AVERAGING OPERATORS, BEREZIN TRANSFORMS AND
ATOMIC DECOMPOSITION ON BERGMAN-HERZ SPACES

OSCAR BLASCO AND SALVADOR PEREZ-ESTEVA

ABSTRACT. We study the class of weight functions W in the unit disk for
which the averaging operators A,¢(z) = T—lm)l fD(Z’T) o(w)dA(w) are
bounded on LP(W), where D(z,r) is the disk centered at z and radius
r in the hyperbolic metric. We also show the atomic decompositions on
weighted Bergman-Herz spaces A7 (W) for weights in the above class for
which the Bergman projection is continuous on the Herz spaces K& (W).

1. INTRODUCTION AND PRELIMINARIES

The purpose of this paper is to study weights W in the unit disk D for
which the averaging operators
1

" A DG o

are continuous in LP(W) of the disk, where dA denotes the normalized
Lebesgue measure in D and D(z,r) is the disk centered at z and radius
r with respect to the hyperbolic metric in D

D(z,r) ={w e D: |p,(w)| < tanh(r)}, 0<r < oo,

where, as usual, we write ¢, (u) = {—; for the M&bius transformation. It is
well known and easy to see that A, is bounded on LP(dA,) for any o > —1
and 1 < p < oo, where dA,(z) = (a+1)(1—|2*)*dA(z). For further results
about its boundedness for radial weights and on more general spaces the
reader is referred to [1] and references therein.

We will also study Berezin-type operators of the form b, .,)

(1—|w
beren(@)2) = (= )7 [ S suaa)
The operators A, and b, .,) are comparable, in fact for ¢ >0
Ar(d)) S Crb(€1,€2)(¢)

P(w)dA(w)
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and for certain weights they share some continuity properties. It is of spe-
cial interest the case b ) = P, associated to the Forelli-Rudin Bergman
projections P, and b, o) that are the a-Berezin transforms used to study
Toeplitz operators on the Bergman space.

The weighted inequalities for the averaging operators A, will be based
on two properties of the weights: on one hand a weak doubling property
denote by D, given by W(D(z,2r)) < C,W(D(z,r)) where D(z,r) is the
disk centered at z in the hyperbolic geometry in D, and on the other hand the
property that we denote by b, which is the Muckenhoupt class A, restricted
to hiperbolic disks of the same radius r. Weights in these classes (even the
Lebesgue measure) are not in general doubling in the hyperbolic geometry
making impossible the treatment of the averaging operators via the Hardy-
Littlewood maximal function acting in a space of homogeneous.

In this paper we shall also study Bergman-Herz spaces and in particular
we shall prove that atomic decompositions are possible in these spaces. The
Bergman-Herz spaces, that we denote by A% (W) consist of all the holomor-
phic functions belonging to the Herz space on D defined by the norm

0o 1/q
1 iz owy = (Z HquLP(An,W)> < 00,
n=1

with 4, = {z € D,1 — 27D < |z| < 1 —-27"}. Atomic decomposition
on weighted Bergman spaces have been extensively studed and constructed
for Békollé weights by Békollé-Bonami [4], Luecking [10] and Constantin
[5]. In this work we use the classes by, to propose ”"weighted Kellog spaces”
as the natural sequence space to base atomic decompositions for weighted
Bergman-Herz spaces.

In Section 2 we introduce classes of weakly doubling weights and study
the continuity of the Berezin-type transforms b, ,) in LY(W). In Section 3
we obtain a full characterization of weights W for which there exists » > 0
such that A, is continuous in LP(W). Weights in D, where the doubling
constant C, grows like eM” will be called M-doubling. We will prove that for
these weights A, and b, ., have common continuity properties in L*(W).
Then in Section 4 we study Bergman-Herz spaces with weights satisfying
the property b, including the sequence space where the sample sequences
(f(2x))x taken from an r-lattice (zj) lie for f € AD(W). In Section 5 we
prove that that atomic decompositions are posible for the elements the Herz
space AD(W), 1 < p,q < oo, provided the operator P* is continuous in the
Herz space A4(W).

By a weight we will always mean a function W : D — (0,00) which
is locally integrable with respect to dA. We write dW(z) = W (z)dA(z),
dWe(z) = (1 — |2*)°dW(2). For 1 < p < oo we denote |fllromy) =
(Jp |f(2)[PW (2)dA(2))/? and W (E) = [z WdA.

Throughout the paper hol(D) is the space of all holomorphic functions in
D and AP = LP(D) N hol(D ) the Bergman space for 1 < p < co.
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We write AP(W) for the space of all holomorphic functions in LP(W).

Since we want that the polynomials (in particular constant functions)
belong to AP(W) we assume that W € L'(dA) when dealing with spaces of
holomorphic functions. We have the chain of inclusions A> (D) C AP*(W) C
APL(W) for py < pa < oo.

