COMPOSITION OPERATORS ON THE BLOCH SPACE OF THE UNIT
BALL OF A HILBERT SPACE

OSCAR BLASCO*, PABLO GALINDOT, MIKAEL LINDSTROM', AND ALEJANDRO MIRALLES?

ABSTRACT. Every analytic self-map of the unit ball of a Hilbert space induces a bounded
composition operator on the space of Bloch functions. Necessary and sufficient conditions
for compactness of such composition operators are provided, as well as some examples that
clarify the connections among such conditions.

1. INTRODUCTION

Let F be a complex Hilbert space of arbitrary dimension and denote By its open unit ball.
The space B(Bg) of Bloch functions was introduced in [1]. There it was shown that it can be
endowed with a (modulo the constant functions) norm that is invariant under the automor-
phisms of Bp; see section 3 below for the basics. This article studies composition operators
acting on B(BEg), i.e., self-maps of B(Bg) defined according to Cy(f) = f o ¢, for a given
analytic map ¢ : Bg — Bpg. As in the finite dimensional case, every composition operator is
bounded, actually of norm not greater than 1 for the invariant norm if the symbol vanishes
at 0, and also the hyperbolic metric on Bg measures the distance between evaluations in the
dual space. We also study the compactness of composition operators, providing necessary
and sufficient conditions. There are two common requirements for both the necessity and the
sufficiency:

(1 — Izl IR ()]

im > =0 and
lp(2)li—1 1—[[o(2)]]

i I211*)[{e(2), Re(2))] _ 0
lo(2)li—1 1—le(2)]? ’

where Ry(z) denotes the radial derivative at z. The fact that for all 0 < 6 < 1, p(6Bg) is
relatively compact completes a necessary condition, while the additional assumption p(Bg)N
0 Br being relatively compact, provides a sufficient one. Such compactness requirements are
trivially satisfied in the finite dimensional case, thus the two limits above yield an apparently
new characterization.

Some of our techniques are inspired by J. Dai’s paper [4]. However, there are some obstacles
to avoid when allowing an infinite number of variables, like the lack of relative compactness of
the ball, the number of components of the symbol or the use of the invariant Laplacian. And
still a major one: uniform convergence on compact sets does not imply uniform convergence
on compact sets of the derivatives; this only happens in the finite dimensional setting (see
[3]). Such obstacle causes the lengthy proof of our main result Theorem 4.13. In the final
section we present several examples that discuss the relations among the conditions we have
found.
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2. BACKGROUND

Let (ex)ker be an orthonormal basis of E' that we fix at once. Then every z € E can be
written as z = ), .p zrex and we write Z = ), Zgey.

Given an analytic function ¢ : Bp — Bg we write ¢(x) = >, cp wp(®)er, ¢'(z) : E = E
its derivative at x, and Ry(x) = ¢'(x)(x) its radial derivative at z.

We shall denote by ¢, the Mobius transforms for Hilbert spaces. For each a € Bg, ¢, :
Br — Bp is defined by

Pa(@) = ($aQa + Pa)(ma(z))
where s, = \/1 — ||a||?, mq : Bg — Bg is the analytic function
a—x

) = TG

and P, = Wa@a where u®v(x) = (z,u)v and Q, = Id— P, are the orthogonal projection on
the one dimensional subspace generated by a and on its orthogonal complement respectively.
Since ¢, © pa(x) = x one has (pa) ! = @q and ¢, (a) = (¥,(0))7".

Actually (see for instance [1, Lemma 3.2])

(2.1) @l (0) = —sgPa — 54Qua,
and

1 1
(2'2) SDZZ(Q) = *?Pa - ;Qa'

The pseudo-hyperbolic and hyperbolic metrics on Bg are respectively defined by

1 1+ pe(z,y
pE(z,y) = 0 (y)|| and Bg(z,y) = QIOgl—piEmy;'

It is known ([6] p. 99) that
(L= [l=l*)( = llyl*)

2 _1_
(23) o)l =1 - ==
Also
(2.4) pe(z,y) = sup{p(f(z), f(y)): f € H*(Bg),| fllw < 1},

where p is the pseudo-hyperbolic metric on the open unit disk D in the complex plane given

by p(z,w) = ‘{Z:;Z; and H*°(Bpg) denotes the Banach space of bounded analytic functions

on B endowed with the sup-norm.
Since (s +t)/(1 + st) is an increasing function of s and ¢ for 0 < s,t < 1, the sharpened
form of the triangle inequality for p(z,w) easily yields the same inequality for pg(z,y),

pE(T,u) + pE(U,Y)

2.5 T, < , x,u,y € Bg.
25) ppley) <73 pe(;u)pp(u,y) v
The following estimate holds (see [1], Lemma 4.1):

x —_—
(2.6) pe(z,y) < H yll x,y € Bg.

= ()l
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The open unit ball of H*°(Bg) is invariant under post-composition with conformal self-maps
of D. By composing f with a conformal self-map of D that maps f(y) to 0, one obtains that

(2.7) pe(r,y) = sup{[f(z)|: f € H*(BEg), [ flle <1, f(y) = 0}
Recall that if f: Bp — C is analytic we have f'(z)(y) = (y, Vf(z)) and (f o ¢.)"(0)(y) =
(y,V f(x)), where V f(z) denotes the invariant gradient of f at = € By given by
V(@) =V(f o) (0).
The following result gives an explicit formula to compute the invariant gradient. It is a
modification of Lemma 3.5 in [1] in a form that fits our purposes.

