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1. INTRODUCTION.

These notes are devoted to present a little survey and overview of the
theory of bilinear multipliers, that was originated with the first attempts
and formulation of several questions in the work by R. Coiffman and C.
Meyer in the eighties and was retaken and pushed in the nineties after the
celebrated result by M. Lacey and C. Thiele, solving the old standing con-
jecture of Calderén on the boundedness of the bilinear Hilbert transform.

This paper mainly contains the lecture notes of a course on this topic
that I gave in the school ”"Real Analysis and its applications” organized by
CIMPA at La Falda, Cérdoba, Argentina in May of 2008. Some results
appearing here have not appeared anywhere else, but some others are a
recollection of those proved by the author (and his coauthors) and already
published in several journals or books (see [2, 3, 4, 5, 6, 7, 8]).

The bilinear versions of several classical operators appearing in Harmonic
Analysis, such as Hilbert transforms, Hardy-Littlewood maximal functions
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or fractional integrals, have been studied in the last decade. These op-
erators are the starting point in our motivation of the notion of bilinear
multipliers.

Given f,g : R — C belonging to the Schwarzt class S(R) we define the
bilinear Hilbert transform by

1 flz—y)glz+y
H(f.g)w)=tm L [ TEZW0EEY,,
0T Jlyl>e Yy
the bisublinear Hardy-Littlewood mazximal function by
1
M(f,g)(x) = sup —— [f(z —y)g(z+y)ldy,

e>0 26 Jiy|<e

and the bilinear fractional integral by

Lﬂﬁm@%iéfwjj?f+th 0<a<l.

These mappings are the bilinear counterparts of the classical operators
(with the same name) and their boundedness in the linear case is very well
understood nowadays in most of the classical function spaces. The corre-
sponding boundedness results on LP-spaces for the just mentioned bilinear
operators took long time and it is collected in the following theorem.

THEOREM 1. Let 1 < py,ps < o0, 0 < a < 1/py+1/py, 1/q=1/p; +
1/pa—a, 1/ps =1/p1+1/ps and 2/3 < ps < co. Then there exist constants
A, B and C such that

IH(f; D5 < Allf o [l9llp, (Lacey-Thiele, [20, 21, 22]), (1)

IM(f; 9)llps < Bl fllp: lIgllp, - (Lacey, [19]), (2)

o (f, Dllq < Cllfllp:[19llp.- (Kenig-Stein [18], Grafakos-Kalton [17] ).
(3)

Throughout the paper S(R™) denotes the Schwartz class on R”, i.e. f:

R™ — C such that f € C*(R") and xa% is bounded for any
1. 0xy

8 = (61,...,Bn) and o = (ai,...,a,) where z* = z{'. 0" andA|6| =
B1 + ... + Bn, the Fourier transform of f € S(R™) is defined by f(§) =
Jon f(2)e™ 2@ dz and P(R™) stands for the set of functions in S(R"

such that supp f is compact.
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To handle the previously mentioned operators one needs to understand
first the following ”bilinear convolution”-type operator: For a given K &€
L} (R) we define

loc

x%=/f@—wmx+wK@My (4)
R

for f and g compactly supported continuous functions in R. Note that a
bisublinear maximal operator is now defined, for a sequence K; € L}, .(R),
as

Mx,(f,9) = sup Ci;, (| f1:1g])
J
and a bilinear singular integral is defined as

HK(fa g) = s—>(1)1{5n—>oo CK&,S (fv g)

where K. 5 = KX.<|z|<s is a Calderén-Zygmund kernel.

Let us first observe that actually the bilinear convolutions Ck are special
examples of a wider class of operators.

Assume that K € Ll(R) and that f and g € S(R). By writing f(z—y) =
Iz F(©)emi==vEde and g(z + y) = [p G(n)e*™@+vndy we have

/R (& — gz + 1)K @)y

/R /R /R FOG K (y)2mi=vE2miG+In e gy

//f(&)ﬁ(n)(/ K(y)e—%i(f—n)ydy)e2m(g+n)wd§dn

/ / K (€ = n)e2 (€= ey,

This motivates the following extension. Let m(&, n) be measurable func-
tion and assume

/ / F(&)a(mm(e, me> e edgan (5)

for “nice” functionsf and g (for instance f,g € S(R) when assuming
Im(&,m)| < O+ €)M (1 + n|?>)N for some constants C > 1 and N > 0
orm € L}, (R?) for f,g € P(R).)

Given 1 < p1,p2 < 0o and 0 < p3 < oo we shall say that m is a bilinear
multiplier on R of type (p1,p2,ps3) if B,, extends to a bounded bilinear
operator from LP'(R) x LP2(R) to LP3(R).
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The study of bilinear multipliers for smooth symbols (where m(£,n) is
a “nice” regular function) goes back to the work by R.R. Coifman and
Y. Meyer in [10]. Note that actually the bilinear multipliers arising from
operators C'ix given by a kernel correspond to the particular case where
m(&,n) = M(§ —n) for a measurable function M. It was only in the
last decade that the cases My(z) = m% was shown to define a bilinear
multiplier of type (p1,p2,p3) for 1/p3 = 1/p1+1/ps —a for 1 < p1,ps < 00
and 0 < a < 1/p1 + 1/p2 (see (3) in Theorem 1) and M;(z) = sign(x)
was shown to define a bilinear multiplier of type (p1,p2,ps) for 1/ps =
1/p1 4+ 1/pa for 1 < p1,pa < 0o and p3 > 2/3 (see (1) in Theorem 1).

Recall that in the linear case M,, ,(R™), 1 < p, ¢ < oo, denotes the space
of distributions u € §’'(R™) such that u x ¢ € LI(R"™) for all ¢ € LP(R™).
Equivalently /\;lp,q(R") stands for the space of bounded functions m such
that

T (9)(€) = m(€) £ () (6)

defines a bounded operator from LP(R™) to LI(R™). We endow the space
with the “norm” of the operator T, that is ||m||pq = |Tm].

We would like to mention some well known properties of the space
of linear multipliers (see [1, 23]): M, ,(R™) = {0} whenever ¢ < p,
My (R") =My y(R") for 1 <p<g<ooandforl<p<2,

Ml,l(Rn) C Mpm(Rn) C Mg,g(Rn),

MQ,Q(Rn) = LOO(Rn)v
My, (RY) = {u € 8'(R") : u € LYR™M},1 < g < o0,
Mii(R") ={ueS'R"):u=pe MR")}.

In this notes we shall be dealing with their bilinear analogues.

