NOTES ON THE SPACES OF BILINEAR MULTIPLIERS

OSCAR BLASCO

ABSTRACT. A locally integrable function m(¢,n) defined on R™ x R" is said
to be a bilinear multiplier on R™ of type (p1,p2,p3) if

Bu(f.o)e) = [ [ Feammie.mei (€ acay

defines a bounded bilinear operator from LPt (R™) x LP2 (R"™) to LP3 (R™). The
study of the basic properties of such spaces is investigated and several methods
of constructing examples of bilinear multipliers are provided. The special case
where m(&,n) = M(§ —n) for a given M defined on R" is also addressed.

1. INTRODUCTION.

Throughout the paper Cyo(R™) denotes the space of continuous functions defined
in R™ with compact support, S(R™) denotes the Schwartz class on R™, i.e. f:R"™ —

C such that f € C*(R"™) and a:“aagfl% is bounded for any 8 = (81, ..., 5n)
) t...0x,

and a = (aq,...,ap) where 2® = z{'..2%" and || = /1 + ... + 5, and P(R"™)
stands for the set of functions in S(R™) such that f € Coo(R™) where f(¢) =
Jgn f(@)e=2m @8 dg,

We shall use the notation M,, ,(R") (respect. M, ,(R™)), for 1 < p,q < oo, for
the space of distributions u € S’(R™) such that u x ¢ € LI(R™) for all ¢ € LP(R"™)

(respect. for the space of bounded functions m such that T, defines a bounded
operator from LP(R™) to LY(R™) where T/m(?b)(ﬁ) = m(€)f(€).) We endow the
space M, ,(R") with the “norm” of the operator Ty,, that is ||m||p.q = ||Tn]|-

Let us start off by mentioning some well known properties of the space of linear
multipliers (see [1, 14]): M, ,(R™) = {0} whenever ¢ < p, M,, ((R") = My »(R™)
for 1 <p<g<ooandforl<p<2 M;i1(R") C M,,(R") C Mya(R™). We
also have the identifications

Mz (R") = L*(R"),
M ((R") ={ue S R"):ue LI(R")},1<q< oo,
Mi1(R") ={ueSR"):u=pe MR")}.
In this paper we shall be dealing with their bilinear analogues.

Definition 1.1. Let 1 < p1,py < 00 and 0 < ps < oo and let m(&,n) be a locally
integrable function on R™ x R™. Define

Bu(f.)e) = [ [ HOatmm( e agay

Key words and phrases. spaces of bilinear multipliers, bilinear Hilbert transform, bilinear frac-
tional transform.
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for f,g € P(R™).
m is said to be a bilinear multiplier on R™ of type (p1, p2, p3) if there exists C > 0
such that

1B (fs D)llps < CllFllp ll9lp2

forany f,g € P(R™), i.e. By, extends to a bounded bilinear operator from LP* (R™) X
LP2(R™) to LP*(R™) (where we replace L (R™) for Co(R™) in the case p; = oo for
1=1,2).

We write BM p, p, ps)(R™) for the space of bilinear multipliers of type (p1, p2, p3)
and |[mllp, ps.ps = [ Bumll-

The study of bilinear multipliers for smooth symbols (where m(€,n) is a “nice”

regular function) goes back to the work by R.R. Coifman and Y. Meyer in [6].
Particularly simple examples are the following bilinear convolution-type opera-
tors: For a given K € L], (R™) we define

(1) Cr(f.9) /f (& — (e + v) K (y)dy

for f and g belonging to Cyo(R™).
If K € LY(R") then m(¢,n) = K (€ —n) defines a multiplier in BM p, ps.ps) (R™)
for 1/p1 +1/p2 = 1/ps if ps > 1 and [mllp, pops < 1K1
Indeed for f and g € S(R), one has f(z —y) = [gn f(&)e*mz=v8 d¢ and
= Jon 4( e?m{z+ym) dp Hence we have

Ck(f,9)(x) . [z —y)g(z +y)K(y)dy

/ / FO)m) K ()00 2mitatvn) ge dndy
n n R"L

| f@atn ] K napenicnaan
n JR

~ [ Lowi

This motivates the introduction of the following class of multipliers.