Lemma 2.1. Let f: B — C be an analytic function and x € Bg. Then

_ V1), @)1~ el
2.8 Viiz)|| = su .
(28) IV Il = o = el ¥ 1w, 2]

Proof. For the linear functional w € E — (¢, (0)(w), V f(x)) we have

15 £(2)] = sup (. (0)(w), V f(x))] sup [(Vf(@), 0 (0)(w))|

w#£0 [Jw]| w#0 [[wl|

Now we can replace w by ¢, (0)~!(w) in the above formula, so

S [(Vf(z), w)|
IV (@) = sup - -
w0 [[#5(0)~H(w)]|
In the proof of Lemma 3.5 in [1] it is shown that

—zlI2Ywll2 w. )2
s (0 ()] = YO I >_H” g|cr||2+\< )P

so the statement follows. O

Throughout the paper ¢ : Bp — Bp denotes an analytic map and given y € E \ {0} and
w € E with ||w|| <1 we write

(2.9) Ppan(N) = <¢<AH§*HW>7 A< 1.

The following version of Schwarz-Pick lemma will be needed in the sequel. The analogue of
these results in several variables has been proved in [2].

Lemma 2.2. Let ¢ : Bp — Bg be an analytic map and y € Bg. Then

_ 2
(210) (Ret). o) < ol ol ~7 0L,
(1= llyll*) 2, Rey) o) |
(211) Rl + Lol o, T < 1
1— 2V1/2
.12 IRe)] <2 SEIEDE

(2.13) Furthermore if ©(0) =0, then |o(y)] < |yl
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Proof. Let us fix y € Bg \ {0}, ¢(y) # 0 and w € E with ||w]| < 1. We apply the classical
Schwarz lemma to ¢y, and get for any |A| < 1 that

1= |y (M
LV < & .
[N S 2

Now if A # 0 we have ¢y ,,(\) = %(R(p()\“z—”),@) Hence, for A = ||y||, it follows that

{p(y), w)[?

1—lyl]?

This shows (2.10) and (2.11) by choosing w = @73” and w = Hgig;\\ respectively.

(Rep(), )] < Iyl =

1_ _
To get (2.12) we use the estimate [(Re(y),w)| < 2|yl W
— Y

In particular, for any 6 € [—m,7) and ||w| = 1, we see that

‘<(1_H?JH2R‘P(y) + eiego(y),@>‘ < LW

2([y]l oMyl (Ro(y), W)| + [{p(y), )| < 1.

1— llul2 A
SR + el <1 for o€ o)

_ 2\2
(14H|z|JyH’2’)”73@(2/)!!2 + [le(y)]* < 1.

In the case ¢(0) = 0 using ¢, (0) = 0 and scalar Schwarz lemma we obtain

[Py <A

for all y € Bg \ {0}, »(y) # 0 and w € E. This implies (2.13) choosing again A = ||y|| and

w= 2 This completes the proof. O

eIl

Hence, H

Now integrating over 6 we obtain

For background on analytic (or holomorphic) mappings on infinite dimensional complex
spaces we refer to [3].

3. THE BLOCH SPACE

The classical Bloch space B is the space of analytic functions on the open unit disk, f : D —
C, such that the semi-norm || f|z = sup,ep(1 — |2|?)|f(2)] is bounded; it becomes a Banach
space when endowed with the norm || f|| giocn = | f(0)|+ || f|l5- See [10] for general background
on the classical Bloch space. The Bloch space of functions defined on the finite dimensional
Euclidean ball was introduced by R. Timoney in [8]. See [9] for further information.

A function f : B — C is a Bloch function if
1£ll8(Bz) = sup (1= [lz[I*)[|f' ()] < oo
r€BER

The space of Bloch functions is denoted by B(Bg) and it has been studied in [1]. As in the
finite dimensional case, the space H*°(Bg) is strictly contained in B(Bg) (see [1, Corollary
4.3]) and the following inequality holds for any f € H*®(Bg):

(3.1) 1 BBE) < [1flloo-
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An equivalent semi-norm for the space of Bloch functions is given by

[ flline = sup |V f(z)] < oo.

z€EBR

This semi-norm satisfies || f o ¢||liny = || f]|iny for any f € B(Bg) and any automorphism ¢ of
Bpg. The space B(Bg) is usually endowed with the norm || f || giocn(B,) = [£(0)] + || flliny and
then it becomes a Banach space.

Another equivalent semi-norm is given by

1 fllrad = sup (1 = [|z|*)|Rf ()]
r€BE

where Rf(x) = f'(x)(z) is the radial derivative of f at .
We refer to [1, Thm 3.8] for all the equivalences of these semi-norms. In particular, we
have the following inequalities:

31
(3.2) 1 Flsn) < 1l < ( Vil

1+ 2) Il B(By)-

The following result extends Theorem 5.5 in [10] to an infinite dimensional Hilbert space E:

Theorem 3.1. Let f: Bg — C be an analytic function. Then,

_ @) = F)l
||f||inv—5up{ BE(Z":U) -fU,yGBbW x?éy}

Proof. First we prove that
f(@) — fy
[ flline = M = SUP{W 12,y € B, x #y .

If || f|liny = 00, then we are done. So take f € B(Bg) and x,y € Bg. Then,
_ o b (at) (1~ |lat]?)
1@ =101 = |( [ rena)e)| < e | dt

1= |t]?
1 [ 1 1+ |||
< |f / —__dt=|f —log :
| ||B(BE) o 1— [lz]2[¢]2 | ”B(BE)2 1— ||z

Consider fop, € B(Bg). By the inequality above, (3.2) and bearing in mind that || fop||iny, =
|| f|liny for any automorphism ¢, we have that

1+ |||l

1 1 1+ ||z
£o00(e) = £ 00,01 < 1F 0 el Tor o = i og 1 1

I IE

Selecting z = ¢y (x), we have

1 1
@)= F)] < 1Fopyllnglos T 200

1. 1+ pp(,y)
||f”mv2 og 1— PE(ZE,y) Hmev ﬂE($7y)
Hence || f|liny > M.
Now we prove that || f|liny < M. Notice that