Denote the Bergman-type projections, for a > —1,

Pt = [ a e daatu)

P, is the orthogonal projection of L?*(dA,) onto L?(dAa) N hol(D).
The case a = 0 is the standard Bergman projection. We also denote

P = [ A )

p|l—
We will write P = Py and P* = Fj. It is well known that P, and P} are
continuous on LP(D, (1 — [z[*)fdA(z)) for 0 < e +1 < p(a + 1), (see [8,
Theorem 1.9]).
In fact, for 1 < p < oo, the complete characterization of weights for which
P, and P} are bounded on LP(W,) was given by D. Bekollé (see [3]). By
using the pseudo-distance

z w ’
2| |w]

and writing B(z, R) = {w : d(w, z) < R}, it was shown that a P is bounded
on LP(W,) is equivalent to the existence of a constant C}‘;"(W) >0

(2) ( AatB) /B WdAa> (Aal(B) /B W—1/<p—1>@u4a)p_1 < CH(W)

for any B = B(z, R) such that BN dD # ().

Let us finally recall the notion of r-lattice (see [12]) : for every 0 < r < oo
there exists a set that we will call an r-lattice D, = {z;} of points in D and
an integer N (independent of ) such that

P1) {D(z,r/4)}; are disjoint,

P2) D = UZ‘D(Zi,T),

P3) Every point of D belongs to at most N elements of {D(z;,2r)};.

For this set D, we can find subsets D,, such that

(3) D(zp,r/4) C D,y C D(zp,1)

a(zw) = 12] = wl| +

for all n > 1, and {D), }nen is a disjoint covering of D.
We will write A ~ B if there exists C' > 1 such that C~1A < B < CA.
2. DOUBLING WEIGHTS AND BEREZIN-TYPE TRANSFORMS

We will consider two doubling conditions for the measures defined by
weights. To start off we mention a basic estimate for the area measure. We
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first recall that D(z,7) = A(C(z,7), R(z,7)) with

1—s? 1—|z)?
_— R = -
1-— 32]2\22’ (z7) 1-— 32]2\2

where we use the notation s = tanhr € (0,1) and A(w,r’) for the euclidean
ball of center w and radius 7.
In particular,

C(z,r) =

(1 —[2%)"s
(4) ‘D(Z,T)‘ = m, S = tanh(r).

From (4) we can obtain uniform estimates in z for |%( )‘ , in fact
|D(z,2r)| (tanh(2r)> 1 — |z|* tanh?(r ( 1 — |z| tanh(r) )
|D(z,7)| tanh(r) 1— |z| tanh2 27« 1 — |z| tanh(2r)
Since % is increasing in |z| we find that

|D(z, 2r)| 1 — tanh(r) \? "
— < - < .
(5) D) =\ Tty ) =°°

Definition 1. Let 0 < r < co. We say that a weight W € D,. if there exists
C, > 0 such that

(6) W(D(z,2r)) < C,W(D(z,71))
for all z € D.

Using (5) we have that condition W € D, is equivalent to

Aor (W)(2) ~ A (W)(2).
Observe that W = 1 € Ny>oD, and that if W € N,-oD, then for each
0 < r1 <rg < oo one has

(7) W(D(Zarl)) NW(D(ZaTQ))a'ZED'

A special subclass of weights in N,<qD, is given by those where C, =
CeMT for certain M > 0.
Definition 2. Let 0 < W(z) < oo be locally integrable and M > 0. We say
that W is M-doubling if there exists C > 0 such that
. W(D(z,2r)

W(D(z,r))

for all z €D and r > 0.

< oM

Remark 3. If W satisfies the M-doubling condition then there exists B > 0
such that

W(D((z,kr)) < kﬂeMkT’W(z,r)
for k > 2.
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Indeed, assume W (D(z,2r)) < CeM"W(D(z,r)) and set N = [logzk].
Then for each r > 0

W(D(z, kr)) NN
W(D(r) = W=

with B = loga(C).

MEkr

1(6 2 ) < eMkrkﬁa

Proposition 4. Let o« > —1. Then dA, satisfies an (4 + 6|a|)-doubling
condition.

Proof. Let |z| < 1 and r > 0 and set s = tanhr. Due to the fact that we
deal with radial weights we have that A, (D(z,7)) = Aa(D(|2|,7)). Since

2l =s z[+5

D NR=
() nR=(12 EE
then
D(|z|,r) C {w : max{ 2 = 5 0} < |w| < |2 + 5 }.
1—slz]” 7 — 1+ sz
In particular
(1—1]z)A - s) 1—|z]

9) 5 <1 - |w| < min{l,2 }, we D(lz],7).