Definition 1.2. Let 1 < p1,p2 < 00 and 0 < pg < oo. We denote by /\;‘(m,pz’ps)(Rn)
the space of measurable functions M : R™ — C such that m(&,n) = M(§ —n) €
BM(Pl,Pmps)( ) that is to say

o= [ [ F©atme —mer gy

extends to a bounded bilinear map from LP'(R™) x LP2(R™) into LP3(R™). We keep
the notation || M||p, ps.ps = || Baml|-

K (& —n)e*™&mm) dedy,

It was only in the last decade that the cases My(x) = ‘xl% were shown to define
bilinear multipliers of type (p1,p2,ps3) for 1/ps = 1/p1 + 1/ps — a for 1 < p1,ps <
oo and 0 < a < 1/p; + 1/p2 (see (3) in Theorem 1.3) and, in the case n = 1,
M (z) = —isign(z) was shown to define a bilinear multiplier of type (p1,p2,ps3)
for 1/ps = 1/p1 4+ 1/pa for 1 < p1,p2 < oo and ps > 2/3 (see (2) in Theorem
1.3). These two main examples correspond to the following bilinear operators: the
bilinear fractional integral defined by

/f |y|1:+y)dy, D<a<l
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and the bilinear Hilbert transform defined by

H(f,9)(z) = lim 1 flxz—y)glz+y) iy

e—0 T ly|>e Y

respectively.
Let us collect the results about their boundedness which are known nowadays.

Theorem 1.3. Let 1 < pj,pa<o0, 0<a<1/pi+1/ps, 1/¢=1/p1+1/p2 —«a,
1/ps =1/p1+ 1/p2 and 2/3 < p3s < 0o. Then there exist constants A and B such
that

(2) HH(f7 g)llp?, S AHf”Pl”gHPz (Lacey-Thiele, [127 13])7

B)  Malfs9)llq < Bllfllp:llgllp,- (Kenig-Stein [11], Grafakos-Kalton [10] ).

Our objective is to study the basic properties of the classes BM,, 1, p,)(R) and
My, psps(R), to find examples of bilinear multipliers in these classes and to get
methods to produce new ones.

As usual, if f € L'(R™) we denote by 7,, M, and D! the translation 7, f(y) =
f(y —z) for 2 € R", the modulation M, f(y) = e2™(@¥) f(y) and the dilation
DY f(z) =t"/Pf(%) for 0 < p,t < co.

With this notation out of the way one has, for 1 <p < oo and 1/p+1/p’ =1,

—

@) (@O =M. f(©), QLAE=7fE), DIFE)=D"f©).

Clearly 7., M, and D! are isometries on LP(R") for any 0 < p < oo.

Although most of the results presented in what follows have a formulation in
n > 1 we shall restrict ourselves to the case n = 1 for simplicity. The reader is
referred to [2, 3, 4, 5, 7] for several similar results on other groups, and to find same
methods of transference.

2. BILINEAR MULTIPLIERS: THE BASICS

Let us start by pointing out a characterization, for ps > 1, in terms of the duality,
whose elementary proof is left to the reader.

Proposition 2.1. Let 1 < p3 < oco. Then m € BM
exists C' > 0 such that

(R) if and only if there

P1,P2,P3)

I/Rz F©amh(E +mm(& m)dédn| < C| fllp, 9llps 1Pl

for all f,g,h € P(R).

We now present a basic example of a bilinear multiplier. For a Borel regular
measure in Ry we denote fi(§) = [, e"*™*¢du(x) its Fourier transform.

Proposition 2.2. Let p3 > 1 and 1/p1+1/p2 = 1/p3 and let m(&,n) = p(af+8n)
where i is a Borel reqular measure in R and (o, ) € R2. Thenm € BM (p, ps.ps)(R)
and [|m|lp, p,.ps < llpall1-
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Proof. Let us first rewrite the value By, (f, g) as follows:

Hence, using Minkowski’s inequality, one has

1B (f,9)llps < /Rllf(~—at)g('—ﬂt)l\psd\ul(t)

A

< /Rllf(~ — at)|lp, [|g(- = B)[p, dl ()

IIprlIIgIIpQ/RdIu\(t) = [l £ 1o gl
|

Let us start with some elementary properties of the bilinear multipliers when
composing with translations, modulations and dilations.