DEFINITION 2. Let m(£,n) be a locally integrable function on R™ x R™.
Define

Bt = [ [ Featmmienernagay

A

for f,g € P(R™), i.e. supp(f) U supp(g§) C B(0; R) for some R > 0.
Let 1 <p1,p2 <ooand 0 < ps < oco. m is said to be a bilinear multiplier
on R™ of type (p1,p2,ps) if By, there exists C > 0 such that

1Bm (f, D) llps < Cllflp |9l p2
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for any f,g € P(R"), i.e. By, extends to a bounded bilinear operator from
LPr(R™) x LP2(R™) to LP3(R™) (where we replace L>(R"™) for Cy(R"™) in
the case p; = oo for i = 1,2).

We write BM p, p,.ps)(R™) for the space of bilinear multipliers of type
(p1,p2,p3) and [|m)|

P1,P2,P3 HBm”

Among them we distinguish the class of multipliers arising from operators
Ck in the following way.

_DEerFINITION 3. Let 1 < p1,pa < 00 and 0 < p3 < co. We denote by
M (p, ps.ps) (R™) the space of measurable functions M : R™ — C such that
m(&,n) = M(§ —n) € BM(p, p,.ps)(R), that is to say

Bulfo)o) = [ [ F@am(e —memernlagay

extends to a bounded bilinear map from LP*(R™) x LP2(R™) into LP3(R™).
We keep the notation || M|y, ps.ps = | Basll-

Our objective is to study the basic properties of the classes BM;,, p, pq) (R)
and My, 5, ps(R), to find examples of bilinear multipliers in these classes,
and get methods to produce new ones. We shall present some transference
methods and discretization techniques which will allow to show the bound-
edness of the analogue formulations of the bilinear multipliers considered
in Theorem 1 when defined on other groups such as T or Z.

As usual, if f € L'(R") we denote the translation by 7, f(y) = f(y — )
for z € R™, the modulation by M, f(y) = e>™*(*¥) f(y) and, for each 0 <
p,t < oo the dilation DY f(z) = t~"/? f(£).

With this notation out of the way one has, for 1/p+1/p' = 1,1 < p < 0,

—

D)) = M_of(€),  (MoF)(E) = mf(€), (DIN)(E) =D f(€). (7)

Clearly 7., M, and DY are isometries on L?(R™) for any 0 < p < oo.
It is elementary to see that if ¢, € L'(R"™) and % + % —1= % then

D¢+t =Di(¢* D), t>0. (8)

Although most of the results presented in what follows have a formulation
in n > 1 we shall restrict ourselves to the case n = 1 for simplicity.

2. BILINEAR MULTIPLIERS: THE BASICS

Let us start with some elementary properties of the bilinear multipliers
when composing with translations, modulations and dilations.
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PROPOSITION 4. Let m € BMp, 1, o) (R).

(2)If 1 € Moy p (R) andma € My, py(R) then m (€)m(E, nyma(n) €
BM(, 55,p5)(R). Moreover

||m1mm2||51,82,;03 < ||m1 ”51,131 HmHPl,pz,PS Hm2|‘52,p2

()T (eo,m0)™M € BM(p, ps.ps) (R) for each (§o,m0) € R? and

||T(Eomo)m||171,1727173 = ||m||P1,P27P3'
(C)M(Eomo)m = BM(Pl’Pz,PS)(R) fO’f’ each (50’ TIO) = R? and
”M(Eo,no)mllpl,PQ,PS = Hmllpl,PmPS

(d)[f% = p% + p% — p% and 0 < t < co then Dim € BMp, p, po)(R)
and

HngH;Dqum = HmH;DlyP'z,Ps.'

Proof. Use (7) to deduce the following formulas

Binymms (f,9) = BTy f, Ty 9)- (9)
BT(gO,nO)m(fﬂ g) = M€0+7loBm(M*§0f7 M*ﬂog)' (10)
BM(50>"10)m(f’ g) = Bm(T—fO-ﬂ T—n09)~ (11)

B (D{ f, DY*g) = DY Bpam(f, 9)- (12)

Let us check only the validity of last one. The other ones follow easily from
the previous facts.

S

Bu(DP' D)) = [ 7 FOE glemym(&, m)e* € dgdy

I
T

)e2™ U EFM E =2 e dp

= 7 [ Qe (S, D gy

DY Bpin(f,9)(x)-

Let us combine the previous results to get new bilinear multipliers from
a given one.
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PROPOSITION 5. Let p3 > 1 and m € BM p, 1, ps)(R).

(a)IfQ = [a,b]x[c,d] and 1 < p1,ps < 00 thenmxqg € BM(p, p,ps)(R)
and ||mXQ||p1,P2,p3 < C”mHPhPLPS'

(b)If ® € L'(R?) then ®xm € BM (p, po.ps) (R) and || ®xm|,, p, py <
[@l1 172 lpy ps s -

()If @ € LY(R?) then Pm € BMp, pope)(R) and || @ml|p, pyp, <
H(I)Hlnmnphpz,pa-

(d) Iy € LHRE, 175~ i ¥53) then my(€,m) = [° m(t, tn)(t)dt €
BM(m,pz,ps)(R)' Moreover ||mep1,p2,p3 < Il ”mehpz,ps

Proof. (a) Use that x(q. € /\;l,,hp1 for 1 < p; < oo and x|eq € /\;l,,m,2
for 1 < pa < oo together with Proposition 4 part (a).
(b) Note that

Boun(f,9)@) = | F©O30) /R L& = s = )@ (u, v)dudv)e? T dEdn
— / ( f(g)g(n)m(g —u,n— v)ezm(g'*'")xdfdn)@(u, v)dudv
rR2 JR2

= /R2 BT(um)m(f, 9)(x)®(u,v)dudv.

From the vector-valued Minkowski inequality and Proposition 4 part (b),
we have

| Bosm (f, g)”Ps

IN

VB £l 9, )

< Amllps p2.ps 1 f1lp 191lpo @]

A

(c) Observe that

Ba(F)@) = [ FOG [ Miosmml&.mu,v)dudo)e €D dsa

- BM(,uﬁ,v)m(fa g)(w)@(u, /U)d’U’dU'

Argue as above, using now Proposition 4 part (c), to conclude the result.
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" 1 1y _ 2
(d) Use now Proposition 4 part (d), for p—s — (p—1 + 172) = -2,
By (F)e) = [ F@atn( [ DEam(emteute)an)e € dcay
R

= [ Boy @t o

With all these procedures we have several useful methods to produce

multipliers in BMp, p, ps)(R). Let us mention one application of each of
them.

EXAMPLE 1.

(1)If =+ 172 = p%, mi € Mp, py and ms € My, ) then

(fa n) = mi(§)ma(n) € BMp, ps,ps-

2)Ifm e BM(pl’m,m)(R), p3 > 1 and Q1, Q2 are bounded measur-
able sets in R then

1

TA AT m(§ +u,n+ v)dUdv € BM(PMDQJ?B)(R)‘

1Q1|Q2] Jo,xq»

(3)If<I>>1e L'(R?) then ® € BMp, p,py)(R) for 1+ L = L
b3 = 1.

