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Abstract

Given a metric measure space (X,d,u), a weight w defined on
(0,00) and a kernel k,,(z,y) satisfying the standard fractional integral
type estimates, we study the boundedness of the operators K, f(z) =

Jx k(@ 9) f(y)duly) and Ky f(x) = [ (ku(z,y)—ko(z0,9)) f(y)du(y)
on Lebesgue spaces LP(u) and generalized Lipschitz spaces Lipg, re-

spectively, for certain range of the parameters depending on the n-
dimension of p and some indices associated to the weight w.

AMS Subj. Class: 42B20, 26A33, 47B38,47G10
Key words: fractional integrals, weights, Lipschitz spaces, non-doubling
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1 Introduction.

It is well known that a basic assumption in the classical Calderén-Zygmung
theory in R"™ is the doubling property of the underlying measure space, i.e.
w(B(x,2r)) < Cu(B(z,r)) for all x € R™ and r > 0. However, it has been
recently shown that many results of the theory still hold for general metric
spaces X assuming only that u(B(z,r)) < Cr™ for all x € X and r > 0. The
reader is referred to [6, 7, 15] for results on vector-valued inequalities and
weights and to [8, 13, 21, 22] for results on classical spaces such as H' and
BMO in the setting of non-doubling measures.

*The first and third authors were partially supported by Proyecto MTN2005-08350-
C03-03



The aim of this note is to analyze the boundedness of the fractional
integral-type operators defined on non-doubling measure spaces acting on
Lebesgue spaces and generalized Lipschitz spaces. This study was initiated
in the work of J. Garcia-Cuerva and A.E. Gatto (see [4, 5]) for the classical
fractional integral operators and Lipschitz spaces. In this paper we are able
to extend some of their results, including weights more general than the
potential ones, and to see that a similar theory can be applied to operators
defined with kernels more general than the fractional integral ones.

The action of the fractional integral operator on Holder spaces goes back
to the work of Hardy-Littlewood in [9]. Since then, many different exten-
sions have been considered. Similar results for power weights were proved
in [16, 17] and later, extended to other classes of weights, including power-
logarithmic type ones, in [14]. On a different direction some development
of the theory in the setting of generalized Lipschitz spaces and spaces of
homogeneous type was initiated in [11, 12].

Throughout the paper (X, d, 1) will be a metric measure space, that is a
metric space (X, d) equipped with a Borel measure p such that

w(Bla,r) < Cr" (1)

for every ball B(z,r) = {y € X : d(z,y) < r}, where n > 0 is some fixed
constant and C' is independent of of z and r. We shall deal, for simplicity,
only with the case diam(X) = oo.

For us a weight w on an interval I C (0,00) will always be a continuous
function w : I — (0,00). We shall use weights defined on (0,00) but we
shall relate them with the known theory for weights defined on (0, 1]. Given
w : (0,00) — (0,00) we denote by wy(t) = w(t) and we(t) = w(1/t) for
0<t <1

We consider the indices m(w), M(w), me(w) and M (w) introduced
by N.G. Samko in the case of weights defined on the finite interval (0, 1]
(see [18]) or by N.G. et al. in the case [1,00) (see [19]) and we shall also
work in the class of weights W such that there exists a,b € R such that
t2w(t) is almost increasing in (0, 1], tPw(t) is almost decreasing in [1, 00) and
—00 < M(w), My (w) < +00.

In the paper we shall consider B(X) x B(X)-measurable functions k,, :
X x X — C that satisfy the following conditions:

w(d(z,y))
d(z,y)m

2

ko (2, y)] < C z,y € X,z £y (2)



and there exists € > 0 such that

ka2, 2) = ku(y, 2)| < c(d@y))aw(d(ﬂc,y))

d(z,2)) d(z,2)" d(x,z) > 2d(z,y) > 0.

(3)

For such kernels we define the operators

Ky f(x) Z/ka(l’,y)f(y)du(y)

and
Rof(z) = /X (kul@, ) — k(o)) £ (¥)duly)

and study their boundedness on Lebesgue spaces and generalized Lipschitz
spaces.

