Rate of growth of frequently hypercyclic functions
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Abstract

We study the rate of growth of entire functions that are frequently
hypercyclic for the differentiation operator or the translation operator.
Moreover, we prove the existence of frequently hypercyclic harmonic func-
tions for the translation operator and we study the rate of growth of har-
monic functions that are frequently hypercyclic for partial differentiation
operators.

1 Introduction. A (continuous and linear) operator T on a topological
vector space X is said to be hypercyclic if there exists a vector x € X, also called
hypercyclic, whose orbit {T"x : n € N} is dense in X. The earliest examples
of hypercyclic operators were operators on the space H(C) of entire functions.
Birkhoff [13] showed that the translation operators Ty, : H(C) — H(C),

Taf(z):f(z+a)’a7é07

are hypercyclic, while MacLane [29] obtained the same result for the differenti-
ation operator D : H(C) — H(C),

Df(z) = f'(2).

It is then natural to ask how slowly a corresponding hypercyclic function
can grow at co. By Duyos-Ruiz [18], translation hypercyclic entire functions
can have arbitrarily slow transcendental growth; see also Chan and Shapiro
[16]. MacLane [29] showed that differentiation hypercyclic entire functions can
be of exponential type 1, and by Duyos-Ruiz [19] they cannot be of exponential
type less than 1. An optimal result on the possible rates of growth for the
differentiation operator was subsequently obtained by the third author [24] and,
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independently, by Shkarin [30]. For generalizations of this result we refer to [26]
and [12].

Analogous investigations have been carried out for harmonic functions. Dza-
gnidze [20] obtained the analogue of Birkhoff’s result, see also Armitage and
Gauthier [6]; Armitage [5] recently studied corresponding rates of growth. Hy-
percyclic partial differentiation operators and related growth rates were inves-
tigated by Aldred and Armitage [1], [2] and [3].

It is the purpose of this note to address the same problems for the notion
of frequent hypercyclicity that was recently introduced by Bayart and Grivaux
[10], [11]. By definition, a vector is hypercyclic if its orbit meets every non-
empty open set. Now, for frequent hypercyclicity one demands that the orbit
meets every non-empty open set ‘often’ in the sense of lower density. We recall
that the lower density of a subset A of N is defined as

. H{neA:n< N}
dens (4) = l}\?:lglof ~ ,

where # denotes the cardinality of a set.

Definition 1. Let X be a topological vector space and T': X — X an operator.
Then a vector x € X is called frequently hypercyclic for T if, for every non-empty
open subset U of X,

dens{n e N:T"z € U} > 0.

The operator T is called frequently hypercyclic if it possesses a frequently hy-
percyclic vector.

Remark 1. A useful alternative formulation is the following; see [15]. A vector
x € X is frequently hypercyclic for an operator T" on X if and only if, for every
non-empty open subset U of X, there is a strictly increasing sequence (ny) of
positive integers and some C' > 0 such that

ng, <Ck and T™ x e U forallkeN.

The problem of determining possible rates of growth of frequently hyper-
cyclic entire functions has already been studied by the second and third author
in a previous publication [14]. The approach chosen there was based on an
eigenvalue criterion for frequent hypercyclicity. This criterion allowed them to
treat a wide class of operators on the space of entire functions. In this paper
we choose a different approach; while we can only apply it to the translation
and differentiation operator, at least in the latter case we obtain a better result
than in [14]. In addition, we show here that the result obtained in [14] for the
translation operator is best possible.

The present approach consists in studying the frequent hypercyclicity of the
sequence (T™) of iterates of the given operator T' on a space of functions of
restricted growth. For this we shall need the notion of frequent hypercyclicity
for an arbitrary sequence of mappings [15].



Definition 2. Let X and Y be topological spaces and T,, : X — Y,n € N|
mappings. Then an element x € X is called frequently universal for the sequence
(T,) if, for every non-empty open subset U of Y,

dens{n e N: T,z € U} > 0.

The sequence (T},) is called frequently universal if it possesses a frequently uni-
versal element.