(4)[fm € BM(Pl,I)mPB)(R)f 0

1
_p1+pf27pf3<1then

ma(€,) = /0 m(t€. 1) 2L € BM(p, 1y (R).

b
1+t2
A combination of the previous results gives the following examples of

bilinear multipliers in BM (1 1 p,)(R) whose proof is left to the reader.

COROLLARY 6. Let ® € LY(R?), ¢y € LP*(R) and 1o € LP2(R) and

1 1 _ 1
E+E_p3§1then

m(&,m) = Y1 ()D&, )12 (n) € BM (11 py) (R).

Let us point out a characterization, for ps > 1, in terms of the duality.

PROPOSITION 7. Let 1 < p3 < 00. m € BM(y, p,ps)(R) if and only if
there exists C' > 0 such that

| / F©amh(E + mym(e, nydedn| < C| o gl 1Al
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for all f,g,h € P(R).

Let us use the previous duality result and interpolation to get a sufficient
integrability condition to guarantee that m € BMp, p, pq)(R).

THEOREM 8.

Let 1 < p1,po < p<2andp3 >7p suchthatp%—&—p%—% = p%, If
m € LP(R?) then m € BMp, p, ps) (R).

Proof.  Let us show first that m € BM, , «)(R). Let f € LP(R),
g € LP(R) and h € L'(R). Using Holder and Hausdorff-Young’s one gets

N

| . FOIMIE +mm(& mdédnl < mll o) | hlloo | fllp 1131l

[l o e2) 1l 1 £ 1o 19 lp-

IN

Similarly, changing the variables £ +n = u, £ = —v, one has
[ H©amiternmendcin = [ F=vaturo)htum(=v.wcto)dvd
An argument as above gives also the estimate
| f( 0)§(u + v)h(wm(—v, u+v)dvdu| < |[ml| Loz |9l [1f o)Al

This shows that m € BM;,1,,)(R) and similarly m € BM( ) (R).

leen1<p1 <pandp <p3<oovv1thp——p%z%wehaveOﬁHﬁl
such that L - 16 T and 5—3 =0 4 pﬁ. Hence, by interpolation,

m € BMp, p,ps) (R)

Similar argument shows that m € BM, 5, 4,)(R) whenever 1 < po < p
and p’ <Q3<oovv1th—2—i— 1

To finish the proof we observe that ifl <py <pandl < py < p then
for each 0 < 0 < 1 there exist 1 < p; < p; <pand 1< py < py < psuch

that
1 1 1 1 1 1 1 1
= (=)= ), - =),
P1 p P1 p D2 p D2 p

Denoting ps, g3 the values such that ﬁ% — = = and
obtains that

1 (1-6 6 1 (1-6 6 1 (1-6) 6
7:~7+*, 7:74‘7, *:~7+T.
P1 P1 D D2 p D1 b3 D3 qs3
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Hence the result follows again from interpolation between the just men-
tioned ones. |

1 1 _ 1
3. THE CASE  + £ = 4 <L

We start presenting an elementary example of bilinear multipliers. If u is
a Borel regular measure in R we denote [i(§ fR —2miegqy(x) its Fourier
transform.

PROPOSITION 9. Let p3 > 1 and 1/p1 + 1/ps = 1/p3 and let m(&§,n) =
i + Bn) where p is a Borel reqular measure in R and («, 3) € R2. Then
m € BMp, pyp5) (R) and [m|[p, pops < [l1ll1-

Proof. Let us first rewrite the value B,,(f,g) as follows:

Bu(f:9)(@) = || F(©)a(n)ilag + Bn)e*™ M2 dedn
[ f@an( [ e miauenicmagay

/R (|, [©amerr et Cmtndgdn)du(t)

/R f(@ — at)g(x — Br)dp(t).

Hence, using Minkowski’s inequality, one has

1B 9) s < / 1FC — at)gl- — B0 lmadlul ()

IN

/R 1FC = ) llg (- — B padlal (1)
1l 9l / dlal(®) = 103117 s gl pa-

This condition is also connected to the homogeneity of the symbol.

PROPOSITION 10. Let m € BM(y, p, ps) (R) such that m(t€, tn) = m(&,n)
for any t > 0. Thenp%—l—p%:i

p3’
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Proof. From assumption D{m = m. Using now Proposition 4 we have
B, (DP' f, DV g) = t1/Ps— (1/1’1“/1’2 D?* By (f,g) and therefore

1B (£, 9)llps

HD??’Bm(ﬁg)HpS
= tfl/P3+(1/p1+1/P2)||Bm(DP1f’ szg)
< Mt B Flp, 9], -

lps

For this to hold for any 0 < ¢ < oo one needs 1/p; +1/pa = 1/p3. |

Let us now get a new characterization of multipliers following DeLeeuw
ideas (see [12]). It is well known that in the case that u € M(R) is sup-
ported on a finite set then ji is almost periodic and bounded. For an almost

periodic function g we denote |g||p, = limr—oo (55 fTT lg(t)[Pdt)t/P. To
simplify the notation we use ¢;(z) = D} ¢(x) = +¢(%).

LEMMA 2. Let 1 < p < o0, ¢ € S(R) be a non-negative, radial, non-
increasing function. If g is almost periodic and bounded in R then

lallh, = timsup / 19(2) Pér(a

Proof. Denote C7 = min{¢(u) : |u] <1} and Cy = max{d(u) : |u| < 1}.
ForT >1
1 T

— :D <7 ;D
57 [ la@rds < 55 [ la@port

ol

p p RLEALIS. S

Jls@ror@ar < [ lgwperee s G [ o
T

Taking limits as T'— oo one gets the result. ||

Recall that a function m is called regulated if

51%452/_5/_5 m(x — s,y — t)dsdt = m(z,y)

for all (z,y) € R2.

THEOREM 11. (see [2]) Let ps > 1 and 1/p1 + 1/ps = 1/ps and let
m(&,n) be a bounded regulated function on R x R. The following are equiv-
alent:
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(Z) m e BM(lezma)(R)‘
(ii) There exists a constant K so that

12D mt )u{r{sHA{t + sP| < Klalls,, [1715,, 1Al

teER seR

for all measures p,v, X supported on a finite number of points.

Proof. 1t suffices to show the result for continuous and bounded func-
tion m. The general case follows from this one and Proposition 5 and
Proposition 7.