Proposition 2.3. Let m € BM(y, p, 1s)(R).

(a) Ifm, € /\;lsh,71 (R) and my € /\;1324,2 (R) then my(§)m(&,n)ma(n) € BM s, s5.ps)(R).
Moreover

”mlmeHSLSz,Ps < ||m1 ”51,171 ||m||p1,p2,p3 Hm2|‘52,p2

(b) T(¢o,neym € BMp, py.ps)(R) for each (§o,m0) € R? and

||T(5077]0)m||171,p2,p3 = Hm”m,pzmy

(€) Mgynym € BM () ps.ps) (R) for each (§9,m0) € R? and

||M(£0ﬂ70)m||p1;]72,173 = Hmllpl,Pz,PS
(d) ]f% = p% + p% — p% and 0 <t < oo then Dim € BMy, p, ps)(R) and
HngthpzaPs = HmehP’zaPs'

Proof. Use (4) to deduce the following formulas

(5) Binymms (f,9) = B (T, f, Ty 9)-
(6) BT(go,nU)m(f’g) = M§0+7ZOBm(M*§0fa M*nog)'
(7) BM(so,nmm(f’ 9) = B (T—¢o fs T=1o9)-

(8) B (D" f, Di*g) = Di* Bpg(f, 9)-
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Let us check only the validity of last one. The other ones follow easily from the
previous facts.
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From (8) we can see that the condition 1/p; + 1/p2 = 1/p3 is also connected to
the homogeneity of the symbol.

Proposition 2.4. Let m € BM,, ,, p,)(R) such that m(t&,tn) = m(&,n) for any

t > 0. Then—Jr2 pld

Proof. From assumption D{°m = m. Using (8) we have
By (D f, Dy?g) = t'/rs=U/mF/r Do B (f, g)
and therefore
1B (f;9)llps = 1D B (£, 9)llps

t—1/p3+(1/p1+1/p2) || By (DP* f, DP2g)
< VPP B £y gl -

lps

For this to hold for any 0 < ¢ < co one needs 1/p; + 1/ps = 1/ps. |

Let us combine the previous results to get new bilinear multipliers from a given
one.

Proposition 2.5. Let p3 > 1 and m € BMy, 5, ps)(R).
(@) If Q@ = [a,b] X [¢,d] and 1 < p1,p2 < 00 then mxq € BM(p, p,.ps)(R) and

HmXQ”pl,Pmm < CHm”Pl;PZ,PS'
(b) If® € L'(R?) then ?*m € BMp, ps.ps)(R) and pr*mnphm,ps < |1®|l1[lmlpy p2,ps-
(C) If® e Ll(RQ) then ®m E BM (p1,p2, ps)( ) and Hq)mllphpz,ps < HCI)HIHm”m,pz’ps-
(d) If ¢ € AR, 175 G072 thenmy(&,m) = [5° mt€, tn)d(t)dt € BMp, py py) (R).
Moreover ||m1pr1,PQ,Ps < ||¢H ”m”ph]ﬂz,ps

Proof. (a) Use that X[a4 € My, p, for 1 < p1 < 00 and Xjeq € My, p, for
1 < p2 < oo together with Proposition 2.3 part (a).
(b) Note that

Boan(fua)@) = [ FQa([ m(& = u.n— )b, o)dudo)e D sy

_ / ([ FOamm(E —u,n— v)E D aedn) B (u, v)dudv
RQ RZ

— /R2 Bnu,u)fn(fa 9)(2)®(u, v)dudv.
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From the vector-valued Minkowski inequality and Proposition 2.3 part (b), we
have

|Bom(£.9)ls < / By )l | B0, ) e
< mllpy paps L gy 191l (|91
(c) Observe that
B, (f.9)(x) = f(©an | Meu) m (&, n)®(u, v)dudv)e*™ T d¢dn

]RZ
- / Bur . ym(f29)(@)®(u, v)dudo.

Argue as above, using now Proposition 2.3 part (c), to conclude the result.

(d) Use now Proposition 2.3 part (d), for i — (p% + p%) = —%,

B, (f,9)(x) = F©)an / DL m(&, n)t™ > p(t)dt)e*™ DT dédn

R2
- / Bpo (. 9) @)t/ (1)t

With all these procedures we have several useful methods to produce multipliers
in BM, p,.ps)(R). Let us mention one application of each of them.