By (9) we have for any a > —1,

1—s

w (4 )_'a' (12D < (1 w])® < (ﬁ)' (- [2he,

-

Now observe that if s = tanh(2r), we have that s’ = 1_2; 5. Hence, using
_g)2 )2

that % <1l-§ = % <(1-s)?and1-s= ﬁ we conclude that

A(D(z.20)) € O L AD (. 20) < Ot L0 AD ()
€4T e4r
< C(l — S)lal(l — 3/)|04‘ Aa(D(Z;T)) < CWAQ(D(Z,T>)

< 00l 4 (D(z, 7).
O

Recall that for &« > —1 one defines the a-Berezin transform of ¢ €
L'(dA,) by the formula

Ba()2) = (1= P [ .,

Let us consider the following definition (see [8]) which allows to consider

P and B, as special cases.
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Definition 5. Let ¢; > —1 fori=1,2. We shall define

— lwl?)e2
beren @) = (1= 1297 [ LEHE twaaw)

for ¢ € L>°(dA).

Remark 6. Let 1 <p < oo andd € R. Then b, ,) is bounded on LP(dAs)
iff —pe1 <d+1<p(ea+1) (see [8, Thm 1.9]).

Lemma 7. For each R > 0 there exist Cr > 0, such that for every ¢ > 0
measurable,

C
(11) Ar(9) € T3 by e (9), 0<r<R

Proof. Denote s = tanhr. Clearly we have

_112)242
(12) (1—[2[*)?2s* < |D(z,7)| < (1(i (tan|h)R)2)2

and also, using the well-known formulas for w = ¢, (u)

,0<r <R.

i
(13) |1 —zw| = 1=
and
_ (=P -2
(14 e

one concludes that for w € D(z,r) one gets
1— 2
Lo <1 -] < LD
1-s
and one gets
2(1 — ||?
(1= - [ < (1 - w?) < 2EED)
—s
Hence, since r < eQTTfl < s<e? —1and0< s < tanh R we obtain

AOE) S e | PdA)

_2261 _w252
e il /D A=) G wyaaw)

r2 (2,7) ’1 — Z?IJ‘61+62+2

C
< be(al,az)(@(z)-

O

Theorem 8. Let W be a weight satisfying the M-doubling condition. If
min{ea, 2+ €1} > M/2 then for each r > 0 there exists K, > 0 such that

b(81762) (W) < KA (W).
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Proof. Using (13) and (14) one easily concludes that for w € D(z,r),u =

v, (w) and r > 0

e | B e (R U
R P

In particular for e; — g9 + 2 > 0 one has

(1= [z (1 = |w]?)= (1 — |uf)=
16 <C
1o IR (R ERE
and for e1 —eg +2<0
(1 =]z (1 = Jw]?)=2 (1 — Jul)**=

<C
1= zwfrrtet? = (I )2

where we have used the estimate |1—zu| > 1—|u|. Take § = min{eg, 241} >
0 and decompose

D = D(z,r) U (U D(z, (k+ 1)r)\ D(z,kr)).
Note that for w ¢ D(z,kr) one has that |u| > tanh(kr) and therefore
1—|u| < ﬁ < 2e2¢" . Hence from (16) and (17)
(L= o)1~ uf?)2 _ Ce
[EET A PR

This shows, using Remark 3, that

(17)

w € D(z,(k+1)r)\ D(z,kr).

(1- \z’2)2b(81752)(W)(z) < CW(D(z,r)) + CZ e (D(z, (k + 1))

k=1
< C(Ze"<M—25>kk5)W(D(z,r)).
k=0
Denoting B, = .22, " M2k one gets that B, < oo since 26 > M and
for a constant C;. that b, .,\(W) < C,. B, A (W). O

Now we study the weights for which b, .,y is bounded on LP(W) for
1<p<oo.
Proposition 9. Lete; + e3> —1,1 <p < oo and W be a weight such that
WY1 s also locally integrable. The following statements are equivalent.
i) b(c,,e0) extends to a bounded operator on LP(W).
ii) beyer) extends to a bounded operator on LY (w1 =1y,
iii) P ., extends to a bounded operator on LP(W¢,;).
extends to a bounded operator on L' (WY P=1)_ ).

: *
IV) P€1+€2
Moreover the norms coincide.

Proof. The equivalence (i) <= (ii) follows from the fact that b, .,) is the
transpose of b, .,) with respect to the duality of LP(W) and LP (w—1/(=1))y
given by [ fgdA.
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The equivalence (iii) and (iv) is the symmetry of Bekolle’s condition (2).
Finally for (iii) <= (i) use that by .) = P/, and

Diey e0) (@) = (1= |2[2)b(c, .09 45) (1 — [0[}) ).
for § € R. Hence b, .,) is bounded on LP(W) if and only if b, _5/p.c,+5/p)

is bounded on LP(W).
U

Corollary 10. Leta > —1 and 1 < p < oco. Then P is bounded on LP(W,)
if and only if b /p.a/p) i bounded on LP(W).
Proposition 11. Let W be a locally integrable weight. Then b, .,) extends
to a bounded operator on L*(W) if and only if b, ., (W) < CW  a.e.