In [15], a Frequent Universality Criterion was obtained that generalizes the
Frequent Hypercyclicity Criterion of Bayart and Grivaux [11]. We state it here
only for Fréchet spaces. A collection of series Y ;- @k j,j € I, in a Fréchet
space X is said to be unconditionally convergent, uniformly in j € I, if for
every continuous seminorm p on X and every € > 0 there is some N > 1 such
that for every finite set ¥ C N with F N {1,2,...,N} = () and every j € I we
have that p(3_,cp2r,j) < €.

Theorem 1 (Frequent Universality Criterion). Let X be a Fréchet space,
Y a separable Fréchet space and T, : X — Y,n € N, continuous mappings.
Suppose that there are a dense subset Yy of Y and mappings Sy, : Yo — X,n € N,
such that, for ally € Yy,

(1) Y07 TiynSky converges unconditionally in'Y, uniformly in k € N,
(ii) >0 TkSktny converges unconditionally in'Y, uniformly in k € N,
(iil) >°07, Sny converges unconditionally in X,

v)

(i

Then the sequence (T),) is frequently universal.

T.Spy — v.

The spaces H(C) of entire functions and H(R”Y) of harmonic functions on
RN, N > 2, are Fréchet spaces when endowed with the topology of local uniform
convergernce.

As usual, throughout this paper constants C' > 0 can take different values at
different occurrences. By R we denote the set of real numbers = > 0. We write
ap ~ b, for positive sequences (a,) and (b,) if a, /b, and b, /a, are bounded.

2 Frequently hypercyclic entire functions for the differentiation op-
erator. For hypercyclicity with respect to the differentiation operator D, the
rate of growth e”/\/r turns out to be critical. Indeed, one has the following
precise result; see [24] and [30]. If ¢ : Ry — Ry is any function with ¢(r) — co
as r — oo then there is a D-hypercyclic entire function f with

1f(2)] < (r)

for |z| = r sufficiently large;

e"
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but there is no D-hypercyclic entire function f that satisfies

|£(2)] gcﬁ

for |z| =r >0,

where C' > 0.

Before beginning our investigation into frequent hypercyclicity we want to
extend this result to growth rates in terms of LP-averages. For an entire function
fand 1 < p < co we consider

M, (f,r) = (% /0277 |f(re“)\pdt>l/p, r>0

and
Moo (f,r) = sup |f(2)], 7>0.

|z|="r
The growth result stated above is in terms of M. It extends verbatim to all
M,

p-

Theorem 2. Let 1 < p < o0.
(a) For any function ¢ : Ry — Ry with ¢(r) — oo as r — oo there is a
D-hypercyclic entire function f with

T

My,(f,r) < o(r) < for r > 0 sufficiently large.

N
(b) There is no D-hypercyclic entire function f that satisfies

er
Mp(fvr) S C\/F

forr >0,

where C > 0.

Proof. Since
Mp(fvr) SMOO(fvr)a T>07

part (a) follows from the corresponding classical result.
Part (b) follows as in the proof given in [24]. By the Cauchy estimates we
have that

£ O] < %Ml(f,ﬂ-

Since M (f,7) < M,(f,r) we find that |f(™(0)| < Cnn%!m,e”,n > 1. Now
Stirling’s formula implies that (£ (0)) is bounded, so that f cannot be hyper-
cyclic. O

After these preliminaries we study growth rates for frequent hypercyclicity.
As an auxiliary result we shall need the following estimate; it is certainly known
in some form or other, but we have not been able to find a reference. We deduce
it here from a much stronger result of Barnes [9].



Lemma 1. Let 0 < a < 2 and B € R. Then there is some C' > 0 such that, for
all v > 0,

an

; )P =

1—a—28

Cr—z ™.

Proof. Barnes [9, pp. 289-292] studied the functions

o0 on

for a,0 > 0,3 € R; for the special case of 3 = 0 these are the Mittag-Leffler
functions, see also [21, Section 18.1]. Barnes derived asymptotic expansions for
his functions which, for 0 < a« <2 and z € R, z — o0, yield that

E.(r;6,08) = oS~ Lp=Blagrt/® (1 + O(ril/o‘)).
Now, by Stirling’s formula we have that

(nh)* - (a—1)/2
N an 1) (@ )
I'(an+1) a M n+1)

Thus we obtain that

= (r/a®)" 1
g . < CrBlagr s
= (n+ )P0 (pl)e

A change of variables and parameters implies the claimed estimate. O

Our first main result gives growth rates for which D-frequently hypercyclic
functions exist. In the following, we shall put 1/(2p) = 0 for p = oo.