Our considerations are inspired by those developed in the case w(t) = t*
corresponding to the classical fractional integrals. However we will explore
the connections between the weight w and the measure y that still allow the
operators K,, and K,, to be well defined for functions in L?(y) and will find
the dependence between their boundedness on some spaces and the indices
the weight w. We shall find a Hardy-Littlewood-Sobolev type inequality for
K, in our setting in Theorem 3.3. We will study the boundedness of K,
from LP(p1) into Lipy for ¢(t) = ¢t~Pw(t) in Theorem 4.3 and from Lip, into
Lipy, where ¢ depends on ¢ and w in some special fashion, in Theorem 4.5.
Our results recover those obtained in [4] for the fractional integral operator
(corresponding to w(t) = t*) and classical Lipschitz classes (corresponding
to ¢(t) = t7).

The paper is divided into three sections. In the first one we prove the
basic lemmas on weights to be used in the paper. Section 3 is devoted to
get conditions on the weights for the operator K, to be defined on L”(u) for
some values on p. Section 4 contains the results on K,, and its boundedness
on the generalized Lipschitz classes.

Asusual A ~ B means that K'A < B < KA for some K > 1, C denotes
a constant that may vary from line to line and p’ stands for the conjugate
exponent, 1/p+1/p' = 1.

2 Admisible weights.

In what follows we shall use the following indices introduced by N.G. Samko
for weights defined on (0, 1] (see [18, Def. 2.3]) or by N.G. Samko et al. for
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weights defined on [1,00) (see [19, Pag. 566]). We write

log(li_m - w(mh)) 1og(th0M)
m(w) = sup C2 O M (w) = in )
z>1 log x>1 log
log(lim, _,__ %k log (Timy, _, o 2
Moo (W) = sup o0 wk) , Moo(w) = inf wh) (5)
z>1 log x x>1 log x

Definition 2.1 We shall say that a weight on (0,00) belongs to the class W
if there exist a,b € R such that t*w(t) is almost increasing in (0, 1] (i.e. there
exists C > 1 such that t*w(t) < Cs®w(s) for 0 <t < s < 1), thw(t) is almost
decreasing in [1,00) (i.e. there exists C > 1 such that s®w(s) < Cttw(t) for
1<t<s<o0)and —oo < M(w), Meo(w) < +00.

For a weight w € W, we use the notation m,, = min{m(w), me(w)} and
M, = max{M(w), Mo (w)}.

Definition 2.2 Given —oco < 01,09 < 00, we say that a weight w on (0, 00)
belongs to A(oy,09) if t7'w(t) is almost increasing in (0,00) and t72w(t) is
almost decreasing in (0, 00).

Remark 2.1 Observe that if w € A(oy,09) then there exists C' > 1 such
that, for 0 < s < oo,

C e~ w(s) < w(zs) < Cxr 7w(s), 0<z<1, (6)

C a7 w(s) < w(zs) < Cxw(s), 1<z (7)

Hence it follows immediately that if w € A(oq,03) then gy < 0y.

Our first objective is to show that the class W can be described as W =
Ugl,agA(01> 02).

To such a purpose, let us first recall some classical weights considered
by Zygmund, Bari and Stechkin (see [1]) which play an important role in
extending results valid for w(t) = t* to more general weights and that will
be connected with our class of weights.

Let —oo < 3,7 < o0 and let w be a weight on (0, 1]. w is said to belong
to Z°([0,1]) if there exists C' > 0 such that

" w(t) w(h)
/0 v h<n (8)



w is said to belong to Z,([0, 1]) if there exists C' > 0 such that

Fw(t) w(h)
/h Pha<c™Y n<t ()

w is said to belong to Wy ([0, 1]) if there exists a € R such that
t*u(t)is almost increasing. (10)

The class of weights in Z7([0,1]) N Z,([0,1]) N Wy([0,1]) is called the
generalized Zygmund-Bari-Stechkin class in [10]. These classes of weights
have been used by many authors and under different names (see [2, 3] for the
notation d. and bs; and references therein).

We have the following connection between the Zygmund-Bari-Steckin
classes and the former indices (see [18, Pg 125], [10, Thm 3.1 and Thm
3.2], [19, Thm 2.4]).

Theorem 2.3 Let w € Wy([0,1]) and —co < 8,7 < oo. The following are
equivalent.

(a) we Z°([0,1]) (resp. w € Z,([0,1])).

(b) m(w) > B (resp. M(w) < 7).