In particular for o > —1, P* is bounded on L*(W) if and only if PX(W) <
CW a.e.

Proof. For each non negative f € L!(ID) one has W1 f € LY(W). Therefore

(18) /D Wby o) (W)dA(w) = /D biey ) (fW T WA.

giving directly the continuity of b, .,) if b, o) (W) < CW a.e. Conversely
if b(, ¢, is continuous then using that the dual of L*(D) is L>(D) we con-
clude by (18) that b, .\ (W) < CW a.e. O

3. AVERAGING OPERATORS

To study the A, it will be convenient to introduce the following related
averaging operator.

Definition 12. Let 0 < W(z) < oo be locally integrable and 0 < r < oo.
We define

w Z) = ; w w w).
AY D) = im0 @AW

Proposition 13. For each 0 < W(z) < oo locally integrable and 0 < r < oo

the operator AV is bounded on LP(W) for 1 < p < oo and of weak type
(1,1) on LY(W).

Proof. Since || AY (f)|lc < ||f]loo then using interpolation we shall simply
see that AW is weak type (1,1). Let Q = {z: AV (¢)(2) > A}.

Consider an r/2-lattice D, /5 = {2, }. For each 2 €  there exists n = n(z)
such that z € D,, C D(zn,r/2). Hence

W(Dye) < W(D(0,7/2)) < W(D(z,1))
< A/ oy P )W

— W dw.
> /D R LA

IN
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Hence writing Q = U, (2N D,,) we have

W@ < + Z/ B(w)W (w)dW

neN D(zn,37/2)

< )\/DQS(w)Wde

where we use that there is a finite number of overlappings of D(z,,3r/2) in
the last estimate. O

Proposition 14. Let 0 < r < 0o and W € D,.. Then the operator AV is
bounded on L*(W).

Proof. Assume that W € D,. Since D(w,r) C D(z,2r) for any w € D(z,r)

o1 < WD(w,r)

< m < C,w € D(z,7r).

This allows to write

/ A (D) ()W (2)dA(z) = / / XDZT (w) WD)y POV @)W (2)dAw)dA()
D
W(z)
/ /W)W D(w, ))dA(Z))¢(w)W(w)dA(w)

C /D d(w)W (w)dA(w).

Let us now consider the Muckenhuupt A, condition restricted to hyper-
bolic disks with fixed radius r.

IN

IN

O

Definition 15. Let 0 <r < oo and 1 < p < co. We say that a weight is a
by, weight, for short W € by, if

Wi, =sup (4 (W)(2)) (A (W00 2) " < o for 1 << o

and
W lo; = sup A (W)(2) sup WH(¢) < oo
z€D £eD(z,r)
Proposition 16. Let 1 <p < oo and0 <r < oco. IfW € b, then W € D, 5.

Proof. Let p > 1 and W € bj, . We shall show that AW (z) < C A, oW (2).
Since

1/p
|D(z,7)| < (W(D(z,7))"? (/ Wl/(pl)dA> 7 >0,z€D.
D

Z’T)



10 BLASCO AND PEREZ-ESTEVA

the b, condition implies

(z7)

1-p
< C|D(z,r/2)P < / W1/<p1>dA>
D(z,r/2)

< Cr A, (W)(2).

In the case p = 1 we have A, (W)(z) < W(¢) for all £ € D(z,r). Then the
result follows integrating both sides of this inequality on D(z,r/2). O

1-p
A, (W)(2) < C|D(z,r) P~ ( /D W—1/<p—1>dA>

Lemma 17. Let 0 <r < o0, 1 <p < oo and W a locally integrable weight.
Then W € by, if and only if there exists a constant C' > 0 such that

A (d)(2) < CLAY (¢7)(2))/P
for any measurable ¢ > 0.

Proof. First assume W € by. Hence for ¢ > 0 we have the following estimate

c 1/p /v
A, < WdA WP/PdA
(¢)(Z) N |D(Zu T)| ( D(z,r) ¢p ) (/D(z,r) >

1
W(D(Za T)) D(z,r)

IN

o PPW AP,

Hence
(19) Ar(9)(2) < CAT (¢7)(2) /7.

Assume now that A, (¢) < C(AY (¢P))/P. Selecting ¢ = W57 we have
¢PW = ¢ and therefore for any disc D(z,r),

1 ~1/(p-1)
AT(WZ)_ID(Z,T)I/D(Z,T)W P=DgA

and
1

(AZV(pr)(Z))I/p: (m

This gives W € by.