Theorem 3. Let 1 < p < oo, and put a = Then, for any function

1
2max{2,p} "
p: Ry — Ry with o(r) — 0o as 1 — o0, there is an entire function [ with

r

My (f,r) < w(r)i—a for r > 0 sufficiently large

that is frequently hypercyclic for the differentiation operator.

Proof. Since
My(f,r) < Ma(f,r) forl<p<2,

we need only prove the result for p > 2.

Thus let 2 < p < oco. We shall make use of the Frequent Universality
Criterion. Assuming without loss of generality that inf,.~q @(r) > 0, we consider
the space

ALY

X =S € HE) sl = sp =00



Tt is not difficult to see that (X, | - ||x) is a Banach space that is continuously
embedded in H(C); one need only note that on account of the Cauchy estimates
we have that, for 0 < p < r,

swp |f()] < T My(for) < My (for).

[2]<p

In addition, we define Yy C H(C) as the set of polynomials, and we consider
the mappings
T,: X — H(C), T, = D"|x,

which are continuous, and
Sn Yy — X, 8, =8" with Sf(z) = [, f(¢)dC.

Then we have for any polynomial f that

oo o0
> TesaSif =) D"f
n=1 n=1
is a finite series, hence unconditionally convergent in H(C),

T,S.f=f foranyneN,

and - -
Z TkSk-‘rnf = Z Snf
n=1 n=1

Thus the conditions (i) — (iv) in Theorem 1 are satisfied if we can show that
Yoo 1 Snf converges unconditionally in X, for any polynomial f; note that X
is continuously embedded in H(C). It suffices to consider f(z) = z¥,k € Ny, in

which case
oo

=k
1S'nf(z)—n§::1mz +n

Therefore, all we need to show is that

n=

o0
>
n!
n=1

converges unconditionally in X. To this end, let ¢ > 0 and N € N. By the
Hausdorff-Young inequality (see, for example, [27]) we obtain for any finite set

F C N that 1
MP(ZH”’)S<Z<m>q) !
eF neF

n

where ¢ is the conjugate exponent of p. Hence, if F N {0,1,..., N} =0, then

Zn
15
nekr

ra/(2p) pan

1/q
< (sup ) .
X r>0 p(r)ded” y;v (n!)4




We choose R > 0 such that ¢(r)? > 1/e for r > R. Then we have that

ran R4/ (2p)

4/ (2p)
sup

Ran
< 0 as N ;
r<i (r)7e Z;V ()7 = infrg p(r)e Z ToomaE T

< (nl)e
moreover, Lemma 1 implies that

1 p4/(2p) ran

z < Ce forany N € N,
(n1)d
n>N

su
ren@(r)t er

where C' is a constant only depending on ¢; note that 152 + Qip =0.

2
This shows that n
z
1>
ner

if min ¥ > N and N is sufficiently large, so that ZZO=1 ‘;—T converges uncondi-
tionally in X. O

q
<(1
YRR

The following result gives lower estimates on the possible growth rates.

1
2min{2,p}"
Let ¢ : Ry — Ry be any function with ¥ (r) — 0 as r — oo. Then there is

no D-frequently hypercyclic entire function f that satisfies

Theorem 4. Let 1 < p < oo, and put a =

e?"

(1) My(f,r) < w(r)r—a for r >0 sufficiently large.

Proof. First, for p = 1 the result follows immediately from Theorem 2(b) (one
may even take 1(r) = C here). Moreover, since

My(f,r) < Mpy(f,r) for 2 <p < oo,

it suffices to prove the result for p < 2.

Thus let 1 < p < 2. We obviously may assume that 1 is decreasing. Suppose
that f satisfy (1). With the help of the Hausdorfl-Young inequality (see [27])
we get that

T

2 (3 (201N < g < vl o

for r > 0 sufficiently large, where ¢ is the conjugate exponent of p. Thus we
have that, for large r,

ran+a/(2p) g—ar

Sy =

Using Stirling’s formula we see that the function

3) PTARIOIE
n=0

ran+a/(2p) g—ar
g(r) = N



has its maximum at a,, := n+1/(2p) with g(a,) ~ 1/+/n and an inflection point
at b, := a, +\/n/q+n/(2pq); we have used here that q/(2p) — ¢/2 = —1/2.
On I,, := [an,by], g therefore dominates the linear function h that satisfies
h(an) = g(an), h(bn) = 0.