M 1+ ||zl

£() = SO < MBa(r,0) = Flog 7
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SO

f@) = FO _ M 1+ ]
el = 2] BT |l

for all z € Bg \ {0}. For a unit vector u € E, we consider the directional derivative D, f(0)

given by
SO+ tu) — f(0)

D, f(0) = lim =Vf(0)(u).
t—0 t
If x = tu and taking limits when ||z|| — 0, we have that
. 1 1+ ||z
V0)(u)| <M lim log =M
VIO M A ol % T e

since lim, 0 2 log 112 = 2, so ||V f(0)|| < M. Notice that for any automorphism ¢ on Bg, it

is clear that
o (WD U DO, gy )

since Bp(p(z), ¢(y)) = B(x,y). Hence for any x € Bg we have
[fllinv = sup [[V(f o) (0)] < M

r€EBR

and we are done. O

Corollary 3.2. If §,(f) = f(x), we have that 6, € B(Bg)* and ||0|| < Ly where

1 1+ ||z
L, = —1 1.
g ma"{2°g1—ux||’

Proof. From Theorem 3.1, we have for any z € Bg

(3.3) (@) = FO) < L1710y log 1]

1= [l
1+ ||z

TMJF\J”(O)\

Also 16.(£) < [£() ~ FO)] + 17(O0)] < 31/ ls(s) o

1+ [l
1—zf| ’

1
< e { g U (1l + O = Lol toncoe

Remark 3.3. For x,y € Bg we have

1
(3.4) sl =yl < pe(z,y) < 16 = 8y|| < BE(2,y)-
In particular, we observe that the norm topology of B(Bg) is finer than the compact open
topology co.
As consequence of Theorem 3.1, we have that

Corollary 3.4. An analytic function f : Bp — C belongs to B(Bg) if and only if there exists
a constant C' > 0 such that

|f(x) = f(y)| < CBE(x,y).

Notice that the metric Sg(x,y) can be also recovered from the Bloch semi-norm || f||ine:
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Corollary 3.5. For any z,y € Bg we have

Be(z,y) = sup{[f(x) = FW)] : |fllino < 1}.

Proof. By Theorem 3.1 we have that |f(z) — f(v)| < || fllinv BE(z,y) for all f € B(Bg) and

2,y € Bp. Hence, sup{[f(z) — f(y)| : [|f[lino <1} < Br(@,y)-
To check the other inequality follow the same pattern as Theorem 3.9 in [9] and recall [1,

Lemma 3.3]. O

4. COMPOSITION OPERATORS

4.1. Boundedness. As it occurs in the finite dimensional case, every composition operator
on B(Bg) is bounded.

Theorem 4.1. Every analytic map ¢ : Bg — Bg induces a bounded composition operator
Cgo : B(BE) — B(BE).

Proof. Let ¢ : By — Bpg be analytic and consider for any f € B(Bg), the semi-norm
| f © ¢|liny. By Theorem 3.1, we have that

- sup{‘<f°@><x>—<fow><y>r
Be(z,y)
o [ 50

where last inequality holds because pg(x,y) is contractive for analytic maps ¢ : Bp — Bg

HfOSOHmv xvyeBEv x#y}

IN

and h(t) = 3log ¢ is non-decreasing. Since ¢(Bg) C Bp, we get the estimate
flz) = fly
Hf © @Hmv < sup {HBE)‘(:U:U()” TTL,Y € BEv x 75 Yyr = ||f||mv

Further, using Corollary 3.2,
1Co (P Broch(Br) = |f 0 Pllinw + 1 F (@ (ON)] < [ fllinw + L) [ 1l Boch () <

| fllino + [£(O)] + Loyl £l Bioch(Bs) = (1 + L)) |f | Bioch(B)»
and we conclude that Cy, is bounded. O

We provide another proof that relies on magnitudes that will appear further on.

Proof. Let || fllino < 1. Since R(fop)(2) = (Vf(p(2)), Rp(z)), we use Lemma 2.1 and obtain

(L= lle@IP)Re(2)]1? + [(Re(2), ¢(2))?
(1= lle(2)I1%)? °

IR(f o @)(2)]* < IVF((2)]?
By combining this with Lemma 2.2 we conclude that
R(f o @) (2)I(L — 12]I*) < V5.

Thus the boundedness of C, is immediate if we assume ¢(0) = 0.

If ¢(0) = = # 0, then we consider the mapping 1) = ¢, o ¢, for which ¥ (0) = 0, and the
bounded operator Cy. Since || f © @z|iny = || f|linv it follows, using Corollary 3.2 as well, that
Cy, is continuous. Hence C, = Cy o Uy, is continuous. 0

Remark 4.2. It is clear that if ¢(0) = 0, then [|Cy|| < 1.
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4.2. Compactness. Now we proceed to discuss necessary and sufficient conditions for a
composition operator on B(Bg) to be compact. We begin with some necessary ones.

4.2.1. Necessary conditions. The following result is a little improvement of a result due to
Dai [4] for finitely many variables.

Lemma 4.3. For each z € Bp with p(z) # 0, there is n(z) € E, |n(z)|| = 1 with
(#(2),n(2)) = 0 such that for & = ¢(2) + /1 — [l¢(2)[*n(z) one has

(Re(2).9] 2 VI T IR - (14 Y EID ) R(a) ot

Proof. We use the projection theorem for Hilbert spaces, so for each z € Bg with ¢(z) # 0
there is n(z) € E, ||n(z)|| = 1 with (p(z),n(z)) = 0 such that

Re(z) = a2 4 g,

Te@

wherea:Wwdﬁ:< o(2).0(2). Clearly €] = 1, (p(),€) = [lp(z)||? and

(Rp(2),€) = (Rp(2),0(2)) + /T~ T(EIIP8. Morcover, af? 1 |52 = R, so
(Rep(2),€) \/1—H<pz P18l - [(Re(2), o(2))