/ WY@ g4y /.
D(z,r)

O

Theorem 18. Let 0 < 7 < 00, 1 < p < o0 and W a locally integrable
weight. The following are equivalent
i) Web,.
ii) W e D,s, WP/r e D, /o and the averaging operator A, is of weak-
type (p,p) on LP(W).
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Proof. (i) = (ii) Taking into account that W' € b7 is equivalent to w'/p e
b;;,, Proposition 16 gives W € D,/ and WP/ g D, /5.

Therefore, using Lemma 17 and Proposition 13, we have A, is weak-type
(p,p) on LP(1V).

(i) = (i) Consider ¢(w) = W‘l/p(w)g(w)xl)(w/g)(w) for some ¢g €
LP(D(z,r/2)) non negative and with norm 1. Hence for £ € D(z,7/2) one
has that D(z,r/2) C D(&,r) C D(z,3r/2) and therefore

A (9)(§) = ! gW=PqA

D&, )] /D(g,r)mD(z,r/z)

C / 71/
v gWUPdA.
|D(z,7/2)| Jp(zir/2)

Therefore

or . L -1/p
W(D(z,7/2)) <W ({é.Ar(qﬁ)(&) > Bl /D(ZW) gW dA}).

Hence

eak ’

1
_— W1PqA W(D(z,7/2 VP < | Al 1o pr
<|D(Z,T/2)| Lo )( (DG, r/2) < Aoy

and taking the supremum over functions g in the unit ball of LP(D(z,7/2))
one gets
1 / o /
— WP PdAVYP (W (D(z,7/2))YP < || A, >
BT o P (WD (/) < A e

and, taking into account that W € D, ;5 and wP/r e D, ;2 we obtain that
W e by, O

Corollary 19. Let 1 < p < oo, r > 0 and W a weight. Consider the
following statements:
i) W e by,
ii) A, /o is bounded on LP(W).
iii) A, /9 is of weak-type (p,p) on LP(W).
) W e byt

Then (i)=>(ii)==> (iii)==>(iv).

v

Proof. (i) == (ii) Assume that W € b, for some 7 > 0 then in particular

W e b;,/z and W € D, 5 by Proposition 16. From Lemma 17 one obtains

A a(9)(2) < CLAW(P)(2) 17

(the case p = 1 is similar and left to the reader). Hence A, j, is bounded on
LP(W) using Proposition 14.
(ii) = (iii) is obvious.
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(iii) = (iv) It is shown in the proof of Theorem 18 that if A, 5 is of weak-
type (p,p) on LP(W) then W € b£/4 (same argument works for p=1). O
Same arguments show the following situation for weights W € Ny~oD\..

Corollary 20. Let 0 <r < oo, 1 <p < oo and W € Ngs9Ds. The following
are equivalent

D) Wb
ii) A, is bounded on LP(W).
iii) A, is of weak-type (p,p) on LP(W).
As an application of the continuity of A, we prove that for W € by, the
well known inequality ||(1—|z[*)f’||z» < C||f| 4» has an extension in AP(W).

Proposition 21. Let 1 <p < oo and W € Uy>oby,. Then there exist ro > 0
and C > 0 such that
C
1@ =12 owy < ZlFlaswy,  f € AP(W),0 < 5 < tanh(ro).
Proof. Using Corollary 19 there exists 79 such that A,, is bounded on
LP(W). For each 0 < p < 1,
2w
i\ g dt
pf'(0) =2 i flpet)e ™ =

and integrating over (0, s) with respect to pdp we have

SPO)=6 [ fw) " datw)
|w|<r |UJ‘
We shall show the pointwise estimate

C

(20) (1= I ()] < An(£)(2),0 < 5 < tanh(ro).
For 0 < s < tanh(rg), applying (20) to f o ¢, and using (12) we obtain
6 (1 —[2*)?
1—|z]?)|f < = ———dA
O-EPE < G A
96 /
< e dA
SR S, A
9652
< ) dA(
— s3(1—s3)? |Dzr0]/zr u)ldAu)
C
< SAME.
We conclude the proof using that A,, is bounded on LP(W). O

Definition 22. We write W for the set of weights W such that there exist
rg > 0 and C > 0 such that
W(D(z,19))

< CW(z), =zeD.
D(r) =W
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Remark 23. For every r > 0, b} C W, since

W(D(z,r)) i
———— 2 < C inf W(), zeD,
D] = Ceeln
for every W € bj.

Remark 24. For weights W € Ny~oD,, it follows from (7) that W € W if

and only if for any r > 0 there exists C, > 0 so that

W(D(z,r))

(1 —12?)?
We end this section by showing that for M-doubling weights the mem-

bership of W to bf is also related to the continuity of b, .,y to L*(W).

A (W) (z) ~ < CW(z), zeD.