Now let m > 1. If m is sufficiently large and m < n < 2m then I,, C [m, 3m].
Hence we have for these n

3m rq"‘W/(?p)e ar 11 \/ﬁ> o1
/m o /w oty iV q  2pg = Chimya

Integrating (3) over [m,3m] we thus obtain that for m sufficiently large

2m

1

— > 1) < Cy(m),
m

n=m-+1
hence
1 2m )

m = — "(0)]? — 0.
= 3 OO -

Notice that

_\2 G ()7 > () q( 7) - ()
> n Zn Z PO =3 1IP0I X ) =52 I
n=1 n=1 <j<2n j=2 j/2<n<j Jj=2
Since y,, — 0 implies i > yn — 0 one obtains that

7Z|f(n) )? — 0.

n=0

Hence we have

1
dens{n e N: [f(™(0)| > 1} = liminfa#{n <m:|fM(0)] > 1}

1 m
< liminf — () (0)]¢
< liminf — > 1M (0) =0,
n=0
which shows that f is not frequently hypercyclic for the differentiation operator.
O

The following diagram represents our present knowledge of possible or im-
possible growth rates e” /r® for frequent hypercyclicity with respect to D.

a
12
\No
1/4
Yes ? a=17
% > p P



3 Frequently hypercyclic entire functions for translation operators.
We turn to the translation operators

Tf(z) = f(z+a), a 0.

Duyos-Ruiz [18] has shown that for any chosen transcendental growth rate there
is a T,-hypercyclic entire function with slower growth. We shall see here that
this behaviour does not extend to frequent hypercyclicity. In fact, we have the
following sharp result.

Theorem 5. Let a € C,a # 0.
(a) For any € > 0, there is an entire function f that is frequently hypercyclic
for T, such that
Moo (f,r) < Ce*"  forr >0,

where C' > 0.
(b) Let € : Ry — Ry with liminf, o, e(r) = 0. Then there exists no entire
function f that is frequently hypercyclic for T, with

My(f,r) < CeEM™  for 1 sufficiently large.

Proof. For (a) we combine ideas from the proofs of [15, Theorem 4.2] and The-
orem 3 above. By considering the change of variable z — z/a it is easy to see
that we may assume that a = 1. For fixed € > 0 we consider the Banach space

X = {feH((C) I fllx := sup sup /()] < oo}

r>0 |z|=r esr
and, for n € N, the continuous mappings
T,: X — H(C), Tuf(z) = f(z+n).

The result will follow if we can show that (7},) is frequently universal, for which
we shall apply the Frequent Universality Criterion.
For m, k € N we consider the entire functions

sin £\ m+2
fu(2) = 2 (=2)
k
and we set
Yy = span{fm,k :m,k € N,mT“ < %}
Since fymk(z) — 2™ in H(C) as k — oo, we have that Y is dense in H(C).
Finally we define, for n € N, the mappings
Sn Yo — X, Spf(2) = f(z —n),

which are easily seen to be well-defined.



Now, for all m,k,l € N,

m+2 z4+n

I4n _m sin
ZT+Slfmk: =k +222+7n

n=1 =

converges absolutely, hence unconditionally in H(C), giving condition (i) of the
Frequent Universality Criterion. Condition (iv) is immediate, and for Condi-
tions (ii) and (iii) it suffices to show that, whenever 22 < £

m+2 z—n

> sin
nz::]- Snfm,k( km+2 Z 2—7’)1)5

n=1
converges absolutely in X.
To see this, let n € N. We first consider the case when |z — n| < 1. Writing

sin™t? z
Cm,k = maxX|;|<1 ’ p k | we find that

|Snfm,k(z)| < km+2 Cm;k?
eclzl — ec(n—1)"

Next, if 1 < |z —n| < § then |Rez| > %, so that

42
Sufnt@) _ o e
GE‘Z‘ - e%(|R€z|+|Imz|) — e%‘Rez\ >~ eEn/4'
Finally, if [z — n| > % then
+2
ISnfmk (D _ g e kR
eclzl eclz ‘|Z _ 7’L|2 = n2

Altogether we have that
Z ||Snfm,kHX < 00,

which had to be shown.