(i) = (ii) Denote by ¢ the Gaussian function ¢(z) = e~*"/2. Then for
any a >0 and a € R

«a 1 a o g_a’ «
(Tag)2 () = (2)"¢%(>——) = da * (¢)*(¢) (13)
Now choose 0 < «, 3,7 such that « + 3+ =2, and p = d,, v = §, and
A =9, for a,b,c € R. Tt is easily checked that

[z =006 L (e myagan -

R2 82

= [ @) (€ +n+ I mla+ 26, + enhdgdn =
= [ 1 00O (0 (A5 (627 (€ + mm(e.n)cdn
Since

lim 6 (€6 ()67 (€ + 0+ T2 Jma -+ <.+ o) =

Je(a +)¢*(€)6% ()¢” (€ +m)m(a, b),

the Lebesgue convergence theorem implies that

£—

i [ 5500 (S99 (L=067 (L=Eym(e, myacn

e—0 Rz

= Cm(a,b)d.(a + b) = Cm(a,b)u({a})v({b})A({a + b}).
where C' =[5, ¢*(£)0%(1)¢" (€ + n)d&dn.



BILINEAR MULTIPLIERS 13

Therefore we have that

Hm [ (6)*(E)v = (62)° (M)A = (62)7 (€ + m)m(€,m)dEdn

e—0 R2

=0 > mts)p({thr{sHA{(E + 5)})

teR seR
for all measures u, v, A having their supports on finite sets of points.
On the other hand, from (i) and Proposition 7 we have

[ (@) (€0 (02 A (627 (€ + mym(€,mdsen

< K|i(6)" Hm””( s 1A -

Let us now choose @ = ,, 6 = and v = p%~ Since (¢e)* =

. — 2 —— _2e
s e gt EIR(E) = o= GPE) = et
and @(5) = Cwsl/p?’e_% for some constants Ca, Cﬁ and C

Zpe d¢ = C! e~ we have that

w\"—‘

Now taking into account that [, e~

16(02)lp, = Ce / A©Pe yUr,

Hence, from Lemma 10, limsup,_, Hﬂqgg‘le <l B,, -

Applying similar procedure for v and A we finish this implication.

(ii) = (i) From (ii) we can get that the inequality holds for all finite mea-
sures i, v, A with countable support. Let us take ¢, and p such that qg, 1&
and p have compact support contained in [-N/2, N/2] for N big enough.
Now cousider py, vy and Ay the measures with support in (1/N)Z whose
Fourier transform coincide with the periodic extensions of ¢, and j . In
particular we have

N} = 3o ) () = () and A({ o)) = xoo(ae).

Therefore we have

T N e, s)un (() o () Aw ({1 + )
(t,s) ERXR

1
Jmo ST Sev (e 1
(n m)ELXZ

/ m(&, V)€V () plE + m)dedn.
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. N % .
Now observe that ||anl|s,, = (g5 [y [6(E)P1dE)" /Pt = (55)" (|6l
and the same for the others. R
Using that ||in| 5, -|1on B, [ANlB,, = 7 and passing to the limit we
3
get the result. |

REMARK 3. Condition (ii) in Theorem 11 means that m defines a bounded
operator from LP*(D) x LP2(D) into LP*(D) where D is the group R with
the discrete topology.

4. A SPECIAL CLASS OF BILINEAR MULTIPLIERS

Let us restrict ourselves to a smaller family of multipliers where m(&,n) =
M(¢ —n) for some M defined in R. As in the introduction we use the
notation My, ,, »s(R) for the space of functions M : R — C such that
m(§,m) = M(& —n) € BMp, p,.ps)(R), that is to say

Buf.a)(@) = [ F@atM(e - me= i acan

defined for f and § compactly supported, extends to a bounded bilinear
map from LP* (R)x LP?(R) into LP3 (R). We keep the notation || M||p, ps.ps =
1Byl

The case M (z) = leﬁ (and even the n-dimensional case) corresponds
to the bilinear fractional integral and it was first shown by C. Kenig and
E. Stein in [18] to belong to My, 1, p)(R) for any 1 < p1,pz < 00, 0 <
a < 1/p1 +1/ps and 1/p; + 1/ps = 1/ps — . Another very important
and non trivial example is the bilinear Hilbert transform, given by M (x) =
—isign(x), which was shown by M. Lacey and C.Thiele in [20, 21, 22] to
belong to My, p,.ps)(R) for any 1 < py,ps < oo, 1/p1 + 1/p2 = 1/ps3
and ps > 2/3. These results were extended to other cases in [17] and
[14, 15] respectively. We do not pretend to give a proof of these results
here. We shall concentrate simply in analyzing some properties and results
on the space M, p, ps)(R) that will allow to show new conditions to get
multipliers belonging to this class and to generate more examples from the
known ones.

The reader should be aware that the starting assumption on the function
M is only relevant for the definition of the bilinear mapping to make sense
when acting on certain classes of “nice” functions. Then a density argument
allows to extend functions belonging to Lebesgue spaces. We would like to
point out the following observation.

REMARK 4. If M, € /\;l(phpz’ps)(R) are functions such that M, (z) —
M(x) a.e and sup,, || My || < oo then M € My, py.pe)(R) and [|M||p, py.ps <
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sup,, || Mn || py pa.ps- This follows from Fatou’s lemma, since

1 Bas (£ 9)llps < Nimvinf [| Bas,, (f, 9)llps < sup [|Mlpy po s Lf 151 9152

n

We start reformulating the definition of these bilinear multipliers.

PROPOSITION 12. Let M € L}, (R), f,g € P(R). Then

loc

AUFV ., U—V

Butfa)@) =5 [ 75l

YM (v)e*™ ™ dudu (14)

2 2
Bu(f.)(=) = [ (Fa+ MO (€)ds. (15)
Bu(F.9)(x) = 5C0n(DL o7, DL o)), (16)

Proof. (14) follows changing variables.
To show (15) observe that

Bufa)(-a) = [ mHORamME ~ndcdn

/ ([ 7t M (e — )dn)ra(€)de
R JR

/}R (7 % M)(€)ma F(€)de

Finally, using (14), we have

Bu(f.a)@) = 5 [ ([ FEGDa5 M wd)e=do

1 £ N Tiux
= 5/}RC’M(Df‘/}f,ij’Qg)(u)e2 du.

This implies (16). |

For symbols M which are integrable we can write B, in terms of a kernel
Ck.

PROPOSITION 13. Let M € L' (R) and set K (t) = M(—t). Then By =
CK, i.e

Bu(f,g) = / f(@ — Dglz + K (8t



16 O. BLASCO

Proof.
Cx(f.9)(e) = [ o= tgta+ O~
= ([ f@ratme et gy it (o
= [ f@a)( [ Mo ntanemcagay
R2 R
|

This class does have much richer properties than BM,, 1, »)(R). As

above use the notation fy(z) = D} f(z) = 1 f(%) for a function f defined

in R. The following facts are immediate.

TyBM(fv g) = BM(Tyf’ Tyg)ay eR. (17)
(Bu(f,9))e = Bpr_, m(fes 91),t > 0. (19)

When specializing the properties obtained for m(&, ) to the case M (£—n)
we get the following facts:

BM(TfyfyTyg) = BMyM(fvg)vy eR. (20)
By (My f,M_yg9) = Br,, m(f,9),y € R. (21)
1 _ 1 1 1
FOYE—E+E—EWehaV€
Bu (DY f, Di?g) = DY° Bpan(f, 9):t > 0. (22)
Asin the previous section we can generate new multipliers in M(pl pa.ps) (R).

