivalence of (p, ¢)-multi-norms and standard ¢-multi-norms.

Theorem 4.9. Suppose that 1 < r < 2, thatt > r, and that 1 < p < q < 00,
and consider the space " . Suppose further that 1/r — 1/t > 1/2. Then
(- 15y 2 (11 11) whenever

1
7 and 1<p<r.

S |-

Proof. Take v as above, so that v < 2, and suppose that 1/p—1/¢ = 1/v. By
Proposition 4.7(i), (p, q) € D,., and, by Theorem 4.1, (p, q¢) € B, ; whenever
1<p<r. O

In fact, in the case specified in the above theorem, we know that

1 1 1 1 1 _ 1
QET  ——=->-— Ve D,ClpqeC,:~—=->-%,
{oaeri-221-epiclpaea,i-12 1

but this is all that we know; if we could resolve Case (B), above, positively,
we would know that

1 1 1
Dr,: p7q€Cr,:___2_}-
' {( ) pog T2

The above theory does allow us to improve clause (vii) of Theorem 2.7.
We recall that u. =r/(1 —cr).

Proposition 4.10. Suppose that 1 < r < 2, and consider the space (" .
Suppose further that 1/2 < ¢ < 1/r. Then the points (1,1/(1 — ¢)) and
(r,u.) are equivalent, and there is a constant K such that

U R 1,1/(1—c U
[0 <[ )P0 < VD < K- (e N)

whenever (p,q) € C. and 1 < p <.

Proof. The new information is that (|| - [|"*)) 2 (|| - |l*]y 2 (|| - |t/ (=)

by Theorem 4.9. O
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5. REGULAR OPERATORS

The above results actually have the following interesting consequence con-
cerning the regularity of operators from ¢" into ¢9.

For a sequence a = (;) € CN, we set |a| to be the sequence (|;|); we say
that a > 0 whenever a; > 0 (j € N). Take r,¢ > 1 and T" € B(¢",£7). Then
T specifies an infinite matrix (7;; : ¢, j € N), where T; ; = (79;); (4,5 € N).
The matrix (|7;;]) then specifies a linear map |T'| from ¢” to C". Another
way to define |T| is as follows. A map T € B({",¢9) is positive if Taw > 0
in /7 whenever a > 0 in £", and T is regular if it is a linear combination
of positive operators; the collection of regular operators from ¢" to (9 is
denoted by B,.(¢",¢%). Thus T' € B,.(¢",¢?) if and only if |T'| € B(¢",¢7). In
fact, T' is regular if and only if it is order-bounded [8, Theorem 1.31]. For
T € B, (07, £7), we define |T| by

T (u) = sup{|T2| : |z] < u} (u=0),
and extend T linearly. For a summary of properties of the space B,.(¢",¢9)
and its connections with ‘multi-bounded operators’, see [8, §51.3.4,6.4.1].

It is well-known that B, (¢",0?) C B({",£?) when 1 < r,q < oo (cf. [6],

where more general results are proved).

Theorem 5.1. Take r > 1. Then the following conditions on (p,q) € T are

equivalent:
(a) (I 1) < (- 17y om 7
(b) there exists a constant C' > 0 such that
AL € = G < C A=, — )
for every m,n € N and every n x m matriz A ;

(c) T € B, (€7, £7) whenever T € B({", (P).

Proof. We set s = 1r'.

(a) <= (b) From the definition, we see that (| - ||£lp’q)) < (- ||Z]) on ("
if and only if there is a constant C' > 0 such that, for every n € N, every
fi,. oy fn €47, and every Ay, ..., A\, € £, we have

n 1/q
(Z (1), w) < CttpnMs o M) [ )2
j=1

Set f=|fi|V---V|fal. Then f e (¢")* and ||(f1,..., f)I!" = |If]|. So the

statement above is equivalent to the condition that there is a constant C' > 0
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such that, for every n € N, every f € ({")*, and every A,...,\, € % we
have

n 1/q
sup (ZKJ‘}»AJ-)I‘I) Hfu fa €07 with [ Ve VIS = f

S C/ip;n(Al) .. 7)\71) ||f|| .