>
> VIZTe@PI(Re)] ~ o) - [(Re(2). o)
= VImTePIRe ) - (14 D) (Rp(e), oo,
O

Lemma 4.4. The composition operator C, : B(Bg) — B(Bg) is compact if and only
if for each bounded net (f,) in B(Bg) such that fo — 0 in (B(Bg),co) it follows that
1Ce(fo)llB(BR) = O-
Proof. Suppose that C, : B(Bg) — B(Bg) is compact and let (f,) be a bounded net in
B(BEg) such that f, — 0in (B(BEg),co). Then also C,(fa) — 0 in (B(Bg), co) and the norm
closure of the set {Cy(fa),0} is compact in B(Bg). Therefore ||Cy,(fa)llp(By) — 0-

If C, is non-compact, then there are ¢ > 0 and a sequence (fy) in B(BE) such that
I fnlla(Br) =1 and

1Co(fn) = Co(fm)llB(By) = € for each n 7 m.

Now by Montel’s theorem (see [3, Theorem 17.21]), there is a subnet (fy(q)) of (fx) that
converges uniformly on compact subsets of By in H(Bpg). For each n(«), choose n(8) > n(«)
such that f,) # fus) and let g,) = fa@) — fu@)- Then gy — 0 in (B(Bg), co), but
HCSO(gn(Oz))HB(BE) >e>0. 0

Theorem 4.5. Assume that C, : B(Bg) — B(BE) is a compact operator. Then

(4.1) ©(0BEg) is relatively compact for each 0 < § < 1,

(4.2) i A= IR ()]
le@i=1 /1 [e()]?

=0, and
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i A [1201)[{2(2), Rep(2))|
lo(2) -1 L—[le(2)]?

Proof. First we prove (4.1): Indeed, since the set {8, : ||2|| < 6} C (B(Bg))" is bounded
and O is compact, {C3(d;) : [|z[| < &} is relatively compact in B(Bg)*. The fact that
C5(62) = dy(z) allows us to conclude that ¢(6Bg) is relatively compact by appealing to (3.4).

Let (ng) be an increasing sequence in N and (&) a sequence in E with ||€x]] < 1. According
to [1, Corollary 4.3] the family {(z,&)" : ||¢|| = 1} is bounded in B(Bg). Furthermore the
resulting sequence {(z, &)} converges to zero in (B(Bg), co) and therefore the compactness

of Cy, : B(Bg) — B(BEg) implies, according to Lemma 4.4, that

(4.4) li}]in (e, &k) ™ ||lraa — 0, when k — oco.

(4.3) = 0.

We have |[[(@, &)™ [lraa = sup (1 = [|2]*)nel(o(2), &)™ (R (=), &)].

2€BEg
Let us first show (4.3). We suppose that there exist € > 0 and a sequence (z) € Bg such
that ||o(zx)|| — 1 and for each k,

1— |zl

(4.5) iz (P(R) Re(ze))| = €

1— [lo(ze)II?

Let ny, be the integer part of m and choose &, = %. Since limg (1 — |l (z)|)nk =
1 and limy, [|(2¢)[|"™* =2 = 1, it follows from (4.4) that
S e L1 2
0= lim ——————||o(zi) || “|(Re(zk), ©(z
s LB e Rt o)
1o L=l

=~ lim WKR@D(%), p(2x))l;

which gives a contradiction if (4.5) holds. Thus (4.3) holds.

Let us now show (4.2). As above we suppose that there exist ¢ > 0 and a sequence
(z1) € Bg such that

1— |zl
1— [lo(ze) 2

Choosing now ny, the integer part of m and & = ¢(zi) + /1 — |le(zk)||*n(zk) with
In(zx)|| =1 and {(p(zx),n(zx)) = 0, then we obtain from (4.4)

(4.6) IRe(zr)l| = €.

: 1 - HZkH2 —1\2
0= lim —————(|lp(zp)||™* Ro(2), &
Jim T b () PR (Rep(e) o)
1 1 — ||z 1?

= - lim WKWO(%), &)l

This together with condition (4.3) and Lemma 4.3 yields a contradiction to (4.6). So (4.2)
holds. U

Remark 4.6. Realize that conditions (4.2) and (4.3) hold trivially true in case ¢(Bg) C rBg
for some 0 < r < 1.
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Remark 4.7. Note that ¢(z) = z satisfies (4.2) and fails (4.3). Also observe that

(1= A Re(=) 0(2)) _ (1= =)o ()] (e #(2))

1—lp(2)]? VI=le@I? VI-TeP

Hence (4.3) implies (4.2) if there exists 6 > 0 such that
Rep(2)

i (e #(2))]

o)1= /1 — ||p(z)]?

Proposition 4.8. Let ¢ : By — Bp be analytic such that Cy, : B(Bg) — B(Bg) is a compact
operator. Then {Ry(z) : ||z|| < 8} is relatively compact for all § < 1.

Proof. For z € Bg and w € E we consider the linear functional A, ,, acting on f € B(Bg) ac-
cording to A (f) = f'(2)(w) = (w, Vf(2)). It is continuous since |\, ., (f)| < 7 Hﬁ”‘llg | f1lB(BR)-
Realize that

CoAew)(f) = Aew(f 0 0) = (¢ (2)w, V f(0(2))),
and thus that C:;()\z,z) = )‘go(z),Rgo(z)'
Notice that Rp(dBg) is a bounded subset of E by (2.12) in Lemma 2.2.
Since C7 is compact and sup{||A. .|| : [|z]| <} < oo then
{Co(Azz2) 1 Izl <0} = {Apia) ez  lIZI < 6}

is relatively compact in B(Bg)*. Now we conclude that Re(dBg) is relatively compact
because for the function e, (z) = (z,u), we have RCy(eu)(2) = (Rp(2),u) = Ap(2)Re(2)(€u)
and hence

[Re(2) — Rep(2')|| = sup, [(Rep(2) = Rep(2), u)| < [ Xp(2)Reo(z) — Ao(z) R -

O

There are also necessary conditions in terms of the components of the symbol ¢. Recall
that (ex)rer is an orthonormal basis of E and ¢ = ), 1 or(x)er. Here, ¢ = (p, ex).