PROPOSITION 14. Letps > 1, ¢ € L*(R) and M € /\;l(m,p%m)(R), Then

(a)p = M € M(pl,pz,ps)(R) and || * M|lp, po,ps < (11111 M| py ps,ps-
(b)oM € M(pl,pz,ps)(R) and ||¢M|‘p1,pz,p3 < ||¢||1||M||p1,p2,p3'
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(QIf ¥ € LMR*, 175~ Gr752)) then My(¢) = [° M t)dt €
M(pl,pz,pa)(R)- Moreover || My || py ps,ps S %111 HMle,pz,ps

Proof. (a) Apply Minkowski’s inequality to the following fact:
Byoi(f.9) / F©an / M€ = 1 — ) (w)du)e2 €2 qgdy
= [ IO =m0 dsan e o u)du
- / M, Bt (M-, f, 9)(w)(u)du.

(b) Observe that
Bi(£.9)(e) = [ FOG0)( [ MLm= mou)du)e €= dgay
R? R
= /]RZ By m/(f, 9)(x)p(u)du.

Use now Minkowski’s again and (20).
(c )V\frlte——(i—ki):—l
p3 P1 P2

B (f)e) = [ F©a( [~ DL MO o agay
= [ B @
0
The result follows from (22) and Minkowski’s again. |

PROPOSITION 15. Let p3 > 1, ¢ € LY (R) and M € /\;l(pl,pz,pg)(R).

Then m(fﬂ?) = M(g - 77)(25(5 + 77) € BM(m,pz,Ps)(R) and ||m||p17P2,p3 <
||¢H1||Mle,pz,p3‘

Proof. Apply Young’s inequality to the following fact:

) = [ F©amarte = [ ot Iayeni agay
- [« / FOGmM(E — m)e D=0 dedy)o(y)dy
— 6+ Bu(f,9)(@).
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Let us show that the classes M(m,pz,ps)(R) are reduced to {0} for some
values of the parameters.

THEOREM 16. Letpsz > 1 such that p%""p%, < p%. Then M(mmz,ps)(R) =
{0}
Proof. Let M € /\;l(php%m)(R). Using Proposition 14 we have that

oxM € /\;l(pl,p%m)(R) for any ¢ continuous with compact support. Hence
we may assume that M € L'(R). Using Proposition 13 one has that

wi(fog)(x) = /( oo T gt DNl

for any f and g continuous functions supported in a ball B = {|z| < R}.
Therefore one concludes that supp(Ba(f,9)) C Bagr in such a case. On
the other hand for any compactly supported function h, 0 < p < oo and y
big enough one can say that ||k £ 7, f||, = 27| f| -

Consider {r;} the Rademacher system in [0, 1] and observe that, for each
N € N and y € R, the orthonormality of the system gives

N

1
| B o Zrk iy £t = ZBM (ks f Thy)
0

k=0
Therefore, since Z;VZO By (Thy fr Thyg) = Zszo Ty B (f, g), we conclude

that for y big enough

N
1D 7y Baa (£, 9)I1B5 = (N + D[ B (f, 9) 132
k=0

On the other hand, for p3 > 1,

N N

|| / Bar(> re g fs 3 () 7ky0)

k=0 k=0

1
[ B e, 3 et
0 k=0 k=0
N N
/ IBalY k@O Tky fllpn 1D 76Tk 9) | pdt
k=0 k=0

IN

IN

N N

< Bl sup (1Y re(®my fllon sup (1Y ra(®)7ygllp,
0<t<l 1—§ o<t<l g
< Bl + Y7 fllpy (N + 1)H72gllp,
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This implies that (N+1)!/22 | By (f, g) [P+ < C(N+1)VPrH/22 | £l g1,
Hence 1/p1 +1/p2s > 1/p3. |

The following elementary lemma is quite useful to get necessary condi-
tions on multipliers.

LEMMA 5. Let M € /\;l(pl)pz)pg)(R). If% = p%—kp% — p%’ then there exists
C > 0 such that

_y2¢2 1_
|/Re ATE M(&)dg| < CHMthpz,pa)‘q !

for any A > 0.

Proof. Let A > 0 and denote Gy such that G (€) = e=2’¢". Using (14)
one concludes that

1 2,2 2,2 .
By (Ga, Gy (x) = 5/ e NV e N M (v)e?™ e dudy
R2
1 —A\2p? 1 —u? 2miul
= —([e M@)dv)(= [ e™ e“™"Xdu)
2°Jr AJr
= C’le_wzié(/ 67)‘2”2M(v)dv).
A R

Since |Ga|lp, = C,,)xf%_l and M € ./\;l(php%pg)(]R) one gets that
IB31(Gu Gy = €1 [ &4 M(0)ulAF5 ™ < M gy AP AT
R

1
Therefore | [ e N EM(E)dE| < CM|p, popsht

THEOREM 17. If there exists a non-zero continuous and integrable func-
tion M belonging to My, p, pe)(R) then

Proof.  Assume first that p% + p% < p%. Use Lemma 16 applied to

T_oy M for any y € R together with (20) to obtain

uéa*fM@+wmascmmmmmﬁ-
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Therefore, using the continuity of M and ¢ < 0 one gets

lim |A/Re—VE2M(§+2y)d§\ = |M(2y)| = 0.

A—00

Hence M = 0.

Assume now that -+ + p% — p% > 1. Using again Lemma 16, applied to

1
M, M, together with (21) we obtain

222 i i
|/Re ATE M(5)62 yédﬂ < C”Mle,pz,ps al

Therefore, taking limits again as A — 0, since 1/g—1 > 0 we get | M (y)| = 0.
Hence M =0. |

COROLLARY 18. (see [25, Prop 3.1]) Let p3 > 1 such that p% + p% < p%
1 1 ~
o pr T p3 + 1. Then M(Phpz,ps)(R) = {0}.

1
P2
Proof.  Let M € Mp, pyps)

oxM € /\;l(php2 ps) (R) for any ¢ compactly supported and continuous. Now
use Theorem 17 to conclude that ¢ * M = 0 for any compactly supported
and continuous ¢. This implies that M =0. |

(R). From Proposition 14 we have that

Let us now use some interpolation methods to get more examples of
multipliers in My, 1, p,) (R). First note that, selecting « =1 and g = —1
in Proposition 9 we obtain the following simple example.