(¢) For all m(w) > 6 > (3 one has w?@ is almost increasing in (0,1] (resp.
for all M(w) < 6 <~ such that % is almost decreasing in (0,1]).

By using this theorem it is easily seen that m(w) < M(w) when w €
WO([Oa 1]) -
Next we prove our claim: W = U,, ,,A(01, 09).

Theorem 2.4 Let w be a weight on (0,00). The following are equivalent.
(Z) w e UUIJQA(O'l,O'Q).
(i) w € W.
(iii) There exist u,v € Wo([0,1]) such that u(1) = v(1), M(u), M(v) € R

and
{ u(t), 0<t<I;

wt) =9 (1), 1<t < oo

PROOF.



(i) = (ii). Assume w € A(oy,09). From (6) and (7) it follows that
—o1 <m(w), M(w), me(w), Mo (w) < —0s.

(ii) = (iii). Let w € W and define
u(t) =w(t),t € (0,1, v(t) = w(%),t € (0,1].

Clearly u,v € Wy([0,1]) and M (u) = M(w). On the other hand

— log(limy_ o ek wih) )
Moo(w) = sup b

z>1 lOg z

log(limy, o0 Wh))
= —inf v(l/oh)

a>1 log z
log(limy,_o+ v(h)
= —inf ( o (h/m))
z>1 log z

log mh_)m vlzh)
= —inf ( v(h) ) = —M(’U).
z>1 log z

This concludes the implication.

(iii) = (i). Let aj,b; € R such that t“u(t) and t"v(t) are almost
increasing in (0, 1]. From Theorem 2.3 we also have that t*2u(t) and t*uv(t)
are almost decreasing in (0, 1] for some as, by € R . This gives that

tfw(ty) < Cty'w(ty), 6 <ty <1,

t2w(ty) < Ct2w(ty), t <ty <1,
t72w(t) < Cty2w(ty), 1<t <ty
0 w(ty) < Ct7"w(ty), 1<t <t

for some constant C' > 1. In particular, combining the previous estimates,
we also have

tw(ty) < Ctyw(ty), t <1<ty
ty 0 w(ty) < Ctw(ty), t <1<ty

Multiplying by t” we may assume that a = a; = b; > 0 and ay = by =
—a < 0. This allows to see that t*w(t) is almost increasing and t~%w(t) is
almost decreasing. Hence w € A(a, —a). O
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Example 2.1 Let o, 6 € R and define

W (1) = t*log’(¢), 0<t<1;
| t*log P (et), 1<t < oo

Note that m(w*?) = M (w*®) = muy(w*?) = My (w*”) = a.

Of course for 3 = 0 we have w*° € A(—a, —a). Let us see that w*® €
Aoy, —a) for any oy > —a and 8 > 0 and w*’ € A(—a,a3) for any
09 < —a and 3 < 0.

Due to the facts that w € A(oy,09) implies w™' € A(—0q,—01) and
wY € A(yoy,y03) for v > 0, it suffices to see that w®' € A(Sy, —6) for all
61 > —0.

This now follows since log(£)x(0.1(t) + log™ " (et)x(1,00)(t)) is decreasing

and t6<10g(§)x(071] (t) +log ™" (et)X(1,00) (t))) is almost increasing for e > 0.

In particular we have that w*? € A(o1,09) whenever o9 < —a < 0y and

8 eR.

Let us mention the following useful result given in terms of the indices
previously defined.

Theorem 2.5 Let w € W and 3 < my < M, < v. Then w € A(—pB1, —71)
for any B < By < my, and M, <~y <.

Proof. Using Theorem 2.3 applied to wy and wy,, since m(wy) = m(w) > «
and M(wy) = —Mmeo(w) < —a, we have t~Prw(t) and t71wy(t) are almost
increasing and decreasing in (0, 1] respectively. This shows that t="1w(t) is
almost increasing in (0, o).

Similarly we get the corresponding result for ;. =

We shall start by proving a couple of basic lemmas that will be used in
the sequel.