We turn to the proof of (b), assuming again that a = 1. Let f be an entire
function that is frequently hypercyclic for T7; by adding a constant, if necessary,
we may assume that f(0) = 1. Then there exists a strictly increasing sequence
(ng) in N with n;, = O(k) such that, for all k € N,

N | =

1
|f(z—|—nk)—z|<§ for |z] <

It follows from Rouché’s theorem that f has a zero in |z — ny| < 3. If N(r)
denotes the number of zeros of f in |z2| < 7, counting multiplicity, then we

consequently have for all k € N

(4) N(ng +1) > k.

10



Now assume in addition that there is ¢ : Ry — R with liminf, . e(r) =0
and some C > 0 such that

Mi(f,r) < Ce*™7  for r sufficiently large.

Applying Jensen’s formula,

R ™
gl o)1+ [ har = o [ o e,

see [17, pp. 280-282], and Jensen’s inequality for concave functions,
Ml(l()g |f‘7 R) S 10g Ml(f7 R)a

we have that, for large R,

2R

N(R)log2 < / Mdr <logC+2Re(2R).
T

R

Let R, be such that £(2R,) — 0. Then there are k, € N with
ng, +1 < Ry <ng,41.
We obtain that
N(ng, +1)log2 < N(R,)log2 <logC +2R,e(2R,) <logC + 2ny,+1(2R,),
hence

(5) N(ng, +1)

Nk, +1

On the other hand, it follows from (4) that

— 0.

N, +1) o kv 1k +1
Nyl Mhyt1 2 Ngq1)

so that, by (5), sup, ng/k = oo, a contradiction. This proves the claim. O

The theorem implies that T, has frequently hypercyclic entire functions of
order 1 and any given positive type, but not of type 0. The positive part was
also obtained, with a different method, in [14, Corollary 3.5].

The theorem can also be phrased more succinctly in the following way.

Corollary 1. Let ¢ : Ry — Ry be arbitrary and let 1 < p < oo. Then there
exists a Ty -frequently hypercyclic entire function f with

My(f,r) < Cé(r) forr sufficiently large
for some C > 0 if and only if

lim inf 7105;((15(7"))

r—00 r

> 0.

11



4 Frequently hypercyclic harmonic functions for differentiation op-
erators. We next study harmonic functions on RY, N > 2, where we start
again by considering differentiation operators. Here they take the form

pe—_ 9
Ox{?t - - 0z
where o = (a1, ...,ay) € NY and || = a1 + ... + ax.

Following Aldred and Armitage [1] we first consider the special operators
a—gk, and we study rates of growth in terms of the L2?-norm on spheres. More
precisely, let S(r) be the sphere of radius r centred at the origin 0 of RY, and
let o be the normalized (N — 1)-dimensional measure on S(r). For h € H(RY)

and r > 0 we consider
1/2
My(h,r) = (/ h? do) .
S(r)

Then, for any function ¢ : Ry — Ry with ¢(r) — oo as r — oo and
1 < k < N there exists a harmonic function h on RY that is %—hypercydic
such that '

er

M (h,r) < o(r) =i/

for r > 0 sufficiently large,

while there can be no %—hypercyclic harmonic function h that satisfies
k

e’l"

Ma(h,r) < Cm

for r > 0,
see [1]. Note that Aldred and Armitage phrase their result in terms of a different
notion of universality, but their proof gives the result stated above.

We study the situation for frequent hypercyclicity. We shall need the fol-
lowing lemma, where H; n,j > 0, denotes the space of homogeneous harmonic
polynomials on RY of degree j.

Lemma 2. Let a € N(I)V. For any H € H; n,j > 0, there exists a unique
polynomial G € Hjy|q,N with

DG =H.

Existence is obtained in [2, Lemma 2]. For |a| = 1, uniqueness is easily
deduced from [1, Lemma 3(ii) and (10)]; the case of general « follows by induc-
tion (it is important to note that the uniqueness assertion in [1, Lemma 3(ii)]
does not depend on the orthogonality of the mentioned representation; see [28,
Theorem 3]).