Proposition 4.9. Assume that C, : B(Bg) — B(Bg) is a compact operator. Then
(4.7) Cop, : B — B is compact
for all k,1 € ', where ¢y () := pr(Xe), A € D. Also,

1— 2
(4.8) lim sup (1 — 1z )\R@l;(zﬂ _0
kel zepy 1 — |pr(2)]

In particular, limyer ||k llBBg) = 0. And further,
o A= 2] [Ren(2)]
en(2)l=1 1 —pn(2)?

Proof. Let y € E\{0} and ||¢| < 1. We write F¢(x) = F({(z,£)), = € B, for each F € H(D),
and f,(\) = f()\” H) A €D, for each f € H(Bg).

(4.9)

=0 nel,
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Consider F' € B. Since VF¢(z) = F'({z,£))¢ then F¢ € B(Bg) and

1= [af
A~ lll)IVEE @) < 1ENFllsT—7 %3 < IFls.
1—[{z, )
Hence the operator E¢ : F € B+ F¢ € B(Bg) is continuous.
If f € B(Bg) and [|y|| < 1 then it is an easy calculation that f, € B and ||,z < || flls(Bp)-
Hence the operator R, : f € B(Bg) — f, € B is continuous. For each y,£ € Bg and F € B
we can write

€ornm = (¢ (%)) = F ({02)6) ) = Conel)N

So Cyp, . = Ry 0 Cyo E¢ is compact. Then (4.7) follows because g = @e, ¢,

Py.&

Let us now show (4.8). Given a weakly null net ({k)kex € F with ||&]] < 1, we con-
sider fi(z) = log (%) According to [1, Corollary 4.4], fi. € B(Bg) and | fxllpB,) <
|log(125)|l8. Thus, the net {fy : k € s} is bounded on compact subsets in B, hence a
co-relatively compact set by Montel’s theorem. Since limye, frx(2) = 0, it follows that {f :
k € k} converges to zero uniformly on compact sets of Bg. Hence limye,, [|Cy(fi)ll5(Bg) = 0-

Now notice that R(Cy(fx))(2) = %. Therefore

i sup L IZPIRe(2), &)
o }“Eﬂuzugl 11— (e(2), &)l

Assume now that (4.8) does not hold. Then there exist € > 0, and a subnet (ny) such that
for every nj there is zp with

=0.

(1= ll26]1*) I Rn, (20)]
1 — |, (21) 7
Selecting now &, = ep, ¢n, (21), we get a weakly null net for which thus (4.10) holds. Then

1- 2 n n
I N Ol N CN

leli<t 11 = @n (2)omy (21))|
that contradicts (4.11).
Finally, we prove (4.9). Let n € T" and assume that (4.9) does not hold, that is there is
e > 0 and a sequence (z;) with lim;_, [¢n(2;)| =1 and

(L — [zl Repn (20)]

(4.11)

4.12
2 T lp)P 2
_ 1 _ _ 1
Let Fi(\) = log TS vewen and g;(z) = Fi((z,e,)) = log et
We may assume that ¢, (z;) converges to some wyp, |wg| = 1. This means that (g;) co-

1

converges to go(x) = Fo({(z,ey,)) = log T—meyms Where Fy(A) =log ﬁ Next, notice that

Colg)(x) = Fi({p(x), en)) = Fi o pn(x).
The compactness of C, yields that limy [|C,(91) — Cp(90)||raa = 0. However,

1Co(91) = Cp(90)llraa = 1F1 0 pn = Fo 0 @nllrad =
sup (1 — [[]|*)|R(F 0 ¢n)(z) — R(Ep 0 pn)(2)| =

JJEBE
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sup (1 - 2 I)1F (0n(2))Ren () = Fi(n (@) Repn ()| =

rEDBE

sup (1 — [|z]*)[Ren ()] | F (¢n(2)) — Folen(2))| =

r€EBR

s izl e —
s (1= el Ren(@| 250 =

(1= llalP) Ren(z0)| - — on) W

(L= llall®)

1 _ ’@n(zl)|2 |Rgpn(zl) o

A contradiction.
4.2.2. Compactness criteria.

Lemma 4.10. Let f : B — C be analytic and =,y € Bg. Then

1 d¢

(4.13) (1= 2R f(x) = ﬁ ot f(%(fﬂf))g

Proof. Observe that since ¢, is self-inverse, f = (f o ¢;) © ¢, hence

W VT@) = f@) = (fop)0)0 () ())
= For) O] 5P~ QW)

W V@) = ol Pe(V7@) — (. V@) + P (V@)

- _
5% Sy Sy

(4.14) Therefore, s2(y, Vf(z)) = (s, — 1)
By the Cauchy formula we have that

(2, V(@) = (f o a)(0)(x) = — /  fopden)s and
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1 d¢

(y, V(@) = (f o 02) (0)(y) = o Sy fo sox(éy)§~

Thus equality (4.14) becomes

53y, Vf(2)) =
(415) (Sdf - 1) 2L fm 1 f © 90$(§$)§ y7H> - Sx% f|€|:1 f o @x(&y)g
and we conclude by taking y = x. O

Remark 4.11. From (4.14) we deduce the following identity that might be of independent
interest

(4.16) 2V () 4 5.V f(z) = (54 — 1)Wx

Lemma 4.12. For every 0 < § < 1, there exists Cs > 0 such that

(4.17) [y, V(@) = (', V@) < Csll fllslle — 2/l
whenever x,z' € (5BE and |ly|| < 1, ||| <1, and f € B(Bg).

