Dimension free estimates for the bilinear Riesz
transform

O. Blasco? T.A. Gillespie

1 Introduction.

It is well known that the method of transference is a useful procedure for
obtaining norm estimates independent of the dimension for classical operators
acting on LP(R", dx) (see for instance [1, 12, 13]) and even in the weighted
situation (see for instance [7, 8, 9]). The aim of this note is to combine the
techniques and methods at our disposal from the linear case (see [1, 6, 7, 17,
12]) and the “bilinear transference” method, introduced in [4] (and extended
in [2, 3]), to show the boundedness of certain bilinear multipliers defined in
R" with the norm independent of the dimension n.

One particular case of interest in this note is the bilinear version of the
classical Riesz transforms on R™, defined for 1 < k <n by

(Rif)(z) = ¢, lim flr—y)—D—dy, k=1,2..,n (1)

e—=0 Je<|y|<1/e |y|"+

n+1

where ¢, = F(”T“)W_T, or equivalently, and more useful, by

(RLfYE) = pgo gy €): h=1.2.m )

where f(€) = fpn f(2)e 2™ @) dz. These operators are known to satisfy, for
1 < p < 00, the estimate

1O 1R ()2 oeny < Ol fllzoeny (3)
k=1
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with a constant C' independent of n.
The Riesz transforms are the basic examples of Calderén-Zygmund oper-
ators with kernels which are odd and homogeneous of degree 0.
Throughout the paper K(z) = 2@) where Q is an odd function, ho-

el
mogeneous of degree 0 and integrable over ¥,_;, i.e. Q(—z) = —Q(x) and
Q(A\z) = Q(z) for z € R™ and A > 0, with Q(u) € L*(X,_1). We define
: Q
To(f) = @l [ fle )2V
e—0 Je<|y|<1/e !y|

where ¢, (€) is chosen such that [|Tq|| 2y r2@n) = 1, i.e.
()7 = || K| oo mr).-

We use the notations v,, = 1“(27?1) for the volume of the unit ball and write
2
do the normalized area measure of the sphere ¥, ;. We shall see from our

considerations that actually the following result holds true: The condition
nacn( )]s, < C (4)

implies
ITa()llzr@ny < C|lfllLe@n

for all 1 < p < oo with a constant C' independent of n.
In the last decade the bilinear Hilbert transform, given by

H(f. g)(x) = lim 1 flz—y)g(z +y) dy

=07 Jy>e Y

for f, g belonging to the Schwarzt class S(R), was shown by M. Lacey and
C. Thiele to be bounded from L*(R) x L*(R) into L'(R) solving an old
question by A. Calderén. In the their fundamental work they discover that
the parameter ps in the range space could go even below 1.

Theorem 1.1 (see [10, 11]) Let 1 < p1,ps < 00, 1/p3 = 1/p1 + 1/ps and
2/3 < p3 < 00. Then there exists a constant C' > 0 such that

IH(f, 9)llzes®) < Cllfllor @) |9l o2 w)- (5)



In a similar way we shall define the bilinear version of the operator Tg and
shall try to get its boundedness from LP'(R"™) x LP?(R") into LP?*(R™) under
the same conditions on p;. To analyze the independence of the dimension
for the norm of the corresponding bilinear operator one needs to select the
right normalization constant b,(€2). Let us introduce the natural choice in
the following definition.

Definition 1.2 Given Q as above we define

Bao(f, 9)(x) = b,(Q2) lim flz—y)glz + y)Q(y)

e=0 Je<ly|<1/e ly|™

dy,
where b, () is chosen in such a way that

||BQ||L2(Rn)XL2(Rn)—>L1(Rn) =1.

Let us also mention the formulation in terms of Fourier transforms which
is left to the reader.

Remark 1.1 Let f,g € S(R"). Then

Balf,9)@) =ba(@) [ [ F©amE(E —nye*E=agan. (o)
Let us estimate b,(€2) and calculate ¢, (£2) for particular cases.

Proposition 1.3 Let ) be defined as above. Then

bu(Q) < en(€).

Proof. Denote

5 : Q(y)
Bolf.g)(@) =l | F@=yv)glz+y) Y
and ()
. L o
To(f)w) =l | flz=y) e

We shall show that
||BQ||L2(]R”)><L2(R”)—>L1(R”) > ||TQ||L2(]RW)—>L2(R")-
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If f,g € S(R") we have

y)
|n
= 1L st +29)dn) Dy

Tk
= | </f<x>g< >>‘y

- |/ z)dz].