Theorem 6. Let 1 < k < N.
(a) Let p : Ry — Ry be any function with ¢(r) — 0o asr — oo. Then there
s a fzk—frequently hypercyclic harmonic function h on RN with

eT

Mg(h, 7") S @(T)m

for r > 0 sufficiently large.

12



(b) Let ¢ : Ry — Ry be any function with ¥(r) — 0 as r — oco. Then there
s no %—fr@quently hypercyclic harmonic function h on RN with
61”

Ma(h,r) < () x7=37

for > 0 sufficiently large.

Proof. (a) We assume without loss of generality that inf,~q () > 0 and define

Mo(h N/2-3/4
U TP

X = RY) =38
{n e M®Y) - Il = sup =20

Then, as in [1], X is a Banach space that is continuously embedded in H(RY),
endowed with the topology of local uniform convergence.
For n € N, we consider the continuous mappings
an

T,: X - HRY), T, = Ix,
n n axz

and for Yy we take the space of harmonic polynomials on RV,
Next, by Lemma 2, for any H € H; ny and n € N, there exists a unique
harmonic polynomial P, (H) € H;i+n,n such that

871

Moreover, by [1, Lemma 4] and the homogeneity of P,(H), we have

(6) Mo(Po(H),r) < ey jur’™" Mz (H, 1)

with
. _( (N +2j —2)! )1/2
Nir T (N +2j+n—3)(N+2j+2n—2))

We note that, for fixed j,

1
(n+J)n +j + DN

(7) CN,jn ™~

Since any harmonic polynomial h of degree m has a unique representation
m
h = ZHj’ Hj S Hij,
§=0

see [8, 1.26, 1.27], we may define, for n € N, the mappings

S,:Yy— X, h= ZHj — ZPn(Hj).
=0 =0

13



With these definitions we have for any harmonic polynomial h and [ € N

that - -
> TinSith =Y Tuh
n=1 n=1

is a finite series, hence unconditionally convergent in H(R™), and
T.S,h =h for any n > 1.

In addition, the uniqueness of the P, (H) implies that
T1Si4nh = Sph forn > 1.

Thus, in order for conditions (i) — (iv) in the Frequent Universality Criterion
to hold it suffices to show that

S SuH =S P()
n=1 n=1

converges unconditionally in X, for any polynomial H € H; n,j > 0.

Since the degrees of the P,(H),n > 1, are different, these functions are
orthogonal with respect to the inner product defining Ms(f, ), see [8, Theorem
5.3]. Hence we have for F' C N finite, using (6), (7) and [1, Lemma 4],

FN/2— 3/4

| ;Pn<ﬂ>uxsup (0.

>0 (P
FN/2-3/4

~ sup (Z 2P

r>0 QO
N/2 3/4 ) 1/2

( Z C?V,j,nr2(j+n))
neF

< C'sup
rN/2-3/4 ( 1 2(j+n))1/2
r .

< C'sup
r>0 SO( )

r>0 90()
< ((n+7))*(n+j +1)N=2

By Lemma 1 we have that

oo r

1 on\ 1/2 e
- g2 <O
(nz_:o (nh)2(n+ )N-2" ) < O pm

which, as in the proof of Theorem 3, implies the unconditional convergence of

2o Pu(H).
(b) We may assume that ¢ is monotonically decreasing. Let h € H(RYN)
satisfy the given growth condition. We can write h as

h=Y Hy, Hy € Hyn.
n=0

14



By orthogonality of this sum we have

2= My(Hy,r)?
n=0
In addition,
a’ﬂ
7H7 0 ;
axk Z ox} ox} (0)
in view of [1, Lemma 1] we deduce that
871
0)| < nly/dunr " Ma(H

oxy
where d,, y = dimH,, y. We note that d, x = O(n™¥=2), see [1] or [8, p.94].
Putting everything together we find that

e on 10 2 1 on c ) 627'
S 0] e <507

that is
2 2n+N73/2 —2r

o0 an
2 |70 e <

We can now argue exactly as in the proof of Theorem 4; note that the function
p2ntN—3/2,-2

g(r) = W]\,fzr has its maximum at a,, = n+N/2—3/4 with g(a,) ~ 1/v/n
and an inflection point at n+ N/2 —3/4+/n/2 + N/4 — 3/8. We then obtain

that -
1 o"
Sh(O)] =0,
m ;J ‘ oz} O -
so that h cannot be frequently hypercyclic. O

In a subsequent paper, Aldred and Armitage [2] studied rates of growth in
terms of sup-norms on spheres, and they did this for arbitrary differentiation
operators D,

In order to formulate their results we need to introduce the constants cy
given by

1/(2N)
N-1 (25)%

=1, ecy=N H 2]+123+1 , N>3.

