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Bilinear maps and convolutions

Oscar Blasco*

Abstract. Let X,Y,Z be Banach spaces and let u : X XY — Z be a bounded
bilinear map. Given a locally compact abelian group G, and two functions
f€LYG,X) and g € L'(G,Y), we define the u-convolution of f and g as the
Z-valued function f *, g(t) = [5u(f(t — s),g(s))duc(s) where dug stands for
the Haar measure on G.

We define the concepts of vector-valued approximate identity and sum-
mability kernel associated to a bounded bilinear map, showing the corresponding
approximation result in this setting. A Haussdorf-Young type result associated
to a bounded bilinear map is also presented under certain assumptions on the
Banach space X.

1. Introduction

In this paper we shall be dealing with a notion which allows to understand
the convolution of functions taking values in different Banach spaces. This is done
by means of bilinear maps and it has been already considered in [1, 5] for the
particular groups T and R.

In this paper our main objetives will be to get some formulations of vector-
valued approximate identities and summability kernels in this context and the
study of Haussdorff-Young’s theorem on the Fourier transform for this vector-
valued and bilinear setting.

In what follows G will be an abelian and locally compact group, with
addition as group operation, usually abreviated by LCA. We denote the Haar
measure of the group, by pug, that is the unique (in abelian compact groups)
or unique up to a positive constant factor (in LCA groups) probability Borel
measure, which is invariant under traslations, and we use the notation of L?(G, X)
(1 <p < ), for the p-integrable Bochner functions, that is X -valued measurable
functions for which ||f|lr@x) = ([ 1f(E)5duc(t))? < oo. The reader is
referred to [10] and to [23] or [14] for an introduction to vector-valued Bochner
integral and to harmonic analysis on groups respectively.

If G is a LCA group G, X,Y,Z are Banach spaces and u: X XY — Z is
a bounded bilinear map we shall define the u-convolution by

f o glt) = /G u(f(t — ), 9())duc(s) € LT, 2)

for any pair of functions f € L'(G,X) and g € L}(G,Y).
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Let us mention some cases where this notion has been already used in the
literature.

(1) Let X =Y be a Banach algebra A and u the product on A u(a,b) = ab.
For f,g € L'(G, A) the convolution is then defined by

fHglt) = /G F(t = 8))g(s)duc(s) € LNG, A).

(2) Let X be a Banach space (say over R) and u : X x R — X given by
u(xz,\) = Az. Then if f € L}Y(G, X) and g € L}(G)

frglt) = /G g()F(t — s)dua(s) € LN(G, X).

(3) Let X be a Banach space (over K =R or C) and u : X x X* — K given
by the duality pair u(x,z*) =< z,2* >. For f € L}Y(G,X) and g € LY(G, X*)
the convolution gives

£ gt = /G < f(t - 5).g(s) > duc(s) € L(G).

(4) Let Xi, X5 be a couple of Banach spaces, put X = Xj, the space
of linear continuous operators L(X;, X;) = Y and the bilinear map u : X; X
L(X1,X3) — X, given by u(z,T) = T(z). Then for f € L'(T,X;) and g €
LT, L(Xy, X5)) the convolution means

frglt) = / o()((t — ))du(s) € L'(T, Xa).

The reader is referred to [1] for the use of such a convolution in partial
differential equations, to [17] for its connection with absolutely summing operators,
and to [5, 2, 3] for different applications, mainly in the cases G =T and G = R,
when using the following particular bilinear maps :

(1) For X = LP*(u),Y = LP?>(u) and Z = LP(u) where p is any measure
and 1 < pq, ps < 0o such that p%—kp% = %, Holder’s inequality provides the bilinear
map u(f,g) = f.g.

(2) For X = LP*(R"),Y = LP*(R") and Z = LP(R™) where 1 < p;,ps < 00
such that pil + p% > 1 and 217 = pil + p% — 1, Young’s theorem provides the bilinear
map via convolution u(f,g) = f*g

(3) Given three Banach spaces X, X5, X3, the composition of operators
uw(T,S) = ST gives the bilinear map where X = L(X;, X5),Y = L(X3, X3) and
7 = L(Xy, X3). This example provides also nice aplications when considering op-
erator ideals, such as p-absolutely summing operators or Schatten classes, instead
that just the spaces of bounded operators.

(4) The bilinear map u(z,y) = 2 ®y from u : X x Y — X®Y, where
X®Y the projective tensor product, also provides interesting applications.

The paper is divided into three sections. In the first section we define the
convolution and prove some elementary properties of it. In particular we analyze
the behaviour with respect to Fourier transform. In section 2 we introduce the
notion of bounded approximate identity and summability kernel with respect a
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bilinear map u : X X Y — X and prove the corresponding approximation result.
Finally in Section 3 we consider the notion of Fourier type with respect to a
group and prove a Hausdorff-Young type result about Fourier transform under the
assumptions of Fourier type on X.

2. Preliminaries

Let us start off by mentioning that if f € L'(G, X) and g € L'(G,Y") then
Jo l1f(t = 9)lIx|lg(s)llydua(s) < oo for almost all t € G. This allows us to give
that following definition.

Definition 2.1. Let G be LCA group , X,Y,Z be Banach spaces and u :
X XY — Z be a bounded bilinear map. For each f € L'(G,X) and g € L'(G,Y)
we define for almost all s € G

fraglt) = / w(f(t — ), g(s))dpc(s).