Proposition 25. Let W be an M-doubling weight for some M > 0. The
following are equivalent.

i) WeW.
ii) W € b} for some r > 0.
iii) W € b} for all r > 0.

Proof. Of course (iii) = (ii) = (i).

We only need to show that (i) = (iii). Let W € W. Since every M-
doubling weight belongs to N,~oD, we have by Remark 23 for any r > 0
that A, (W) < CW. Using Theorem 8 if we select (¢1,e2) such that g5 >
M/2,e1 +2 > M/2 one has b, .,)(W) ~ A.(W) < CW. Hence from
Proposition 11, b, -,y is continuous in L'(W), which using (11) gives that
A, is bounded on L'(W) for any » > 0 and therefore by Corollary 19,
Webg/Qforanyr>0. O
Proposition 26. Let W be an M-doubling weight for some M > 0. The
following are equivalent.

i) WeWw.
ii) b(eyer) is continuous in L*(W) for all (e1,e2) such that ey > M /2, e+
2> M)2.
i11) There exists (€1,€2) such that by, .,\(W) < CW.

Proof. (i) = (ii) is part of the proof of (i) = (iii) in Proposition 25.
(ii) = (iii) = (i) are obvious.
O

Corollary 27. Let M < 4, M/2 < § <24+ a—M/2,1 < p < oo and
let W € W be M-doubling such that W € L'(dA). Then P} is bounded on
LY(Ws). If W is radial, then P is bounded on LP(W5), for 1 < p < oo.

Proof. We notice that
1P (D) 2wy = I1b.a—s) (1 = [w]*)° )| 1 (wan)-
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Since by Proposition 26 we have that b(;o—s5) is bounded on LY (W), the

result follows for p = 1. The extension to p > 1 for radial weights follows

from Bekolle’s condition (see [2, Remark 2.2]). O
4. WEICGHTED BERGMAN-HERZ SPACES

Let us now study some properties of the weighted Bergman-Herz spaces.

Definition 28. Let W be a weight in D and 1 < p,q < co. We define
KE(W) as the space consisting of all complex measurable functions on D
such that

1/q
1/ lliceowy (Z 100, ) ) < 00,

where form > 1, A, = {z € D,rp_1 < |z| < 1p}, and ry, =1 —27". We
write AH(W) = K§(W) N hol(D).

We have that Kp(W) = LP(W) and Ap(W) = AP(W).
Remark 29. Note that f € K5(W) if and only if WP f € KP(dA). Hence,
USINg

< fig>= /D f(2)g(z)dA / FEW () PgW (2)"VPdA(2)

we have the duality (K5(W))* ICp (W= @=D) for 1 < p,q < .

Definition 30. We denote E%/r (p,q), the Kellog space adapted to the set D,
consisting of all sequences (an)n>0 for which

ey oo = (0 S WG a)??) " < .

n=1 {keN:zy€A,}

Lemma 31. Let R > 0. There exists M > 0 such that for all 0 <r < R
D(2,7) C Ujp—n(z)|<mr Ak
where z € Ay (..
Proof. Using (14) there exist 0 < C; < 1 and C3 > 1 such that
Cr(1—[2%) <1~ |wl* < Ca(1 — [2?),
w e D(z,7),0<r < R.If z€ A, then
C127" <1—|w| <4C27" w € D(z,7),0 <r < R.

We then have for some ki, ks € Z, that 27"7% < 1 — |w| < 27"k for any
w € D(z,7),0 <r <R and z € A,. This gives the result. O
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Lemma 32. Let R > 0. Then there exists C' > 0 such that

1/
Illgory < (Y [ AP W @A),
n=0 z€A, ’ Pk
for any h measurable function and 0 < r < R.

Proof. Due to Lemma 31 one has for each n € N,

An = U\nfl|§M UzkEAl (Dk N An)

Hence
o q/p
a = 2)PW(z z
1L ZO( [ mer weae)
q/p
<3 T % / ) W (=)dA(2)
n=0 \|n—Il|<M zx€A;
- a/p
<oy % Z/ 2P W (2)dA(2)
n=0 |n—I|<M \2x€A,
- q/p
< cem+nY [ / B(2) P W (2)dA(z)
=0 \zp€A, k

O

For an r-lattice D, = (zi) we consider the sampling operator defined in
AG(W)
T () = (f(zk))

£ =Y f@)xD,,
k=1

where {Dy} are the regions associated to the r-lattice D, = (k).

and the operator

Lemma 33. Let 1 < p,q < oo. If W € b for some 1o > 0 then T, is
bounded from AY(W) into K%/; (p,q) for 0 <r <y
Moreover, there exist C > 0 such that for 0 <r < rg

1(£G)) e oy < CHW gy 1 Lagon

Proof. First notice that since |D(z,70)|/|D(z,7)| < C(r,70), then W € b;°
implies that W € b}, for every r < rq.
There exists C7 > 0 (see [8, p.69]) such that for any holomorphic function

on D we have
z )| dA(w
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c 1/p
L / |fIPWdA / w—V@e=Dga
|D(Zk7 T)‘ D(z,r) D(z,r)

Hence

W(D(zk, 7)) |f (zr) P < CfIIWlli’;/D [f (w)[" W (w)dA(w).