Then c¢y > y/N/2 for N >3 and cy = /N/2+0(1) as N — o0; see [2]. Aldred
and Armitage then show that for any o € N}, o # 0, there exists a harmonic
function h on RY that is hypercyclic for D such that, for any € > 0, there is
some C. > 0 with

|h(z)] < Ceele¥+9 for ||z]| = r > 0,
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while, for a = (1,1,...,1), there can be no D*-hypercyclic harmonic function
h that satisfies

|h(z)| < Ce” for ||z]|=r >0
for any ¢ < y/N/2. Here, ||z|| denotes the Euclidean norm of z € RV.

We improve the positive part of this result in two directions: we strengthen
the growth condition and we extend the result to frequent hypercyclicity. Note,
however, that the result of Aldred and Armitage even covers a more general
notion of universality.

Theorem 7. Let o € NYY,a # 0. Let p : Ry — Ry be a function such that
o(r)/rP — 00 as r — oo for any p > 0. Then there exists a harmonic function
h on RN with

|h(x)| < p(r)e~"  for ||z|| = r sufficiently large
that is frequently hypercyclic for D*.

Proof. The proof follows the same lines as that of Theorem 6. Assuming, as
usual, that inf,.~q ¢(r) > 0, we consider the Banach space

h(z)]|
X:{hEHRN: h||x :=sup sup |7,<oo},
(B): bl = sup smp o2
which is continuously embedded in H(RY), and we define continuous mappings
T,: X — HRY), T" = D"|x.

For Y, we consider the space of harmonic polynomials on RY. The mappings
S, : Yy — X are defined by

h = ZHJ = an(Hj)7
) =0

where H; € H; n and P,(H;) denotes the unique polynomial G; € H;inja|,n
with D"*G; = Hj; see Lemma 2. It follows from [2, Lemma 4] that

Al A5 (N-1)/2 n|a|
nlal?(j +1) (enr)
, sup |Hj(z)l,
= (n]al)! =
where A, C > 0 are constants depending only on INV; we may assume that A € N.
Now, as in the proof of Theorem 6, the conditions of the Frequent Univer-

sality Criterion are satisfied in this setting; we need only note that here we
have

1 e nAlald j+1 (N-1)/2 eNT nlal
SUp ———— Z C o ) ' (ent) sup |H;(z)|
r>0 p(r)e L1 (nla)! lzll=r
1 = nA(eyr)™el
< C'sup
U e 2 (alal)
Jj+A e nla|—A
< Csup - — Z (ent) T
728 et 2= (nla[ -~ A)
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where we have used the homogeneity of H;. O
Our previous result contains, in particular, the following.

Corollary 2. For every a € NY, o # 0, the operator D* is frequently hyper-
cyclic on H(RY).

We complement Theorem 7 by giving lower estimates for possible growth
rates, where we obtain rates in terms of L?-norms. Note, however, that since

Ms(h,r) < sup |h(z)],

llzll=r

the result is also true for M,,. For the same reason, Theorem 7 also gives a
result in terms of M.

Theorem 8. Let a € N, o # 0. Let v denote the number of non-zero oy, and

. \/ o
2( HIICV:I O‘gk)l/la‘

If ¢ : Ry — Ry is any function with ¥(r) — 0 as r — oo then there is no
D -frequently hypercyclic harmonic function h on RN with

eMr

Ma(h,r) < 9(r )m

for r > 0 sufficiently large.