Proof. Let 0 < & < 152, Since max{||z + e¢y|, |2’ + &/ : |¢| = 1} < 12, we conclude by
taking v = 0 in (2. 5) that
4(1+9)
z4ely, 2 +ely) < — 7
pE(T + €8y &y') < 1T (502

Since %log % < 75 forall 0 <7 < 1, we have

pe(z + ey, o' + ey
Be(z + ey, 2’ +e€y) < ( | _ _a0+9) )’

I+ (149)2

so it follows that for some constant C§ depending only on 4,
Be(z + ey, o’ +e€y) < Cspp(x + €y, 2’ +e8y).
Next, using Cauchy formula we have for z,2’ € §Bg, ||y|]| < 1, |||l < 1,

. V@) — (¢ . VF@)) = - / f(x+ety) — (@' + <€)
|€]=1

2mi

dg
?-

From this, Theorem 3.1 and the equivalence of the semi-norms, we get that for some
constant C' > 0

! o it it, / dt
VT~ I < [ |flarecy) - '+ ety
0 7T
2
< CllfllBg) | Bp(x 4 ey, 2’ + e’y )dE.

Applying (2.6) we find a constant Cs > 0 depending only on ¢ such that

- 271' dt
(y, Vf(x)) — (', Vfa'))] < C'CSHfHB(BE>/0 pe(z +eey,x +€e”y')27r

2w i i dt
< 05Hf||l3’(BE)/O (@ +ee™y) = (&' + eey) - < Cill sy (Il = 2/l + 2).
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Now let ¢ — 0. O
Theorem 4.13. Let ¢ : Bp — Bg be analytic. Assume that
(1) {e(2): |le(2)]| <6} is relatively compact for all 0 < § < 1,

. 2
i)t A EDIRG
le@l=1 /1 — o2

(1 —lzl®){e(2), Ro(2))|
G el

Then C,, : B(Bg) — B(BE) is a compact operator.

Proof. We are going to apply Lemma 4.4. Let (f,) be a bounded net in B(Bg) converging
to zero uniformly on compact sets. Recall that

R(fa 0 9)(2) = (Vfalp(2)), Rep(2))-
Let € > 0. By (ii) and (iii) there exists 6 < 1 such that for ||¢(2)| > ¢ we have

_ ||z||2) \/(1 — ()P IRe(2)]* + [{p(2), Rep(2))]?

(1
1= le(2)]?
and hence using Lemma 2.1, we have
(4.18) (1= 121" R(fa 0 ©)(2)| < s5up [V fa(2(2)) lle < sup | fallins &

Denote As = {z € Bg : ||p(2)|| < 6}. For z € A5 we use formula (4.15) obtained in the proof
of Lemma 4.10 to have

Re(2)

(mavf(SO(z))) =
I SO S K (Re(2), o(2))
alw U ()>2m R OO TR e T B
1 R@( ) df
o 2mi / Ree) @

Hence for each z € A(;,

(1= 2PV fale(2)), Re(2))] <

A-P) 1, 1 2n @t
Hw( o s~ DIReC / ooy (€0(2))) | o

27 ” R d

o 2 ERReN [ 1o g

Bearing in mind (2.12) in Lemma 2.2 and that lim._, E(ﬁ —1) =0, there is C' > 0
such that for ||¢(z)]] < & we have

A=) 1 1 L
T 5o oo~ RN < e (o — ) <©
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In particular, for each § < 1 there exists Cs > 0 such that

(L= 121V falp(2))s Reo(2))] <

2m ) dt 2m )
Cs( [ Ualea(@olmgz+ [ 1alosoe®

when ||p(2)|| < d. Therefore, since

(oo (E0(2)) € € T} U o (5%) eeT)

Reo(z) |, dt
SR 2r)

is compact in By, we have for each z € As that

(4.19) (L= 121KV fale(2)), Re(2))] = 0.

To finish the proof we use that ¢(Ays) is relatively compact in Bg. So, given € > 0 there
exists a finite family of points {z; : 1 < k < N} C Aj such that for each z € As there exists
zp, for which ||p(2) — v(2x)]| < e.

Now bearing in mind (2.11) to observe that 2[R (y)|| < 1, we may use Lemma 4.12 to
have for each z,2' € A

(Vfa(0(2)), 53R 0(2)) = (V fal(2)), s2Re(2)| < Csll fallslle(2) — ()]

Hence sup [(V/a(¢(2)), SRAEN] < C'e + max (¥ fulp(e4), 82, Re(o)]
zEAs 1<k<n

The proof is then complete using (4.19). O

Corollary 4.14. Assume that {p(2) : ||p(2)|| < 0} is relatively compact for all § < 1. Then
Cy : B(Bg) — B(Bg) is a compact operator if and only if

0 m OLEPIREG

lo(2) -1 L—le(2)]?
(i) lim (1 =121 [{(2), Reo(2))]
lo(2)li—1 1 —le(2)]?

Corollary 4.15. Assume that ||¢||c < 1. The composition operator C, is compact if p(BE)
is relatively compact.

=0.

Example 4.16. Let {en} be a sequence in the given basis {ex}. If {¢,} is a sequence in
H>(Bg) such that >°° | [|¢n||2, < 1, then the mapping ¢(2) := 3", ¢n(2)e, yields a compact
composition operator C,, on B(BEg).

In particular for ¢, (2) = [[2", (2, ;), Cy is compact on B(Bg).

Jj=n
Proof. Note that supjjj< lo())? < (5202, SUD||»/j<1 lon(2)]?) < 1. Moreover, ¢(Bg) is rel-
atively compact since it lies inside the Hilbert cube given by the sequence (||¢n||oo). Now,
apply Corollary 4.15.