Since the supremum above is attained when |f;| = - = |f,| = f and when

each f;); is a positive sequence, this inequality can be rewritten as

n 1/q
(Z(f, |%|>"> < Clipn(Ms -5 A0) (]l
j=1
for every n € N, every f € ({")*, and every Ay, ..., \, € (*.

By a standard approximation argument, we can reduce the above further
by requiring that the preceding inequality hold for every m,n € N, every
fer)t, and every Ay,..., A\, € £5.

In the latter case, we set A\; = (A1, A2, ..., Amy;) for j € N, and set

f=(aq,009,...,a,). Then the preceding inequality becomes

n m q\ 1/4q
(Z < o yw) ) < Clipn(Ar, -, An) [(ai)
1

7j=1 1=

£r

)T and every A\i, ..., \, € £,
As usual, (A;; : i € N, j € N,) forms an m x n matrix, say A,

for every m,n € N, every (a;) € (€],

m

whose columns are the vectors Aq,...,\,. The above argument shows that
(- ||£LP’Q)) < (|- ||£:}) on ¢" if and only if there is a constant C' > 0 such that,

for every m x n matrix A, we have

Y

AL s e, — 02 | gC’HA:E};'—Mﬁn

where M' is the transpose of a matrix M and we are using equation (1.4). In
other words, the condition in (a) is equivalent to the existence of a constant
C > 0 such that,

AL 6, = Gl < C A 6, — 6]l
for every m,n € N and every n X m matrix A.
This establishes the equivalence of (a) and (b).
(b) = (c) Clearly, (b) implies that |A| € B(¢", £9) whenever A € B({", (),
and hence that A € B,.(¢", (%) whenever A € B({", (7).
(¢) = (b) Assume that (b) does not hold. Then there exists a sequence

(A,,) of finite-dimensional matrices such that || |A,| : ] — £2|| > n whereas
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|Ay, : €7 — £P|| < 1, where * represents suitable indices. Now set
A=40A40 -,

so that A is the block-diagonal matrix where the blocks are the finite-
dimensional matrices A,. Then A € B({",(?), but |A| ¢ B({",¢9). Hence
(c) fails, a contradiction. O

The discussion above leads to the following result, possibly new, about

matrices.

Corollary 5.2. Take r > 1 and 1 < p < q < oo. Then there exists a
constant C' > 0 such that

(5.1) [A]: £y, = Gl < C[|A: £y, — £7]]
for everym,n € N and every n x m matriz A if and only if 1/p—1/q > 1/2.

Proof. This follows from the equivalence of (a) and (b) in the above prop-
osition and Corollary 4.8. O

In terms of operators, we similarly have:

Corollary 5.3. Taker > 1 and 1 <p < g < oo. Then T € B,({",£%) for
every operator T € B(L",£P) if and only if 1/p—1/q > 1/2. O

One implication of Corollary 5.2 was already known (in a stronger form)
by a result of G. Bennett. Indeed, by [4, Proposition 3.2|, there exist a
constant K and, for each m,n € N, an n x m matrix A whose entries are
all £1 such that

|A: e — 0P| < Kmax{nl/pm(lﬁ—1/r)+ ,ml/T'n(l/p‘1/2)+}.
It is easy to see that

HA] = €, = €2 = nVam!"

and so
|A: Ly, — L] L p (/a1 /) 1o
m nll /p=1/q [ 1/ =(1/2=1/r) (1/p=1/2)"=1/a
AT = ¢, — eg = Kt m " )

Now suppose that 1/p — 1/¢ < 1/2. Then (1/p —1/2)" — 1/¢ < 0 and
1/r" = (1/2—=1/r)* > 0, and so the right-hand side of the above inequality
is K max{n'/?="4m=* n=8} for some o, 3 > 0 which depend on only p,
¢, and r, and this expression can be made arbitrarily small by making a
suitable choice of first n € N and then m € N. Thus, for a matrix A of
restricted form, there is no constant C' > 0 such that equation (5.1) holds.
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