Now taking the supremum over f, g € S(R") with || f|[z2@®r) = [|g]|L2®n) = 1

. Q
1Bolf gl = | [ ([ =yl +y)da) Ly

>dy!

we obtain ||BQHLQ(R’!L)XL2(RTL)4,L1(RTL) > HTQHLZ(R")H[?(R”) and the result fol-
lows. H

Proposition 1.4 Let a € R™ \ {0} and Q,(z) = <T:;T>' Then, for e; =
(1,0,...,0),

bn(Qa) = la] ™ bn( e,).

Proof. Let A be an orthogonal transformation of R"” such as Ae; = ﬁ and
write fa(z) = f(Ax). Then, for f,g € S(R"),

Bo(fa)de) = [ f(As = y)g(an+ ) (%L

= |a|/Rn fA(x_U>gA($+U)|uT:+1du
= la|Ba,, (fa,94)(x).

This allows to conclude the result. B

Proposition 1.5 ¢,(Q,) = |a|717T7nT+1F(nT+1) = fal"

Proof. 1t is elementary to show that if €2 is odd then

A 1T,

K(g) = 75 /Z ~ u)signu, €)da(uw)

Hence |K(£)| < 2 ||Q| (s, _,)-  In particular for © = Q, one gets
K(a) =5 s, [Qa(u)|do(w).



Hence
200 ()| 115,y = 2. (")

On the one hand, using polar coordinates, one has

n
dr = 1920 :
/|m!<a,w>| v = ol s,

and, on the other hand, using Fubini’s theorem, one also has

QUn 1
a,x)|dxr = la r1|dr = |a :
JL o Maadlde=lal [ |nilde = Jal -7
Hence nv,[|Qq||1(s,_,) = 2|alv,—1 which gives
1 n 1
() = — a7 ().

2

la|mv,_1

Definition 1.6 For a = e, Q(z) = &, k = 1,2,...,n, the bilinear Riesz
transform is given by

U
(Re(f,9))(x) = bn ggg Al (fv+y)| |n+1d3/ (8)
= =i [ [ f@am e gy, (o)
" JRr !S =
where b;l = HBQEl HLQ(Rn)XLQ(Rn)_)Ll(Rn).

Hence Bg, = |a|™* X}, apRi, a € R™\ {0}.

Our aim is to show that the transforms R (and more generally B for
certain €2) define bounded bilinear maps from LP'(R™) x LP?(R™) into LP3(R™)
for pi =L 4+ L for1 < p,ps < oo and certain values of p; with norm
independent of the dimension. As in the linear case we shall make use of the
method of rotations and a transference result.

We now define the directional bilinear Hilbert transform R” as follows:

Given u € ¥,,_1 we denote
u 1 dt
H*(f,g)(z) = lim — flz —tu)g(z + tu)—
e=0 T Je<|t|<1/e t

We also use the notation

H(f,9)(z,y) = HW(f,9)(x),z € R,y € R",y # 0.

Here is our version of the method of rotations in the bilinear case.



Theorem 1.7 LetQ € L'(3,_1) be odd and homogeneous of degree 0 and let

U € L'(RY,40). Define dpu, (x) = o (|])dx and (f, g),., = fyn f(@)g(0)bn (2] d
Then

Ba(f,9)(w) = Snvaba(@) [ H(f,9)(z, )Qu)do(). € R (10)

Yn-1

b, (Q)
Ml e

Bo(f,9)(x) = (H(f, 9)(z,.), K)p,,x € R (11)
for f,g € S(R™).

Proof. Use the spherical coordinates to obtain (10).

Bo(f,9)(x) = nuubn(Q)lim / - /€<t<1/s (x—tu)g(x+tu)9<tu>da(u)dt

a—>0
nv,

= —b Q) lim /En 1 /5<|t<1/5 flz —tu)g(z + tu)QSfu)dO-(U)dt

€—>0

- gnvnbnm) [ QWH(.g) @ wdo(w).

n—1

Now

(HF9)w) KD = [ B 0) ) ool

= [ /2 H(L9) 0o )

2/|4nl| L1 gt ar

Let us mention the transference result we shall need later on. Let G
be a l.c.a group with Haar measure m, let R : G — L(LP(u), LP(u)) be a
representation of G into the space of bounded linear operators on LP(u) for
some measure space (£, 2, u), i.e. t — Ry verifies RyRs = Ry.s for t,s € G,
limy o Ryf = f for f € LP(p) and sup,c; || Re|| < o0o. For a given K € L'(G)
with compact support we denote

Cie(9.0)(s) = [ 6ls —t)u(s + DK (dmi(t)
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(defined for nice functions ¢, defined on G). We consider the transferred
operator by the formula

Ti(f.9)(w) = [ Roof(w)Rig(w)K (t)dm(?)
where f and ¢ are functions defined on 2.