Example 2.6. (1) If p% + p% = L. my € Mg, ) and ma € My, ) then

p3

m(&,n) = mi(§)ma(n) € BMp, ps.ps-
(2) If m € BM(p, pyps)(R), p3 > 1 and Q1,Q2 are bounded measurable sets in
R then

1
1Q111Q2] /g, x s
(3) If ® € LY(R?) then ® € BM(p, o py)(R) for L+ L =L pg>1.
(4) If m € BMp, ps ps)(R), |p% + - p%‘ <1 then

P2

m(€ +u,n + v)dudv € BM(pl,pzﬁpa)(R)'

> dt
ml(fﬂ?) = / m(tf,tn) 1+¢2 € BM(Pl’pzaps)(R)'
0

A combination of the previous results gives the following examples of bilinear
multipliers in BM (1 ; p,)(R) whose proof is left to the reader.

Corollary 2.7. Let ® € L'(R?), ¢1 € LP'(R) and 15 € LP*(R) and p% + p% =

L <1 then
p3

m(&,n) = P1(E)(E, )2 (n) € BM (11, (R).

Let us use Proposition 2.1 and interpolation to get a sufficient integrability con-
dition to guarantee that m € BM,, p, ps)(R).

Theorem 2.8. Let 1 < pi,ps <p <2 and p3 > p' such that p% T 1%2 - % - p%' U
m € LP(R?) then m € BMp, p, ps) (R).
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Proof. Let us show first that m € BM, , »)(R). Let f,g € L?(R) and h € L'(R).
Using Holder and Hausdorff-Young’s inequalities one gets

\/Rz FOImAE +mm(E mydedn] < lml| o) 1Rl ool Fll 1G]

l[ml o @2) 1P fllpll9]lp-
Similarly, changing the variables £ + 71 = u, £ = —v, one has

IN

| F©a(mh(E + mm(€ n)dedn = /R f(=0)3(u+ v)h(wym(—v, u + v)dvdu.
An argument as above gives also the estimate
| . F(=0)g(u+ v)h(uym(=v,u +v)dvdu| < |[ml| o) llgli ] 1l 1]l
This shows that m € BM,1,)(R). A similar argument shows also that m €

BM pp)(R). )

Given 1 < p; < pand p’ < p3 < co with ;3%_5*3 :%wehave()gé'g 1 such that

ﬁ% = % + % and ﬁ% =10 5. Hence, by interpolation, m € BM 3, p 5,)(R).
Similarly m € BM, 5, 4,)(R) whenever 1 < po < p and p’ < g3 < oo with

1 1 _1

D2

g3 p°
To finish the proof we observe that if 1 < p; < p and 1 < ps < p then for each
0 <6 <1thereexist 1 <p; <p; <pand 1< py<ps < psuch that

1 1 1 1 1 1 1 1

f—*:].—a - — — ) —_— — - = - — — ).
pr P ( )(pl p) b2 P (p2 p)
Denoting ps, Gz the values such that == — 1 = L and = — 1 = L one obtains that
p2 P p3 p2 p a3
1 1-6 0 1 1-6 0 1 1-6 0
1 Q-0 0 1 _ (-0 6 1 (-0 0
Y41 b1 p P2 p n b3 b3 q3
Hence the result follows again from interpolation between the last ones. |

3. BILINEAR MULTIPLIERS DEFINED BY FUNCTIONS IN ONE VARIABLE

Let us restrict ourselves to a smaller family of multipliers where m(&,n) = M (£ —
7n) for some M defined in R. These multipliers satisfy

(9) Bm(fo, Mﬂcg) = M23:Bm(fa g)'

As in the introduction we use the notation M, ,, ,.(R) for the space of functions
M : R — C such that m(§,n) = M(§ —n) € BMp, p,.ps) (R), that is to say

Bu(f,9)@) = | FO3mM(E—me T dedy,

defined for f and § compactly supported, extends to a bounded bilinear map from
LP1(R) x LP?(R) into LP3(R). We keep the notation | M||p, ps.ps = || Ball-