To verify the particular case we use the inequality between geometric and arithmetic means,
namely

n+1

J=n

2n 1 2n ntl il
en() =TTz e < (7 Do lzel) <+ )75z,
j=n j

which produces the estimate 30 | [pn |2 < 320° (n + 1)~(+D) < 1, O
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Next, we introduce a class of symbols ¢ that allows a characterization of the compactness
of Cy,. We say that the analytic mapping ¢ : Bg — Bg belongs to By(Bg, Bg) if

(4.20) A (1 = [l IR (=) = 0.

In particular any map with bounded radial derivative satisfies (4.20). It is easy to produce
examples of maps in By(Bg, Bg) :

Proposition 4.17. Let {e,} be a sequence in the given basis {ex}. If {pn}n C B(Bg) is such
that

thm (1= 2l1*)[Ren(2)] =0 for alin € N and Y lenllp,) < 0,

then o(z) = > 02 wn(2)en € Bo(Bg, Bg).
Proof. Given € > 0 there exist N € Nand 0 < d; <1 for j =1,---, N such that

n=1

(1= [12I”)?IRe(2)|I* < Z — [I21*)?|Ren(2)* + 2/2
and
(1= 2I")[Re;(2)| <e/V2N, |z >6;, j=1,--- N
Hence if ||z|| > maxi<j<n{d;}, then (1 — 12]12)[|Re(2)] < e. O

Proposition 4.18. Let ¢ € By(Bg, Bg) with ¢(0) = 0. Then
1-— 2 1— 2
) ey A LRGN _ 1 o) Re(e)]

)

ll2l|—1 L= le(2)|I? lo(2)l|—1 L —lle(2)]?
i Tim s T IEDIeG), Re(D] (= [217)[((2), Re(2)]
O i o) e T e @

Proof. In case ||¢|lcc < 1, both right hand limits are null and both left hand limits vanish
according to the assumption.

Since [[p(2)|| < ||z]| by Lemma 2.2, the limits on the right hand side are not greater
than those on the left hand side. Now, in case ||¢|lc = 1, there is a sequence (z,) C
Bg such that ||z,]| — 1 and limsup A=APNRe O _ iy, A=lznlPIReCn)ll | oy the

== le G " VeGP
bounded sequence (||¢(zy)]|) we get a convergent subsequence that we denote the same. If
A=z IRe(2)]l A=z l®)IRe(zn)ll
T > lim,, m that leads
A-z)IRe)I _ =0, so (i)
1=[le(2)11?

lim, ||(zn)|] = 1, we have lilrns,upHgD(Z)H_>

to the equality (i), while if lim, [|¢(2,)|| < 1, then limsup,_

holds as well. The analogous argument for (i7).

In the following result we replace condition (i) in Theorem 4.13 by the weaker one given by
(4.1) and conditions (4.2) and (4.3) by the stronger ones given by taking lim (.| instead
of lim; . Since the proof follows the same arguments as in Theorem 4.13, it will only be
sketched.
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Proposition 4.19. Let ¢ : Bp — Bg be analytic with ¢(0) = 0. If ¢ satisfies (4.1),

o) . L= LR

51 I eGP

0 ) e(). Re)]
2
I=ll=1 L—le(2)]l
then Cy, is compact on B(BEg).

(4.22)

=0,

Proof. By Lemma 2.2, we have |¢(z)|| < ||z||. The analogous estimate to (4.18) holds for
2] > 0.

In the remaining case ||z|| < 4, also [|¢(2)|| < § so the estimates in the proof of Theorem
4.13 hold, that is, if ||z|| < 0, then

(4.23) (L= 121KV fale(2)), Re(2))] = 0.
Now the final argument in the proof of Theorem 4.13 relies on the relative compactness of
e({llzll < 63). 0

Let us mention that (4.21) implies that ¢ € Bo(Bg, Bg) and that combining the necessary
condition obtained in Theorem 4.5 and Proposition 4.18 we get the following:

Corollary 4.20. Let ¢ € By(Bg, Bg) with ¢(0) = 0. Then C, is compact in B(Bg) if and
only if ¢ satisfies (4.1), (4.21) and (4.22).

5. EXAMPLES

In this section we provide a number of examples to discuss the relations among the various
conditions we have found above.

Ezample 5.1. Consider (&,) C Bg such that
(5.1) sup Y |(z,&)* < 1.

llzlI<1 75
Define ¢, (2) = (2,&,) and ¢(2) = >, ¢n(2)en, where {e, } is an orthonormal sequence in E.
Then ¢ satisfies (4.2). In particular ¢ € By(Bg, Bg).
Moreover if (§,) is an orthogonal system we have that
(i) ¢ satisfies (4.3) whenever sup,, ||&,] < 1,
(ii) ¢ fails (4.3) whenever there exists ng with [|&,,] = 1,
(iii) ¢(Bg) is relatively compact whenever Y [|&,]|? < oo, and
(iv) ¢ fails (4.1) whenever lim sup,,_, . [|€x] > 0.

Proof. Assumption (5.1) guarantees that ¢ is analytic and maps Bg to Bg. Since ¢(0)
by Lemma, 2.2, we have ||p(z)| < ||2]| for any z € Bg. Notice that Re(z) = >, Ren(2)en
¢(z) and using that o — —=%= is increasing for 0 < o < 1, we have

0,

i
A= l=Re) _ @ = [l=l*)le)]] .
1— [le(2)[1? 1 [o(2)]? = 121

In particular ¢ satisfies (4.2).
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‘ 2

Since (p(2), Re(2)) = [|¢(2)]1?, we get that o satisfies (4.3) if and only if lim ;)1 W =

0.
Assume now that (&,) is an orthogonal system. Hence

le(2))1? = ZI 3 |2<sup\|£nH ZI IIE H SlipllntIQHZIIz-

Assuming sup,, [|£,]|? < 1 we have ¢(Bg) C 6Bg for some § < 1 and (4.3) trivially holds
which shows (i).