Lemma 2.6 Let w € W and € € R. Then there exists C > 0 such that, for
allz € X andr > 0,

w(d(z,y)) /T di
———=d <C | twt)—. 11
/B(m,r) d(x’y)n—a M(y) N 0 ( ) t ( )
PROOF. Assume w € A(oy,09). Define, for j =0,1, ...,
B; = {y € B(x,r): 279y < d(x,y) < 27r}.
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Note that (6) gives that
Clw(27r) < w(d(z,y)) < Cw(277r),y € B;. (12)

Observe that U;B; = B(x,r)\ {z} and pu({z}) = 0. Now, using condition
(1), we have

) 0§ [ )
/B(zm) d(x,y)”*s d”(y) B z::/B d(%y)n,g d:“(y)

IN 2
Q
- []¢
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S )
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02(2%«)6/ N w(t)%

]:0 2*(]‘4’1)7’

<2 dt
CZ/ tw(t)—

IN

O

Corollary 2.7 Let w € W and —e < m,,. Then there exists C > 0 such
that, for all x € X and r > 0,

w(d(z,y)) o
/B i ) < Cru(r) (13)

PROOEF. From Proposition 2.5 one obtains w € A(oq, 03) for some € > o;.
Invoking Lemma 2.6 and using (6) we have

T 1 1
/ t‘fw(t)ﬁ = TE/ saw(rs)ﬁ < Crew(r)/ se_alﬁ < Crfw(r).
0 0 0

t S S



Remark 2.2 If~v >0 and § € R then (see [4, Lemma 2.1] for 5 =0)

(1 + [log(d(z, y)|)" ,
/B(I " (@, y)" du(y) < Cr'(1+ |logr|)”, 0<r<oo. (14)

To obtain (14) for 0 < r < 1 apply Corollary 2.7 for e = 0 to w(t) =
wY O (t) which belongs to A(oy, 02) whenever —oy < v < —ay. The caser > 1
follows similarly using w?P.

Lemma 2.8 Let w € W and 6 € R. Then there exists C > 0 such that, for
allz € X andr > 0,

/X\B(x,r) %dﬂw) = C/TOO %% (15)

PROOF. Assume again w € A(o7,03) and now consider for j = 0,1, ...
Aj={y € X :2r <d(z,y) < 27t'r}.
As above
C~lw(27r) < w(d(z,y)) < Cw(2r),y € A;. (16)

Using again (1) we have

w(d(z,y)) B
Jen g 0) = Z / ) o)

cZ @y () [ duty)

Aj

Q

IN

C Z(2jr)’5’"w(2jr)u(3(1:, 271r))
C’i(er) J
CZ (277) / w(t)%

0 27+1,
w(t) dt o w(t) dt
CJZ_;/W 0ot C/T 0ot

IN

Q

IN



Corollary 2.9 Let w € W and M, < 6. Then there exists C > 0 such that,
forallx € X and r > 0,

/ " )—Z(ﬁ(;’nngdu(y) <o) a7

PROOF. From Proposition 2.5 one obtains w € A(oy, 03) for some § > —oy
Invoking Lemma 2.8 and (7) we get the estimate

[T 1T o8 [ et ool

ot rd s0 s rd s rd

Remark 2.3 Ify >0 and f € R then (see [4, Lemma 2.2] for 3 =0)

B
(1 + | log(d(z,y)|) 1
du(y) < C—(1+|logr])?, 0<r<oo, (18
/X\B(:v,r) d(may)nJﬂy ( ) T’y( | |) ( )

To obtain (18) for 0 <r < 1 we use Corollary 2.9 with 6 = 0 applied to
w8, which belongs to A(oy,09) for o9 < v < o1. The case r > 1 follows
similarly using the weight w75,

3 The weighted fractional kernels

Definition 3.1 Let w € W. A B(X) x B(X)-measurable function k, :
X x X — C s said to be a fractional kernel of weight w if

w(d(z,y))
¢ d(z,y)"

Denote by K,, the operator given by

Kuf@) = [ hula)f)dn(o).a € X,

[k (2, y)| < z,y € X,z #y. (19)

Note that if fol %t) < 00, in particular if w € A(oy,09) with o7 < 0, then
K, is well defined on bounded functions f with bounded support (due to
Lemma 2.6), or if w € W and w(t) < Ct" for 0 < t < oo then K, is well
defined on integrable functions f.

Let us extend the definition of such operator to more general functions
depending on the properties of w.
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Theorem 3.2 Let w € W, 1 < p < 0o and let ky, be a fractional kernel of
weight w. Assume that

My (w) <n/p and m(w) > 0. (20)
Then K, defines a bounded operator from LP(u) — LP(u) + L™®(n).