T

1/p’

Hence for r < rg, since U, e, D(2k,7) C Uj—pj<pm4; by Lemma 31 we

obtain
1/p
(ZW (2k, 7 f(Zk)p)

zL€A

1/p
Oy [Wls, ( / e !f(w)\pW(w)dA(w))

> IR >)W}

Now the lemma follows by Minkowski’s inequality. ([

IN

< Ci|[W NP
[l—n|<M

Lemma 34. Let 1 < p < oo, 1 < g < oo and W € b)° for some ro > 0.
Then R, is bounded from ALY (W) into K5(W) and there exists C > 0 such
that for 0 <r <ry/2, and s = tanhr,

[(Id = Re)(Nllxczwy < Csll fllaz -

Proof. A combination of Lemmas 32 and 33 show that R, is bounded from
AB(W) into KH(W).

As in the proof of [12, Lemma 4.4.3], there exists a constant C1 > 0 such
that for z € D(zg,r) and 0 < r < 1¢/2

Cis(1 — |z[?)
|f(2) - f(zk)| < (1 — tanhro/2)2
for every f € hol(D).

Hence, using that (1—|zy|?) ~ (1—|w|?) for w € D(zy,r) and 0 < r < (/2
together with (20)

F(2) = F(a) < 0ssup{Am/2 (IF)(w) : w € D(zx,70/2)}
< Csp— / Il

Cs e 1 i
G / FPWdA / WitdA|
|D(zk,m0)| \ JD(z4,r0) D(zx,r0)
This gives

@) [ e - ferwEaAE < Wi, [ grwaa

ZksT0

sup{|f'(w)| : w € D(zk,70/2)},
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Therefore
S [ 10 = sl WA < cr Wi, N P WdA.
2 €A, 7 Pi P Uz, ean D(2k,70)

1/p 1/p

> [ uo-serwaa)  <csiwig (X[ upwaa

Thus, using Minkowski’s inequality,
1/q
- a/p

S| [ 5@ - e wedae) < Cs I flLugany

n=0 \zp€A, Dy

Finally applying Lemma 32 to h = (Id — R,)(f) we obtain

a/p\ Y4
Id=R) Ny < [ S0 / F(2) = F)lP W(2)dA(z)
n=0 \zx€A, Di
< COs|lfllazow)-
]

5. ATOMIC DECOMPOSITION FOR A% (W)

Definition 35. Let 0 < r < oco. We define

o

Srf(z) = IDe| f(z) K (2, 2).
k=1
where K(w, z) = m denotes the Bergman kernel and D = Uy D), where

Dy, are corresponding disjoint sets associated to the r-lattice D, = {zy}.

Lemma 36. Let 1 < p < oo, 1 < ¢q < oo. If P* is bounded in KL(W) then
S, is bounded on AL(W).

Proof. First notice that P* is bounded in K} (W) implies that W € N;~qb},.
Indeed, from Lemma 31 we conclude that for each ¢ € KL supported in

D(z,r),
||W_1/p¢||ic%;(vv) ~ 1 ¥xDer e
On the other hand, if w € D(z,7),

P* WPz ) (w) = C(1 —|2*) 7 (/D( Wl/p¢> XD (zr) (W0)-

Z7r)
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Therefore we have

XDy le > CIP* (W PYX b)) XD (o) | o)

zcu—mﬁﬂ(é(gvﬂ%)wwumx»

Which by duality gives

(/ W—p//p)l/p’wl/P(D(z,r)) < Cy|D(z,7)|,
D(z,r)

proving that W € b;. Now since P* is also bounded on ICZ?,/(I/V*/(IPI))7 we
have that the Bergman projection

/sz w)dA(w)

is bounded from le;,((W_l/(p_l)) into A:Z,((W_l/(p_l)). Let f € AL(W) and
h € KZ(W=/7=1) and denote g = P(h).