Theorem 1.8 (see [4]) Let 1 < p1,ps < 00 and 1/ps = 1/p1 + 1/ps and let
R be a representation of R on acting LPi(u) fori = 1,2. Assume that there
exists a map S : R — L(LP3 (), LP3(pn)) given by t — Sy such that Sy are
invertible with sup,cp ||St|| =1 and

Ss((R—tf)(Rtg)) = (Rs—tf)<Rs+tg)

fors,t € R, f e LP(u) and g € LP*(p).

If K € LY(G) has compact support and the bilinear operator Ck is bounded
from LP(G) x LP*(G) into LP*(G) with “norm” Ny, ,,(Ck) then Tk is also
bounded from LP* () x LP* () to LP3 () and with norm bounded by C' Ny, ,,(Ck).

For each u € ¥,,_; we can use the representation R : R — L(LP(R™), LP(R"))
given by R}f(x) = f(x — tu). Hence Theorem 1.8 can be applied, using
Sy = R} together with Fubini’s theorem, to obtain the following result.

Corollary 1.9 Let 1 < py,py < 0o,p3 > 2/3 and 1/p3s = 1/p1 + 1/py. Let
P € LP(R™) with ||¢||,, =1 and

Hy(f,9)(z,y) = H(f,9)(x,y)¥(y) ye€R"\{0}.

Then Hy : LP1(R™) x LP2(R™) — LP3(R?") is bounded with norm independent
of n.

An application of Minkowski’s inequality in Theorem 1.7, combined with
Theorem 1.8, allows us to conclude the following boundedness result.

Theorem 1.10 Let Q be an odd kernel, homogeneous of degree 0, and let
1 <pi,pe <o0,p3>1and1l/ps =1/p1+1/ps. Then Bg : LP*(R") x LP*(R")
to LP3(R™) with

T
| BallLr1x e —zes < §||H||LP1xLP2—»LP3nUnbn(Q)||Q||L1(2H)~



Finally combining Theorem 1.10, Proposition 1.3 and (7) one obtains our
main result.

Corollary 1.11 Let|a| =1, 1< p1,p2 <oo,ps > 1 and 1/ps = 1/p1+1/p,.
Then Y-}_, ax Ry is bounded from LP*(R™) x LP2(R™) to LP3(R™) with norm

independent of the dimension.

Remark 1.2 Observe that Theorems 1.7 and 1.10 are valid for vector-valued

kernels. We can consider Q(z) = (Qi(z), ..., (7)) = fap s a ly-valued
kernel, where €); = Q..
Defining
Y
Balf.9) = (R(f.9). s Bulf.9)) = bu [ F(w = w)gle+y) 7y

the previous method does not give the analogue of (3). Note that ||Q(x)||m = 1
for each x € R" gives B
192021 s,_1 ey =1

and now, using b, < ¢,, one can only estimate 47?(65)(9) 1915, 12y < Cy/n
2

Our aim is now to show that in spite of this observation, also the norm for
the ¢5-valued formulation of the bilinear Riesz transform, at least for ps > 1,
is independent of the dimension. .

Let us select ¥,(r) = (27)"2r"e™% and Q(z) = Qu(2), |a| = 1, in
Theorem 1.7. Observe that

n o0 r n n— 1
nllisy = @m)% [0 Tar = @ 2T T = |G

which gives
20pnll prgary 2¢,
b, (Q) N 7wb,

Yy 2 .
In particular, denoting by dv,(y) = (27)"ze %dy the Gaussian measure

our formula (11) becomes

Cn

() 0, = 2B (7, 0)). (12)



Observing that the coordinate functions ¥, are an orthonormal system
in L%(y,) and following G. Pisier ([12]) we define A, to be the subspace
generated by {y1,...,y,} in L?(7,) and by Q : L*(~,) — A, the orthogonal
projection, that is

N =X [, 5@ ) (13)

Hence applying (12) to this particular case one gets the following analogue
to the result given in [12]

QUIS,0)) () = | 225 (. (o). (1)

n k=1

This allows us to repeat Pisier’s argument ([12]) and get the following
analogue of (3).

Theorem 1.12 Let 1 < py,ps < o0, 1/ps = 1/py + 1/pa, p3 > 1. There
exists C independent of n such that

1O [Re(f 9) )2 pra ey < O\l f e ey |91 12 - (15)

Proof. Following Pisier’s proof one first uses the fact that

n

1D Awill 2oy = ZIAI )2y (16)
k=1

2
where v(p) = (Jg [t[Pe™7 f=)"/".

||(Z ‘Rk(fhg )1/2HLP3(R’IL
k=1

7(p3)7p3 H kzl ykRk(f; g)‘ %1’3 (R™Xvn)

< *HQ( (s gD Es ()
< CHQHW () L3 () L (s O s )
< Ol QN s ()3 () 1 I Eor ey 1911702 ey -
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