PRroOPOSITION 19. If p € M(R) then M = [1 € /\;l(pl,pz,ps)(R) for p% +

L=L <1 and||M| < |ul

1 1 1 : 1 1
THEOREM 20. Let o= < o=+ o= < min{2, - +1}. If M € L'(R)

and M = K for some K € Li(R) wherep%—ﬁ—p%—p% = 1—% then
M € My, psps)(R) with [[M][p, py p, < CK]lq-

Proof. Consider the trilinear form
T(K.f.9) = | fla=tgta+ DKL

From Proposition 13 we have By (f,g) = T(K, f,g) for M = K. Now use
Proposition 19 to conclude that T is bounded in L!(R) x L9 (R) x L%(R) —
L' (R) where - 4+ L = L <1 and it has norm bounded by 1.

q1 q2 S1
Assume first that p% + p% < 1. Hence T is bounded in L*(R) x LP1(R) x

LP*(R) — LP(R) for - + L = 1.
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On the other hand, using Holder’s inequality

Sgpl/Rf(év —t)g(x + ) K(E)dt] < [ fllp 9llps 1 |-

This shows that 7" is also bounded in L (R) x L¥ (R) x LP?(R) — L>(R).

Therefore, by interpolation, selecting 0 < 6 < 1 such that o = 1179,
one obtains that T is bounded in LI(R) x LP*(R) x LP2(R) — LP3(R) for
1411 _q_ 1

p1 P2 2

Assume now that 1 < ;T + = < 2.

Using that [, f(z —t)g(z + t)dt f * g(2z), Young’s inequality implies
that

| /Rf(m—t)g(wﬁ K(8)dt]|ry < 1Kol D721 f1*]gDllrs < ClFllra gl 1K oo

Whenever%—i— >1and = —&-——1—%

Hence T is bounded in L°° (R) x LP1(R) x LP2(R) — LP(R) where p% +
—l=2<1

Using duality, (T'(K, f,g),h) = (T(h, f,g), K), where f(z) = f(—=z, that
is

ﬂw—ﬂﬂw+ﬂK@m@me:/n

R

(/R f(t —2)g(x + t)h(x)dz) K (t)dt.

R2

’

Therefore T is also bounded in L¥ (R) x LP*(R) x LP?(R) — L'(R).
Select 0 < 6 < 1 such that p% = 1% + 2. Now using interpolation T" will

p
be bounded in L9(R) x LP*(R) x LP*(R) — LP*(R) for 2 = & = L — & —

p’ P3 P

5. COIFFMAN-WEISS BILINEAR TRANSFERENCE
METHOD

There are several procedures to transfer results from R to T and Z.
A method, which applies to multipliers in BM;, p, ps)(R), following the
DeLeeuw approach ([12]), was obtained by the author in [2] but it will
not be considered here. We would like to present a Coifman-Weiss type
transference method in the bilinear setting that was developed recently (see
[7, 5, 6]) and which applies to multipliers in My, ,, »y)(R).

Our aim is to consider the analogues of the bilinear Hilbert transform in
the periodic or the discrete case and to analyze their boundedness in the
corresponding LP-spaces.
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For the periodic case one defines the bilinear conjugate function as
. 1
Hr(F,G)(e") = / F(t— 8)G(t + s) cot(ms)ds
0

where I’ and G are polynomials on T.
Using Fourier series expansion of the polynomials, it can also be written
as

Hy(F,G)(e") = =i (Y sign(n—m)E(n)G(m))e*™*
kE n+m=k
where F(t) = 32N F(n)e™ ™ and G(t) = SN, , G(m)e2imt,

Question 1: Is the bilinear conjugate transform bounded from LP*(T) x
LP2(T) into LP2(T) for some values of p1,p2, ps3?.

As far as I know there is no way to adapt the proof in the real line, where
the dilation plays a very important role, to the periodic situation. However
this result was first observed by A. Bonami and J. Bruna ([9]) to transfer
to the torus from the real line in the case of the bilinear Hilbert transform
and later shown by D. Fan and F. Sato ([13]) using certain transference
techniques for more general multipliers. We will be able to show the result
by representing the group R into the space of bounded linear operators
L(LP(T), LP(T)), for any 1 < p < oo by the action u — R,(f)(e") =
f(e'*=%)) and then using some the bilinear version of the Coiffman-Weiss
transference methods.

We shall formulate the abstract method to be applied in a general setting.
Let G be a l.c.a group with Haar measure m, let (2,X, ) be a measure
space and let R, be a representation of G in the space of bounded linear
operators on LP(u), i.e. R : G — L(LP(u),LP(p)) such that u — R,
verifies

e R,R, = Ry, for u,v € G,
o lim, o Ry,f = f for f € LP(u),
® sup,cq || Rul| < oo

Given K € L'(G) with compact support we also use the notation

Cre (6. (v) = /G 60— u) (v + u) K (u)dm(u)

for ¢, simple functions defined on G, and assume that, for 1 < p;,ps <
oo and 1/p; + 1/ps = 1/ps, the bilinear operator Ck is bounded from
LP (@) x LP*(G) to LP3 (@) with “norm“ N, ,,,(Ck).

We now consider the transferred operator by the formula

Tie(f. 9)(w) = /G R f () Rug (w) K (u)dm(u)
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for f € LP1(u) and g € LP2(p).
The reader should be aware that the assumptions in next result can be
weakened (see [7, 5, 6]) but we restrict ourselves to this case for simplicity.

THEOREM 21. ([7]) Let G =R, (Q,3, 1) a measure space, 1 < py,pa <
oo and 1/ps = 1/p1+1/pa. Let R be a representation of R on acting LPi ()
for i = 1,2 with sup,cg ||Rullz(ri,1riy = 1 fori=1,2

Assume that there exists a map uw — L(LP3(u), LP2(u)) given by u — S,
such that S, are invertible with sup,cq ||S; | =1 and

Sy(R-uf)(Rug)) = (Ry—uf)(Rotug)

foru,v eR, f e LP(u) and g € LP2(u).

Assume that K € LY(R), supp(K) C [~A.A] and the bilinear map Cx
is bounded from LP*(R) x LP2(R) to LP3(R) with norm Ny, »,(Ck).

Then Tk is also bounded from LP*(u) x LP2(u) to LP*(u) and with norm
bounded by Np, p, (Ck).