The reader should be aware that the starting assumption on the function M is
only relevant for the definition of the bilinear mapping to make sense when acting
on certain classes of “nice” functions. Then a density argument allows to extend
functions belonging to Lebesgue spaces. We would like to point out the following
observation.
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Remark 3.1. If M,, € /\;l(pl,m,m)(R) are functions such that M, (z) — M(z) a.e

and sup,, ||MnH < oo then M € M(pl,pz,ps)(R) and ||MHp1,p2,ps < sup, HMn”pl,pmps-
Indeed, this fact follows from Fatou’s lemma, since

1 Bas (£ 9)llps < limvinf [| Bag, (£, 9)llps < SupIIMnllpl,pQ,pSHfllpl||9||p2-

Remark 3.2. The case M(x) = B Il = (and even the n-dimensional case) corre-
sponds to the bilinear fractional integral. This was first shown by C. Kenig and E.
Stein in [11] to belong to /\;l(pl’pQ,pS)(R) forany1l < pi,p2 < 00,0 < a<1/p1+1/ps
and 1/p1 + 1/p2 = 1/ps — . Another very important and non trivial example is
the bilinear Hilbert transform, given by M (x) = —isign(z), which was shown by M.
Lacey and C.Thiele in [12, 13, ?] to belong to M(m,pz,pg)(R) forany 1 < p1,pa < oo,
1/p1 + 1/p2 = 1/ps and ps > 2/3. These results were extended to other cases in
[10] and [8, 9] respectively.

We start reformulating the definition of this class of bilinear multipliers.

Proposition 3.3. Let M € L}, .(R), f,g € P(R). Then

(10) Bur AQA“+” ()M ()2 dud
(11) Buf.0)(—o) = [ (77 + MO F(€)as.
(12) Ba(7.0)(x) = 5Car(D,f., D 0) ).

Proof. (10) follows changing variables.
To show (11) observe that

Bu(f.a)ca) = [ mFOmam)ME ~ n)dsan
= [ ([ Fare - man T
R JR

—

_ /R (7ag * M) ()7, [ (€)dé

Finally, using (10), we have

Butfa@ = 5 [ ([ FEGDaC5 M @) ean

= /CM 1/2f D1/29)( u)e AL

This implies (12). |

For symbols M which are integrable we can write By; in terms Ck for some
kernel K.

Proposition 3.4. Let M € L'(R) and set K(t) = M(—t). Then By = Ck, i.e

/fx—t (& + ) K (£)dt
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Proof.

Cx(f,9)(x) = [ fl@—1t)g(x+t)M(—t)dt

o

([ F©ame e e2m e I dedn) M (~t)dt
R JR?

Il Il
5

J©an( /R M (t)e*™ €=Mt ) e D g dn

This class does have much richer properties than BMy, ,, p,)(R). As above use
the notation f;(z) = D} f(z) = 1 f(%) for a function f defined in R. The following

-t
facts are immediate.

(13) TyBJVI(fvg) = BM(Ty.ﬂTyg)?y €R.
(15) (Bum(f,9))e = Bpr_ m(fe, 91),t > 0.

When specializing the properties obtained for m(&,n) to the case M (& —n) we

get the following facts:

(16) By (7—y f,7y9) = Buym(f:9),y € R
(17) BM(Myfa M—yg) = BszM(f7 g)vy cR.
For L =L 4+ L _ L we have
¢ p1 " b2 p3
(18) BM(DflfanQg) :Dtp3BD2M(fag)at>O

As in the previous section we can generate new multipliers in /\;l(plypz,m)(R).

Proposition 3.5. Let p3 > 1, ¢ € LY(R) and M € My, 1, po)(R). Then

(a) Qf* M €~'A~/l(p17p2’p3)(R) (mdAH(b* M”pl,pmps < H(b”lHMthpz,pr
(b) de € M(P17PZ’P3)(R) and ||¢MHP17172,P3 < ||¢||1||M||P1,P27P3'

() Ifv € LMRF 175~ i T52)) then My (€) = [3° M(E)(t)dt € My, py p) (R)-

Moreover |[My|py,paps < 10111[[1M py,p2.ps

Proof. (a) Apply Minkowski’s inequality to the following fact:

Boou(f.0)@) = [ FOan)( | M€= n—wolu)du)e* <t wdgay

[ B O g)@)otu)du

[ T ©atmatte - mee e agan ™o u)du
R JR?
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(b) Observe that