PROOF. Let f € LP(u). We shall see first that
[ Kuellf )+ [ Kl )l @)ldut) < o0 o
B(x,1) X\B(z,1)

On the one hand, using that w? € W, Lemma 2.8 gives

11(f,0) = /X oy Vil )ty

w(d(z, 1))
< /X o e Wl

d(w,y)"
P 1/p w? (d(z,y)) 1/p'
O, o P [ )

C(/loo tn(P’(1>) Cff)l/p (/X\B(z,l) |f (y) Pdp(y))"/?

Lt (t) dt /
o) /' iy 1/p
m(l—p') ¢ ) ( B ’f(y)‘ M(Z/))

Since m(w?) = p'm(ws) = —p'Muo(w) and n(1 — p') < p'm(wes), The-

IN

IN

= O

-

S~

orem 2.3 gives that w®, € 2"07)((0,1]). In particular [y ZG=04 < oo,

and therefore fX\B(m 1y kw(z,y) f(y)du(y) € L>®(p) and with norm bounded

by CI| f1lLe(u)-
On the other hand, using Holder’s inequality and Lemma 2.6, we have

I(f.) = / e Il @)ty

< ¢ / “’““7 )))If( Y du(y)

W) o [ W)
< c</B o s S rwpay e a)

([ e )

11

o~
®
H
Q.
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Now the assumption m(wg) = m(w) > 0 and Theorem 2.3 give fol @dt =
A < oo.
Now integrating I?(f,z) we have

Jitapano) < ca [ ( / o I (o) )P )

< cal( / wlt) g / ) Pdu(y) < ClL T

Therefore I(f,z) < co p-a.e. and, in particular, fB( " kw(x,y)f(y)du(y)
is well defined p-a.e. We conclude now that K, f(z) € LP(u) + L= () and
1K Fll o2 < Cll oo 0

In [4, Theorem 3.2] it was shown that for w(t) = t* and 1 < p < n/« the
operator K, maps LP(u) into L9*(u) for 1/q¢ = 1/p — a/n extending to the
non-doubling setting the Hardy-Littlewood-Sobolev inequality which holds
for R" and the Lebesgue measure (see [20]).

Theorem 3.3 Let w € W with 0 < My < M, <n and let k,, be a fractional
kernel of weight w. If 1 < p <n/My,, 0 <e <my, and 0 < § <n— M,
then there exists A > 0 such that, for 1/q1 = 1/p — (my, —€)/n and 1/qs =
1/p— (My +0)/n, we have for every f with || f||zr( = 1

plo: [Ku(D(@)] > A} < 1 0<A< A (21)
plo s [Ku(D)@)] > M) € o A2 A (22)

PROOEF. From Proposition 2.5 we have w € A(oq,09) for all 0 < —o7 <
My < M, < —09 < n. Put oy = ¢ —m, and 0o = —M, — 9. Now, let
1<p<n/M,, feLP(u) and r > 0 and define

1(f.2) = /B eyl e X

11,(f,2) = /X o e DIl € X

12



Arguing as in Theorem 3.2 and using that m,, > 0 in Corollary 2.7, we

obtain
T w(r 1/p’ w<d(‘r7y)) P 1/p
Lfa) < Ou) ([ e ) Panty) (23)

Now, using Fubini’s theorem and Corollary 2.7 again, we have

[ nttoraa) < cuep [ ([ 2D g0)) )Pt

wr d@y)"
< cury [ 1f)Pdnty)
X
On the other hand

m(f.) <o

X\B(z,r)

o (da,y)

|f(y)’pd/~0(y))l/p(/ W u(y))l/zf

X\B(z,r)

and now using that M, = p'M, < (p' — 1)n and Corollary 2.9, we have

I(f3) < CroPu)([|f)Pdu)

X\B(z,r)
Now, for each || f]|, = 1, the estimates (6) and (7) allow us to write
IT.(f,z) < Cor™™Pmax{r 7', r=°2} = ¢(r).
Denoting
(r) = C’or_”/p_‘”, 0<r<;
T Cor P2 1< 1 < oo,
we have that ¢ is continuous, decreasing in (0,00), lim,_o¢(r) = co and

lim, . ¢(r) = 0. Hence for any A > 0 there is a unique 0 < r < oo such
that ¢(r) = A/2 and I1.(f,z) < A/2 for all x € X. Hence we have

plo: [Ku(f)(@)] > Ay < pla: L(f,2) > A/2}

CAPIL(S, I

CAX Pw(r)?