Proof. Write, for each v € R,

Ti(f,g) = S7(S, / R_, f RygK (u)du)

s / Su(Reu fRug) K (u)du)

qul(/R(Rv—uf)(Rv+ug)K(u)du)

Hence

T Dy < | [ (R (R K (il

Given N € N, integrating over v € [-N, N|,

N
AN Tl < [ [ (o) (o) Kl o).
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Therefore, denoting x[—4-n,a4+n] = Xa,n We have

IN T (f )5y < / L1 o) o) K ) dutu)

- [ / N / Ry 0 Rypag0) K () o))

- / ( / | / Ry f ()X 5 (0 — ) Ry g (w)x 4 v (0 + u) K (u)dufP* dv)dpa(uw)
- / ( / Coe (R f () X8 Rug () x.4,00) (0) [P dv)dpa(uw)

= /Q||CK(Ruf(w)X[—A—N,A+N]’Rug(w)XA,N)Hiis(R)du(w)

IA

Np, pa (OK)pS /Q HRuf(w)XA,NH%’;n (R) ||Rug(w)XA7NHiiz (R)dﬂ(w)

IA

N OV IR0 M oy ()
< W00 2 oy )

A+N
= NP R
—(A+N

A+N
sy VRl
—(A+N

A+N
= Nyl ([ 7y
—(A+N

A+N
x </ g2, )7
—(A+N)

< Ny (Co)P (A + NI (9125 0
Therefore
A+ N
||TK(fngLp3(,u) < ( N )l/paNP1,p2(CK)”f‘ LP1( )||g| 117,3712(“)
|

Note that, in particular, the assumptions in the previous theorem hold
for multiplicative representations, i.e. R,(fg) = (Ruf)(Rug), selecting
Su = Ry

We shall apply our transference method answer Question 1, and to pro-
duce another proof of the boundedness of the bilinear Hilbert transform on
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T (first shown in [13] ). For such a purpose take G = R with the Lebesgue
measure, (€2, %, ) the measure space (T, B(T),m) the Lebesgue measure
on T and

(Ruf)(e”) = f(eO7).

Recall that a function M € L*°(R) is said to be “regulated” (or “nor-
malized” ) if M,, = by, * M is pointwise convergent to M where Pn(x) =
30 X[—nn] * X[—n,n]-

THEOREM 22. ([7]) Let 1 < py,p2 < 00, 1/p1+1/p2 =1/p3 < 1 and let
M(€) be a bounded regulated function belonging to My, p, ps)(R). Denote

Cre(P.Q)(w) = Y > PR)QR)M (k = K)ok,
kEZ k' €Z

for P and Q) trigonometric polynomials.
Then

Cx : LP1(T) x LP*(T) — LP*(T)
is bounded with ||é'K|| < ClM|lpy pa.ps -

Proof. As in Lemma 3.5 of [11], let us take ¢ € L?(R) with compact
support such that ¢(0) = 1 and let us define K,,(z) = (M,h,)(x) where
hp(x) = nap(nzx). That is to say

Then K, € L'(R), it has compact support and K, (z) — M(z) for all
xR

From Proposition 14 one has that K,, € M(phpz ps)(R) and 1K Iy paps <
|#]|1. Denoting T;, = Ck,, i.e.

T.()@) = [ f(o = wae +0) K, ()i
we obtain that T,, : L' (R)x LP?(R) — LP3(R) are bounded and sup,,c || 70| <

0.
Observe that

Tx, (P,Q)(0)

/]RP(G —uw)Q(0 + uv) K, (u)du

m—+1
3 / PO — u)Q(0 + u) Ky (w)du

mez Y™

1
_ /0 PO - w)Q(0+u)( Y Kon(u))du.

mEZ
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Hence, we can apply Theorem 21 with R, P(0) = P(6 —u), to get that the
transferred bilinear operator

T, (P.Q)(6) = / P8 — u)Q(6 + u) Ko (u)dus,

where K, (u) = > mez Kn(m 4 u), is bounded from LP*(T) x LP*(T) —
LP3(T) and the norms are uniformly bounded for n € N.
To finish the proof observe that if e (6) = > then

Tn(ek, 6k/) = €kCL’ / Kn(u)e%i“(k/_k)du = €k+k’Mn(k — k/)iLn(/{ — k/)7
R

and hence,

lim Tn(ek, ek/) = 6k+k/M(k - k’l) == C’K(ek, ek/).

n—oo

Therefore, by linearity, density and Fatou’s lemma, we obtain the re-
sult. |

The interested reader is referred to [7] for the details which are left to
cover the case p3 < 1 and to obtain the complete proof of the following
corollary.

COROLLARY 23. The bilinear Hilbert transform on the torus

Ha(f.g)(x) = / F(z — y)g(@ + ) cot(my)dy,

is bounded from LP'(T) x LP2(T) into LP*(T) whenever p1,ps > 1 and
1/p1+1/p2 =1/ps < 3/2.

6. DISCRETIZATION THECNIQUES

Our next objective is to analyze the discrete bilinear Hilbert transform.
For each N € N, we define the truncated discrete bilinear Hilbert trans-
form by

m—nb;
Hy n(a,b)(m) = m—nOm+n
k#O%:KN "
Question 2 Are the discrete bilinear Hilbert transforms bounded uni-
formly in N from ¢PL(Z) x £P2(Z) — (P3(Z) for some values of p1,pa, ps?.
There are different techniques to handle the discrete case(see [2, 5, 6, 7]).
We shall use here a “discretization” method initiated in [7] and developed
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in [5]. The techniques in [7] did not cover the case ps < 1 and we present
here an approach that takes care also of this case.

Throughout this section 0 < p < oo, I = [-1/4,1/4], C(I) stands for
the space of continuous functions supported in I and we denote I,, = n+ 1
for n € Z.

DEFINITION 24. We define the vector space

A={f@) =D tm(z—m): m € CI)}.

mEZ

For each ¢ € C(I) we define

Ay ={f(z Zamqﬁzf ): (am) C C} C A

mEZ

We shall use the notation Ay for the case ¢ = x;.
Note that if f =3, ¢¥m(z —m) € A then

1Fllp = O bl )M (23)

meZ

In particular, if ¢ € C(I) then

1Y~ amd(e —m)lly = [llp(D_ lam[") /7.

meZ MmEZL

DEFINITION 25. For a given ¢ € C(I) we define Py the map

(am)meZ - qu Z am¢ xr —

for finite sequences a = (am)mez-
We shall denote P(a) = P,(a) in the case ¢ = x7.
Of course Py is an isometric embedding of ¢P(Z) into LP(R) if ||¢||, = 1.

DEFINITION 26. Given a bounded sequence (A, )nez, let us denote by
T(a,,) the bilinear map

T(A'n) (aa b) (m) = Z aernbmanny
nez

defined for finite sequences a and b.
In the case A,, = K(n) for a given continuous function K defined in R
we write K, = K(n) and T{g,) is said to be the discretization of Cx given
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7) = /Rf(x—t)g(x+t)K(t)dt.

Our objective is to deduce the boundedness of the discretization of T, )
on the spaces (P (Z) x ¢P2(Z) — ¢P3(Z) from the boundedness of Cx on
the spaces LP' (R) x LP2(R) — LP2(R).

Let us start first with the following elementary observation.

LEMMA 6. Let (Ay)nez be a bounded sequence of positive numbers, 0 <
pa,p2 <00 and 1/q3 < 1/p1 + 1/pa = 1/ps. If

_ (Z Agin{p&l})l/min{p&l} < 00 (24)

ne”Z

then T4, is bounded from (P (Z) x (P2 (Z) — £93(Z) and with norm bounded
by C.