By (F)@) = [ FOam( [ (Mom)(€ = motu)du)e™ =gy

R

[ Buantr ot

Use now Minkowski’s again and (16).
(c) Write L — (L + 1):_l
p3 p2

p1

B, (f,9)(x) = sz )i(n / DL M (&)t~ ap(t)dt)e* 7 dedn

/0 BDg_lM<f,g)(z)t*/wa)dt

The result follows from (18) and Minkowski’s again. |

Proposition 3.6. Letps > 1, ¢ € L'(R) and M € /\;l(pl,p%pS)(R). Thenm(&,m) =
M(§ - 77)¢(§ + 77) € BM(pl,pz,m)(R) and ||m||p1,p2,p3 < ||¢||1||M||p1,p2,p3'

Proof. Apply Young’s inequality to the following fact:

[ F@atnare ([ awe=ermmayem iy

/ / F©Fm)M (€ — )™ EDE=D dedn) o(y)dy
b+ Bt (f,9)(@).

B (f,9)(x)

Let us show that the classes M
of the parameters.

(p1,pa.ps) (R) are reduced to {0} for some values

Theorem 3.7. Let p3 > 1 such that - + .- < —. Then M(m,pz,ps)(R) = {0}.

Proof. Let M € M(;Dl,pz,pz)(R)' Using Proposition 3.5 we have that ¢ x M €
/\;l(pl’pQ,ps_)(R) for any ¢ continuous with compact support. Hence we may assume
that M € L'(R). Using Proposition 3.4 one has that

Bar(f.9)(x) = / F— gl + N (~t)dt
(z+Br)N(—z+BRr)

for any f and g continuous functions supported in a ball Bg = {|z| < R}. Therefore
one concludes that supp(Ba(f,g)) C Bzgr in such a case. On the other hand for
any compactly supported function i, 0 < p < oo and y big enough one can say that
1B £ 7y fllp = 272 flp-

Consider {r} the Rademacher system in [0, 1] and observe that, for each N € N
and y € R, the orthonormality of the system gives

1 N N N
/ BM(Z Tk () Ty f, Z Tk () Ty f)dt = Z B (Try fr Ty g)
0 k=0 k=0 k=0
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Therefore, since Zi\;o By (Tey fr Ty g) = ZI[LO TryBu (f, g), we conclude that for
y big enough

N
1D 7y Bar (f 9)I52 = (N + D)l Bas (£, 9) I35

k=0
On the other hand, for p3 > 1,

1 N N
A0 SEACE NS SERUL WO
0 k=0 k=0

1 N N
< [ 1B 0. e 9)
0 k=0 k=0
N N
< / IBMUINY @7y Fllp, 1Y e () 7k )l podt
k=0 k=0
N N
< B su i (t)T su e ()T
< |1Bull O<tI<)1 | kZ:O k() Ty [ llpy 0<tI<)1 l kZ:O k() Try 9l ps
< ABulI(N + DY fllp, (N + 1)P2||g]|,

This implies that (N + 1)V7| By (f,9)[[7* < C(N + D)VPrr1/e2|| £, g, -
Hence 1/p; + 1/p2 > 1/ps. [ |

The following elementary lemma is quite useful to get necessary conditions on
multipliers.

Lemma 3.8. Let M € My, p, ps)(R). If% = p% + p% - p% then there exists C' > 0
such that
_y2¢2 1_
|/Re MEM()de| < Cl[M]|p, po,ps AT !
for any A > 0.

Proof. Let A > 0 and denote G such that Gy(¢) = e~22°¢" Using (10) one
concludes that

1 )
Bu(Gr.Gi)(x) = 3 / 2e_’\zvze_’\2“2M(v)62m“””dudv
R

1 1 @
= 7(/ e_’\zsz(v)dv)(f/e‘“QeQ”w?du)
2 g A Jr
1 22
= 0767”272(/ e_)‘2”2M(v)dv).
A R
Since ||Gallp = C’p)\%_l and M € ./\;l(p17p27p3)(R) one gets that
a1 BRI
1B31(Grs Gl = C / e N M(0)dv|AT T < Ol My o pa AT IAT

Therefore | [, e "¢ M(€)d¢| < C||M|lpy popu A7~ m

Theorem 3.9. If there exists a non-zero continuous and integrable function M
belonging to My, p, ps)(R) then

1 1 1
—<—4+ —< —+1.