First write

oo o0
= f(zr)| Drl(K (2, ) h) = > £(z)| Dilg(zr).
k=1 k=1

Since both W' € b)) and w1/ -1 ¢ b;,, we can use Lemma 33 twice to
obtain the following estimates

[(8:(7).h) | < czmzm(/

D(Zk 7T)

dA(w))lg(z)

1/p
SCZ > 1f () (/ W_l/(p_l)dA) W (D (2, 7)) 7| g(z)]
n= 1Zk€An (Zk)r)
) 1/p
T N\ /P
<C(Z( 2 / WEaa) gl ) ) 1Dy o
n=1 z,€A, (zk,r

<cw pil)”b;/ ”g”AZ:(W—l/(P—l)) ICFCallew .0
< C||W||br||W_l/(p_1)||br, ||hH,Cp' w-v/o-vy | FlLaz )
< C||W |yl [ =/ = 1)||b’“ HhH,Cp w-v/e-vy | FlLazow
[l

Lemma 37. Letp > 1,1 < g < oo and W a weight such that P* is bounded
on KH(W) . If r > 0 is small enough, then S, is invertible in AL(W).
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Proof. It suffices to prove that I — S, is a contraction for 0 < r small enough.
The assumption gives that the Bergman projection is bounded on K4 (W).

Hence we have (A5(W))* = AZ(W*V(P*U), W € by and WD e pr .
Let f € AY(W) and g € Ap:(Wfl/(pfl)). We can write

sk /f Z/?k—'izk 9(2)dA(z)
:i (f(Z)g( — fzk)g(z )) dA(z)
k=1"Dr
=;/Dkf(Z) (9() = 9(z)) dA(2)

T kZl/Dk (f(2) = f(z)) 9(21)dA(2)

— [ 1)~ Rep) (@A) + [ (7= RIER,gIAC).
D D

Then the proof follows from Lemma 34.
O

Next, the main theorem of this section.

Theorem 38. Let 1 < p,q < oo and let W be such that P* is bounded on
KE(W). Let D, = {z,} for v > 0 small enough so that S, is invertible on
AF(W).
(i) If (an) € €5, (p,q) then
an|Dy,|
Z) = — = c AP(W
0= 3 G € A

n

and || fll azqwy < Cll(an)llow .q) -
(i) If f € Ap( ), there exists a sequence (ay) € 0y _(p,q) such that

flo =y Pl

— (11— znz)2

and [[(@n)lay (o) < C 1 Lazr

Proof. (i) It follows using duality and Lemma 33.

(ii) Given f € AH(W), take g = S, 1 f € AL(W). Define a,, = g(2,). Then
f(2) =S8 (9)(2) =2, (ﬁLBZ)'Z' The estimate follows using the boundedness
of S;. O

Let us finish by showing some sufficient conditions to get that P* is con-
tinuous on KH(W).
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Lemma 39. Let 1 < p < oo and W a locally integrable weight. If S is a
linear operator bounded in LP(Wy.) for some e > 0 then S is also bounded
on KE(W) for 1 < ¢ < oo.

Proof. Since

/(1 —[2)F IS F ()P W (2)dA(2) < C/(l —[2) [ F ()P W (2)dA(z),
D D

it follows that if supp f C An,

[ 181w aA) < ezt /D PP W(2)dA(2).

m

Splitting f = )" f,,, with f,, = fxa, we have
IS Fll 2oy < CZ ge(m=n)/p 11l e canw)
< C’Xn* Y (m),
where X = (z,,) and Y = (y,) with z,, = 2~¢I"I/P and

HfHLP(AnJ/V) , N Z 07
Yn =
0, n < 0.

The lemma follows from Young’s inequality. (]

A nice consequence of this is that weighted Bergman-Herz spaces can
be defined using the derivative for weights where the averaging operator is
bounded.

Theorem 40. Let 1 < p,q < oo and W a weight.
If W € by, for some r > 0 then

1= 123 llczwy < Collfllazawys f € AZOW).

Proof. Note that Wi, € by, for any € > 0. Hence the result follows from
Proposition 21 and Lemma 39. U

Remark 41. We mention examples of weights for which the operator P* is
bounded in Herz spaces and the atomic decomposition of Theorem 38 holds.

(see [2] for (a) and (b)).
a) P* is bounded on K5(dAs) for —1<d <p—1< <.
b) Let W be a radial weight, 1 < p < oo and 1 < q < oo. If for some
v>1,
W)y
0 —1rt

then P* is continuous on KhH(W).

rdr < CW(t)7,



WEIGHTED BERGMAN-HERZ SPACES 21

c) Let M < 4, M/2 < 6§ <24+a—M/2,1 <p< oo andlet W €
W be M-doubling such that W € L'(dA). Then P* is continuous
on K;(WdA(;) for any q > 1. And if W is also radial then P*
is continuous on Ky(WdAs) for any 1 < p,q < oo. In fact, for
such § we let € such that M/2 < 6 £ € < 2+ o — M/2. Then by
Corollary 27, P* is continuous on L'(Wsy.) and on LP(Wsy.) for
radial weights. Then the claimed continuity of P* in Herz spaces
follows from Lemma 39.

The authors wish to thank the referees for their many valuable suggestions
to improve this manuscript.
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