Proof. The case g3 > 1 follows from the vector-valued Minkowski’s
inequality that

q3
1Tean (@)l < (O (3 laminllbm-nldn) )2

mEZ n€L

= Z(Z |am+n|q3|bm,n|QB)1/QSAn
n€Z me”

< Z(Z |am+n|p3|bm_n|p3)1/psAn
n€Z me’

< Z Z |mgn|PY) 1/p1 Z b |?) 1/p2) )
n€Z meZL )

= llallp. [18llp. Y An.

nez
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Notice that for g3 < 1 and selecting s such that g3 = sps we have s > 1
and ps < 1. Hence

SpP3
| Tan (@bl < 37 (D laminllbmnl4n)
meZ neZ
ps3
< (O (D lamrallbm—nl4n) )"
meEZ neEZ
< (Z Z @m0 |bm—n|P* AR?)?
MmEZneZ
< Z Z |G |P1) 103/131 Z by [P2) ps/pz )APs)*
n€Z meZ meZ
= llallglblig > Az)°.
neZ
|
COROLLARY 27. Taking A, = = |1+a one gets

am nbmf’n
Io(a,b)(m) = Z %
neN

defines a bounded operator from (P (Z) x (P2(Z) — €P2(Z) for 0 < p1,pa <
00, 1/ps = 1/p1 + 1/p2 whenever 15 < ps.

Our main contribution is the observation that Cx(P(a), P(b)) € A for
finite sequences a,b. This will allows us to estimate the norms in ¢P(Z) of
the discretization operators.

THEOREM 28. Let K € L}, .(R) and let a,b be finite sequences. Then

Cr(P(a), P(b))(z) = ) Hpu(a,b)(x —m),

meZL
where
1/4—|ul
= Gminbm-n / K(n+y)dy e C(I).
nez —1/4+]ul

In particular Cx(P(a), P(b)) € A.
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Proof.

Cx(P(a), P(O)(x) = Y aib;Cx(x1,, x1,)(@)

Z aib; / K(y)dy

i,jEZ (x—i+I)N(—z+j+1)

Z Z Amtnbm—n / K(n+y)dy

mELNEL (z—m+I)N(—z+m+1T)

Note that if (z —m+I)N(—z+m+I) =0 then

/ K(n+y)dy=0.
(z—m~+I)N(—x+m~+1)

Therefore, denoting
1/4—|ul

B (u) = / K(n+ y)dy = / K(n+y)dy,
(u+ID)N(—u+I) —1/44]u|

one has that supp®,, C I. Indeed, (u+I)N (—u+I) # 0 implies u+u; =
—u + ug for uy,us € I and, hence |u| < 1/4.
We have shown that

Cx(P(a), PO))(x) = Y > amynbm—n®n(z —m).

mEZLNEL

Define Hy,(a,b)(u) = >, cz Gmsnbm—nPn(u).
Hence H,,(a,b)(u) = Hy,(a,b)(—u), suppH,,(a,b) C I, Hy(a,b) € C(I)
and the result is complete. |

LEMMA 7. Let K € C*(R) and compactly supported and let a,b be finite
sequences. Denote

An = An(K) = Sup |K/(£)|7
gel,

$o(u) = 2(1/4 = [ul)xs(u) and ¢1(u) = (1/4 = ul)®x1(u). Then

[P (Tixc,) (@, 0))| < |Cr (P(a), P(0)] + [Py, (T(a,(al [0)]. (25)
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Proof. Write for m € Z and u € I

1/4—|ul
Hy(a,b)(1) = Y aminbm—n / K(n+y)dy
neZ —1/44ul
= Z am—i—n m—nd{ )¢0( )
nez
1/4—|ul
+ S tmiabn [ (Klny) ~ Knldy
neZ —1/44ul

Using the Mean Value Theorem we write

) 1/4— \u|
|Hp(a,0)(u)] < Z |@m-+nl|bm— n|/ (n+y) — K(n)|dy
! st
S Z |am+n||bm—n‘An(1/4_ |u|)2
nez

Tia,)(lal, b)) (m)¢1 (w)-

From Theorem 28

Cr(P(a), P(b))(z) = Y Hula,b)(z —m)

meZ

— ZT(K)ab m)oo(x — )+Z g m(a,b)(x —m)
meZ

= Py, (T, (a,0))(2) + > Hp(a,b)(z —m)

mEeEZ

From this and the previous estimate one gets the result. |

We are now ready to present the main result of this section.

THEOREM 29. Let 0 < p1,p2,q3 < o0 and 1/q3 < 1/p1 + 1/p2 = 1/p3.
Assume that M = K € My, p, 4, for some K € C1(R\{0}) with compact
support and

C = (Z An<K)Hlin{p371})1/min{pf}’l} <
n#0
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where A, (K) = supgcy, |K'(€)].
Then Tk, is bounded from (P (Z) x (P2 (Z) — £%3(Z) with norm bounded
by C'(||Ck|| + C) for some constant C' >0 .

Proof. Using (25) for finite sequences a,b and the triangular inequality
in L9 (R) (denoting C(g3) = 1 if g3 > 1 and C(gq3) = 2/9) implies

||¢0||q'sHT(K1,)(avb)”q's = ‘|P¢0(T(Kw,)(a7b) H%
Clgs)([ICk (P(a), P(0))llqs + [ Py, (Ta,,) (lal, [6])45)
Clas)(ICK MNP (@)llpy 1P ®)|py + 1Py lga | (Tia,) (Il [B])lgs)-

IAINA

Now apply Lemma 26 to conclude the result. |

We can now give the following discrete version, which extends the trivial
estimates given in Corollary 27.

COROLLARY 30. Let 1 < p1,p2 < 00, 0 < a < 1 and 0%5-2 < p3 < 1.
Then

am nbm—n
Toa,b)m) = 3 Pelner
neN

maps boundedly (P (Z) x £P2(Z) — €13(Z) for 1/qs = 1/p1 + 1/p2 — a.

Proof.  Consider K(t) = \tllﬁ for ¢ # 0. Observe that A, (K) <

1

1 .
C pEFe Hence the assumption ;5

result invoking Theorem 29. |

< p3 < 1 allows us to conclude the

COROLLARY 31. The bilinear discrete Hilbert transforms Hy, n are bounded
from P (Z) x £P2(Z) to €73 (Z) whenever 1 < p1,ps < 00, 1/p1+1/p2s = 1/p3
and p3 > 2/3. with the norm bounded by a constant independent of N.

Proof.  Consider K(t) = 1 for t # 0. Observe that A,(K) < C-.
Hence the assumption 2/3 < ps allows us to conclude the result invoking
again Theorem 29. |
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