P3s ~ pP1 P2 D3



12 OSCAR BLASCO

Proof. Assume first that p% + p%‘ < p%. Use Lemma 3.8 applied to 7_9,M for any
y € R together with (16) to obtain

2.2 1
|)\/Re ATE M€+ 2y)dE| < C||M||p, popsA-

Therefore, using the continuity of M and ¢ < 0 one gets

fim A | &N+ 20)de] = M (20)] =0

A—00

Hence M = 0.

Assume now that p—l + —2 — 173 > 1. Using again Lemma 3.8, applied to M, M,

together with (17) we obtain
| [ E MO e < My o

Therefore, taking limits again as A — 0, since 1/¢g—1 > 0 we get |M (y)| = 0. Hence
M =0. |
Corollary 3.10. (see [16, Prop 3.1]) Let p3 > 1 such that - L p—2 < pT or p%er% >
pig +1. Then M pl’pzﬁﬂa)( ) ={0}.

Proof. Let M € M(m,pz,pg)(R)- From Proposition 3.5 we have that ¢ x M €
M(m,pz,ps)(R) for any ¢ compactly supported and continuous. Now use Theorem

3.9 to conclude that ¢ * M = 0 for any compactly supported and continuous ¢.
This implies that M = 0. n

Let us now use some interpolation methods to get more examples of multipliers
in M, ps.ps)(R). First note that, selecting a = 1 and 3 = —1 in Proposition 2.2
we obtain the following simple example.

Proposition 3.11. If u € M(R) then M = i € My, p, ps)(R) for E—G—f p% <1
and || M| < {|pllr-

Theorem 3.12. Let .- < p—l + pi m1n{2 + 1}. If M € L*(R) and M = K
for some K € Li(R) where p—l + 5= p—3 = 1 -2 then M € My, psps)(R) with

1M llp1p2.ps < ClIE g

Proof. Consider the trilinear form
T(K, [, q) /fx—t (@ + ) K () dt.

From Proposition 3.4 we have By (f,g9) = T(K, f,g) for M = K. Now use Propo-
sition 3 11 to conclude that T is bounded in L'(R) x L% (R) x L% (R) — L*(R)

where qT —|— = = % < 1 and it has norm bounded by 1.
Assume ﬁrst that 1 -+ p% < 1. Hence T is bounded in L!(R) x LP*(R) x LP?(R) —
LP(R) for - + .- = l

On the other hand using Holder’s inequality
SUP|/Rf(17 —t)g(@ + ) K @)dt] < [[fllp, [|9llpa [ K]

This shows that T is also bounded in L?' (R) x LP* (R ) x LP2(R) — L°°(R). There-

fore, by interpolation, selecting 0 < 6 < 1 such that = 1p‘9, one obtains that T'
is bounded in L1(R) x LP*(R) x LP2(R) — LP*(R) fo L 1 -7-1

L
P1 Pz p3 q’
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Assume now that 1 < + + L < 2.
p1 P2

Using that fR fl@—t)g(x + t)dt = f x g(2x), Young’s inequality implies that
H/Rf(ff —t)g(x + ) K @)dt]r, < Kool Do (LF1# gD llrs < CUF N gl 1K oo

whenever - + L >1and L+ 1L —1=1
T1 2 T1 T2

T3 :
Hence T is bounded in L>*(R) x LP*(R) x LP2(R) — LP(R) where p% + p% —-1=
S <L
Using duality, (T(K, f,g),h) = (T(h, f,g), K), where f(x) = f(—=, that is

F(@ — gl + O K (t)h(x)dtdz = / ( / F(t — 2)glx + Dh(x)de) K (t)dt.
R2 R JR

Therefore T is also bounded in L? (R) x L1 (R) x L??(R) — L*(R).
Select 0 < 6 < 1 such that p% = % + g. Now using interpolation T will be

bounded in LI(R)x LP* (R) x LP2(R) — LP3(R) for % =&£_-1 1_1 1 1.9

p b3 p p3 p1 D2
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