In particular, if o« = (1,1,...,1), then there exists no D“-frequently hyper-
cyclic function h with
eV N/2r

Ma(h, 1) < ¥(r) =575

Proof. By [22, Lemma 2.4] we have that

5 > th 0 2 2m

with g2
|vmh|2 m) Z | |
la|=
Hence we obtain that
o0
| DR (0)[? 2/n| 2
mMe < CMy(h .
nz:ina\F(n|a|+N/2)(na1)!...(naN)!r - 2(h,7)

Using the definition of y and v we deduce that

‘Dnah’ ep 2nlal 2n|o| 2
Z p(N+v—1)/2 (n\a|> " < CMy(h,r)”

Now the proof can be completed as that for Theorem 4. O
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Remark 2. It is instructive to compare Theorem 8 with Theorem 6(b).

(a) First, Theorem 6(b) immediately extends to any operator D* with « =
0,...,0,v,0,...,0),v > 1, because any function that is frequently hypercyclic
for such a D% is also frequently hypercyclic for some %. Even more is true; one
can show that Theorem 6(b) holds with the same growth rate for an arbitrary
operator D%, o # 0. One need only repeat the proof, noting that

pne Z Hj(O) = ZD”QHJ‘(O) = DnaHnla\(())
=0 J=0

and that [1, Lemma 1] is valid for arbitrary D®.

(b) Together with Theorem 8 we now have two lower estimates for growth
rates for arbitrary operators D®. In some cases, Theorem 6(b) gives the better
growth estimate (for example, when « has exactly one non-zero entry), in others
Theorem 8 gives the better estimate (for example, if « = (1,1,...,1), N > 3).

5 Frequently hypercyclic harmonic functions for translation opera-
tors. We finally consider translation operators

Tof(x) = f(x+a), a#0

on spaces of harmonic functions. The hypercyclicity of these operators was
obtained by Dzagnidze [20]. An alternative proof is due to Armitage and Gau-
thier [6] (see also [4, Section 11]); using their approach we can show that the
translation operators are even frequently hypercyclic.

Theorem 9. FEvery translation operator T,,a # 0, is frequently hypercyclic on
H(RY).

Proof. By [11, Lemma 2.2], see also [15, Lemma 2.5], there are pairwise disjoint
sets A(l,v) C N, l,v > 1, of positive lower density such that

[n—m|>v+p forneA(l,v),me A(k,u),n # m.

Let (P);>1 be a dense sequence of harmonic polynomials in RY. We define a
function g by
g(z) = Pi(x —na) for x € B(na,v|all/2), n € A(l,v), l,v > 1,

where B(b,p) = {x € RN : ||z — b < p}.

Then g and F = |J;—, B(na,v|a||/2) satisfy the conditions of Theorem 1.1
of [7]. Thus there exists a harmonic function f on RY such that

1
R F]

This implies that, for n € A(l,v),l,v > 1,

for x € F.

[f(z) —g(z)] <

sup |f(z +na) — P(z)] =0 asn— oo.
llzl[<vllall/2
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Since each set A(l,v) has positive lower density, f is frequently hypercyclic for
T,. O

Armitage [5] has proved that if ¢ : [0,00) — (0, 00) is a continuous increasing
function such that (log¢(r))/(logr)? — oo as r — oo, then there exists a
harmonic function f on R¥ that is hypercyclic for T, such that

F@)] < 6(le]) for z €RY, and Timsup L)
a—oo B([]])
In particular, there are hypercyclic harmonic functions of order 0. However, the
methods of [5] do not seem to be adaptable to the study of frequent hypercyclic-
ity of Ty,.

6 Problems To end this paper we formulate several open problems.

(1a) Complete the diagram following Theorem 4.

(1b) Even for p = 2 there remains a problem: Does there exist a D-frequently
hypercyclic entire function f that satisfies

My(f,r) < CT—M forr>07
r

(2a) Obtain the analogue of Theorem 6 for rates of growth in terms of LP-
norms My (h,r).

(2b) Does there exist a aik -frequently hypercyclic harmonic function h on
R” such that

My(h,r) < OTN/“Zi_g/4 for r > 07

(3) Find an optimal result on the possible rates of growth (in the ordinary
sense, or in terms of M,,,1 < p < c0) of harmonic functions that are hypercyclic
or frequently hypercyclic for D®. Aldred and Armitage [2] conjecture that, for
hypercyclicity and sup-norms, exponential type 1/N/2 (instead of the larger
cn) is possible.

(4) Obtain (optimal) results on the possible rates of growth of harmonic
functions that are frequently hypercyclic for Ty, a # 0.
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