CX7Pro(r)P

Cle~ (A/2)]"

To finish the proof observe that if A > 2C; then ¢~1(\/2) = C;A\~%/" where
n/q = n/p+ oy and that if 0 < A\ < 2C; then ¢~1(A/2) = CoA~®/™ where

n/qa =n/p+ o
The case p = 1 is similar with the obvious modifications. O

(VAN VAN VAN VAN

~—
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Corollary 3.4 (see [4, Theorem 3.2] Let w € W with m(w) = M(w) =
Meo(W) = Moo(w) = a and ky, is a fractional kernel of weight w. Then for
each 1 <p <2 and 1/q =1/p — a/n we have that K, extends to a bounded
operator from LP(u) into L(p).

4 Boundedness in Lipschitz spaces

Definition 4.1 Let ¢ : (0,00) — (0,00) be a continuous function. A func-
tion f : X — C is said to satisfy a Lipschitz condition of order ¢ if

|f(x) = f(y)] < Cold(z,y)),z,y € X,z #y. (24)
The smallest constant satisfying (24) will be denoted || f||Lips)- It is easy to
see that || - || Lip(e) 25 a norm on the linear space of all Lipschitz functions of

weight w, modulo constants, and Lip(¢) is complete under this norm.
Remark 4.1 Iflim; o+ ¢(t) = 0 then functions in Lipy are continuous.

Remark 4.2 Assume that there exist constants C' > 1 and K > 1 so that
K71'o(t) < ¢(s) < K¢(t) whenever C™'t < s < Ct. In this case Lip(¢)
defines the same space for all equivalent distances in X and with equivalent
norms.

Definition 4.2 Let k, be a fractional kernel of weight w. We say that k,,
has regularity € > 0 if it satisfies

d(z, y))EU}(d(w, v)
d(x,z)/ d(x,z)"

For a given x¢y € X define
Rouf@) = [ (kulers) = Euleo. ) F)dn(s) (26)

Note that, from Lemma 2.8, if f is bounded with supp(f)N B(zg,2R) = ()
then K, f(x) is well defined for any x € B(xg, R).

(2, 2) — kuly, 2)| < c( Jd(z,2) > 2d(z,y) > 0. (25)

Example 4.1 Let k,(x,y) = % where w € W is derivable and

tw'(t)
sup
t>0 w(t)

i <o
Then k., has reqularity 1.
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PROOF. Consider w;(t) = % By the mean value theorem

[wi(t) —wi(s)] < Jwi((1—0)s+0t)|[t — .
Hence, setting t(0, z,y,2) = to = (1 — 0)d(z, z) + 0d(y, z) then

|k (2, 2) = ku(y, 2)] < |wi(to)[ld(z, 2) — d(y, 2)|

‘tow/(to) - nw(t0)|

S tn—l—l d(x> y)
0

IN
Q

0

Let z,y, z € X such that d(z, z) > 2d(x,y), i.e. d(z,z)—d(z,y) > d(z,y).
It is elementary to see that

§d(:v,z) > d(y,z) >

1
— > .
5 > 2d(x, z) > d(x,y)

This shows that
d(z, 2),

DO | W

1
§d<$,2ﬁ) < t(eaxaya Z) <

and allows to conclude that
w(d(z, 2))

— < - - 77
’kll)<x7z) k’LU(yJ ’Z)‘ — Cd(l‘,Z)n+1

d(z,y).

O

Theorem 4.3 Let w € W with my, > 0. Assume that k, be a fractional
kernel with reqularity 0 < e < M,, and

max{n/my,1} <p<n/(M, —¢).
Then K, is bounded from LP(1) to Lip(¢) for ¢(t) = t/Pw(t).