Assume now that ||&,,|| = 1. Selecting z = A, we have that ¢(z) = Aep, and

im L=
lel=11 = [[e(2)[I?
This gives (ii).
Now (iii) follows using that |¢n(z)| < ||&n|| for each n. Hence ¢(Bg) is contained in the
Hilbert cube given by the sequence (||&,]|).
Finally, to show (iv), assume limsup,, . [|{n]| > 0. Hence there exist € > 0 and indices my,
such that ||&,, || > e. For each 0 < 0 < 1 we have gp(éng H) = 0||¢n|len. Hence {0|&m,, ||em,, :

n € N} C p(dBg) which gives that ¢(0Bg) is not relatively compact in Bp. O

In [5] it was shown that ¢(z) = > 7 | zl'e,, satisfies (4.1). Such ¢ is a particular choice in
the following example.

Ezample 5.2. Let {er} be an orthonormal sequence in E. Let Fj : D — D be a sequence of
analytic functions such that Fj(0) = 0. Define

2) =) Fil(z ex))en
k=1

(i) If || Filloo < 1 for all k € N, then ¢ satisfies (4.7).

(ii) If Fy € By, the little Bloch space, and ||Fi||oo < 1 for all k£ € N, then ¢ satisfies (4.9).

(iii) If there exists ng € N such that Cp,  is non-compact on B, then ¢ fails (4.3).

(iv) If supy, || Fillco < 1, then ¢ satisfies ¢(Bg) C Bg for some 0 < § < 1. In particular ¢
satisfies (4.2) and (4.3).

(v) If 34 || Fell% < oo, then ¢(Bg) is relatively compact in Bp.

(vi) If 37, | Fxll% < oo, then ¢ satisfies (4.1).

Proof. Notice that since |Fi(\)| < || we have that ¢ maps Bg into Bg. Actually one has

oo oo
le(I1* =D [F((z,ex)))* < Y I1Fkll3l(z, ex)* < [|2]* and further,
k=1 =1
(5.2) le(2)] < (SLIICP [k llo) 1 211-
Since ¢'(2)(u) = 3252 Fi,((2, €x))(u, ex)ek, then

Rep(2) = Y Fil{z, er)(z ex)ex, so
k=1
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(p(2), Rep(2)) = D Fil(z, en)) Fi ({2, ex)) (=, ex).-
k=1

Statement (i) follows since ¢y, 1(A) = Fj(A)dx,; and ||Fi|l < 1 implies compactness of C,.

Ren(2)] _ [EL((2,en))[I(2; €n)]
L=len(2)? 1= [Fu((z en))?

(L= [l2l®)[Ren(2)] _ (1 = {2 en)P)IF; ({2, €n))]
L—len(2)?  ~ 1—|Fll%

To verify (ii) notice that from where we conclude

that shows (4.9).
Concerning (iii): since C,  is non-compact then by Theorem 2 in [7] there exists (A,) C D
for which |F,,(An)| — 1 (in particular |A,| — 1) and

1i (1 - |>‘n’2)’FrlL0()‘n)’
1m D)
n 1- ’Fno()‘n)’

£ 0.

Selecting the sequence &, = Aneny, We have [[p(€a)[1 = [Fuo (An)?, IR (En)Il = |Ey (An) [ An]

and (Ro(&n), (6n)) = Frg(An)F)y (An) An. Therefore ¢ fails (4.3).

To check (iv), choose 6 = supy, || Fx|/~ and use (5.2).

Since ¢(Bpg) is contained in the Hilbert cube given by the sequence (|| Fj||~) it is relatively
compact. Thus (v) holds.

Finally to show (vi) we use the estimate for analytic functions F' : D — D with F'(0) =0
given by |F(N)| < ||F||gB(0, ) to obtain that ¢(dBg) is contained in the Hilbert cube given
by the sequence (||Fy||55(0,0)). This gives (4.1). O

Example 5.3. Let {e;} be an orthonormal sequence in E. Let us consider p(z) = >, ¢r(2)ex
where

(5.3) or(2) = (z,ex)".
Then ¢ satisfies (4.1) and fails (4.8). In particular Cy, is non-compact on B(Bg).

Proof. Notice that ¢(z) € B for each z € Bg because

Yo lek@)P <Y Kz e < l2).
k=1

k=1

It is clear that Rk (z) = kpp(z).
To show (4.1) just observe that supj,<s |¢x(2)| < §%. Denote

2
tem sup AR
2€BE 1- ’@k(z)’

(1 — A2)k\k Lk

Let z = Aej and estimate Ay > sup >sup(l — —)2 > 0.
k

0<A<1 1-— )\% k
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Ezample 5.4. Let {ex} be an orthonormal sequence in E. Let (ng)reny be an increasing se-
quence of natural numbers with ng = 0 and define ¢(2) = >, pr(2)er and ¢(z) = >, Yi(2)ex
where

k
Ng Nk
(54) QOk(Z) = Z ijk and 1/}k(z) = Z z]z
Jj=ng_1+1 j=ng_1+1

Then ¢ and v satisfy (4.1) but fail (4.7). Hence C, and Cy, are non-compact on B(Bg).

Proof. Notice that ¢(z),1(z) € Bg for each z € Br because

ng Nk

max{lge P G < (Y 12P) < Y P

Jj=ng—1+1 Jj=ng—1+1

Condition (4.1) follows from the estimate max{|px(2)[?, [¥r(2)|?} < ||2]|%*.
It is immediate to see that Ryg(z) = 2kpi(z) and Ryy(z) = 2kix(z) and, for each
k,m € N we have

VkmN) = @em(N) =A% ng <m < gy

and Yy m = @r.m = 0 otherwise.
We see that Cy, ,, is non-compact on B because

(1 — |A[2)2k A2

li 0
AT 7
due to the estimate 1 — [A|** < 2k(1 — |A]?), |\ < 1. O
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