PROOF. We have n/p < my,, < M, <n/p+e. Let f € LP(u) for p # oo,
x,y € X with z # y and r = d(z,y). Then

R () — Ruf(y)| < /X k(. 2) — k(5 21 £ (2)|dp(2)
< ky(x, 2z 2)|du(z kw(y, z 2)|du(z
< /B@,m' (@ 2)|I/(2)] u()+/B(x’2r)| (0, 211 (2) ()

ky(x, 2) — ky(y, 2 2)|du(z).
T /X\BWJ (,2) — ku(y, 2)[|£ (=) dpu(=)
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First, using Hélder’s inequality and Corollary 2.7 (because m,,» = p'm,, >
n(p’ — 1)), we estimate

/ e, 21 (2) ()

<of )|f( e
< C(/B(I . —w;((xdf);?)du(z)y/p/(/B(Mr) |f(z)|pd/~0(z)>1/p
< ™) g,

The second term is estimated similarly using B(x,2r) C B(y, 3r),

[ Bt 2l < ) 10

Finally we use (25) and Corollary 2.9 (since M, ,» = p'M,, < n(p'—1)+¢p’)
to obtain

/ (. 2) — b (5, 2L F(2)|du(2)
X\B(z,2r)

< cdwyy [ S ()

< Cd(w,y) < /X\B(z 2r) %du@)) v < /X\B(;r,QT) 7(2) \pdu(z)> "

eI T

- r”/P
Therefore, using that w(r) ~ w(2r) ~ w(3r) and r = d(x,y) one gets

cvld@y))

i L -

Analogue, but easier, proof works in p = oco. O
We write &, for k,, in the case w = .

Corollary 4.4 (see [4, Theorem 5.2 ]) Let 0 < o < n and k, be a fractional
kernel with reqularity e > 0. If n/a < p < o0 and a —n/p < ¢, then K,
maps boundedly LP(p) into Lip(o — n/p).

16



Let us now analyze the boundedness of K, on Lipschitz spaces.

Theorem 4.5 Let k,, be a fractional kernel with weight w € W with requ-
larity £ such that m,, > 0. Assqme that w € W with m, > 0 and M,,, < €.
Then K, (1) =0 if and only if K., maps continuously Lip(u) into Lip(uw).

PROOF. Assume K, (1) = 0. Equivalently
/X (kw(, 2) — ku(y, 2))du(z) = 0,2,y € X.
If f € Lip(u), © # y and r = d(, y) then we can write
Ruf@) = Ka] = | [ (Rule2) = bl D) = Fla)u(e)
/ o Bl M) — @l )

IN

kw , 2 z) — €T d p
' /B(m,m' (v, () = f(@)ldp(=)
X\B(z,2r)

Now, since my,, > 0 (see Theorem 2.5), one gets

IN

[ Il - falin) < ¢ [ Wl 2) |, 2))du(z)
B(z,2r) B(w,2r)

d(z,z)"
< Cu(2r)w(2r)

by virtue of Corollary 2.9.
Using, as above, B(x,2r) C B(y, 3r) one also gets

/B 25 — Slau)

< /B TR0 — ) 1) - S)du)
wdy.2) o w(dly.2)
< o e i) + Cutdap) /B Sy )

17



Since w(3t) ~ w(2t) ~ w(t) and u(3t) ~ u(2t) ~ u(t), Corollary 2.7
implies that

w(d(y, z))u(d(y, 2)) w(d(y, 2)) . o
[, A Dy ruiatey) [ B i) < Cutryue),

Finally, we have

/X\B( o \kw(m,2) — ko (y, 2)||f(2) — f(2)|du(z)
< C'd(x,y)s/ w(d(z,2))

X\B(z,2r) d(I, Z)n+€

u(d(z, 2))dp(z).

Also using Corollary 2.9 we have fX\B( wldle2)uld(2) g, () < w200,

z,2r) d(z,z)nte re
Hence, the previous estimates imply

Ko f(2) = Kuf(2)] < Culryw(r).

Conversely, if we assume that K, is bounded from Lip(u) to Lip(uw)
then K (1) should have norm zero in Lip(uw), that is K (1) is constant, but
since K, (1)(xo) = 0 the constant should be zero. O

Applying the previous result for w(t) = t* and u(t) = t* we recover the
following theorem.

Corollary 4.6 (see [4, Theorem 5.3 ]) Let a, 3 > 0 and k, be a fractional
kernel with regularity € > 0 with a+ 3 < e. Then K, maps boundedly Lip(B)
into Lip(a+ B) if and only if K,(1) = 0.
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