Remark 2.2.  From Fubini’s theorem we actually get f *, g € L'(G, Z) and

If *u 9||L1(G,Z) < ||U||||f||L1(G,X)||9||L1(G,Y)-

It is rather easy to extend several properties on the classical convolution to
this general setting due to the following observations.

Remark 2.3. Let G be LCA group, X be a Banach space and 1 < p < c©.
If fs denotes the function fy(t) = f(t — s) then the same proof as in the scalar-

valued case (see [23]) shows that the map s — f; is uniformly continuous from G
to LP(G, X).

Remark 2.4. Let G be LCA group , X,Y,Z be Banach spaces and u :
X XY — Z be a bounded bilinear map. Then

1 o 98]z < /G 1t 9)l1xll9(3) Iy dp(s)

for all f € LY(G,X) and g € L(G,Y).

In particular we can state the following result, whose proof follows from the
previous remarks and the analogous scalar-valued formulation.

Theorem 2.5.  (see [23] or [1}]) Let G be LCA group , X,Y,Z be Banach
spaces and u : X XY — Z be a bounded bilinear map.

(1) Ifl<p<oo, I/p+1/g=1, f € LP(G,X) and g € LY G,Y) then
f*ug € Co(G,Z). Moreover

If *u glleaz) < ullll fllzee.xollgllze@,y)-

(2)If1<p<oo, fe€ LG, X) and g € LP(G,Y) then fx,g € L*(G,Z).
Moreover
1f *u gllzrc,zy < Nullllfllor@xollgll ey
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(3)If1<pqg<oo, 1/p+1/g>1, fe LP(G,X) and g € LY(G,Y) then
f*ug € L"(G,Z) where 1/r =1/p+1/q— 1. Moreover

If*ug

Let us denote by I' = G the dual group and write v for the characters in
['. The Fourier transform of functions in f € L'(G) is defined by the formula

/f FDdnet), v eT.

In the vector valued situation we can still define the Fourier transform for
f e LY(G, X) as in the previous formula, but now f(v) means the Bochner integral
and belongs to X.

Next result establishes that the vector-valued formulation behaves perfectly
with respect to bilinear maps.

rr@c,z) < ullllflleex) 19l Laa,yy-

Theorem 2.6. Let G be LCA group , X,Y,Z be Banach spaces and u :
X XY — Z be a bounded bilinear map.
If fe LNG,X) and g € L'(G,Y) then

F 9(7) = ulF (1), 5(7).

To get an interesting applicaton, let us first recall the so-called Marcinkiewizc-
Zygmund theorem (see [12]):

Let 1 <p; < oo for i = 1,2, and let (€2, 3;, ;) measure spaces for i = 1,2.
If T: LP(uy) — LP*(p2) is a bounded linear map then there exists C' > 0 such
that

Z (&)%) 2l r2ua) < CllullI( Z [631*)" 111 )
7=1
for any n € N and any @1, ..., on € LP* ().
We now have the following analogue.
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Corollary 2.7. (The Bilinear Marcinkiewicz-Zygmund Theorem) Let 1 < p; <
oo for i = 1,2,3, and let (S, %, ;) measure spaces for i = 1,2,3. If u :
LPr(py) x LP?*(ug) — LP3(ug) is a bounded bilinear map then there exists C > 0
such that

Z|u 5 0| P llws < Cllull - 11O 1651 o 10O [317)? 2
j=1 j=1

for any n € N, ¢y, ..., 0, € LP* (1) and y, ..., 0, € LP2(us).

Proof. Let us define

Z@ #e LNT, L (1)),

ij e LT, I ().

Using Theorem 2.6 for G =T we get

n

fixu fo(t) = Z(¢j * %’)eiw-
j=1
To complete the proof, let us recall that Kintchine’s inequalites (see [24])
easily imply that for any 0 < p < oo, and any measure space (2,3, ) one has

1O 1)y =~ | Zh L Lo
j=1
for any n € N and any hy, ..., h, € LP(u). Using this and (2) in Theorem 2.5 the
result is achieved. [

3. wu-bounded approximate identities

Let us recall that a right bounded approximate identity (r.b.a.i) in a Banach
algebra A is a directed net a, satisfying that there exists C' > 0 such that
sup,, ||laa|| < C and aa, — a for all @ € A. This is a replacement for different
purposes of a right identity.

Inspired by these two notions we define the following concepts.

Definition 3.1. Let X,Y be Banach spaces and v : X XY — X be a bounded
bilinear map . We say that yo € Y isa (u, X)-identity if u(z,yo) = x forall z € X .

Example 3.2. (1) If A is a commutative Banach algebra with identity, then the
identity is (u, J)-identity for any ideal J and u : Jx A — J given by u(a,b) = a.b.
This applies to the cases of A = M(G) and J = L'(G) or A = C(K) for a compact
space K and J = {f € C(K): f(ty) = 0}.

(2) If X is a Banach space, Y = L(X,X) and u : X x L(X,X) — X is
given by u(z,T) = T(x) then idx is a (u, X)-identity.
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Definition 3.3. Let X,Y be Banach spaces and v : X xY — X be a
bounded bilinear map. We say that a directed family {y,} € Y is a (u, X)-
bounded approximate identity if there exists C' > 0 such that sup, ||y.|y < C
and u(x,y,) — x for all z € X .

Example 3.4. (1) Let A be Banach algebra and let X be a right A-module ,
i.e X is a Banach space for which there exists a bilinear bounded map (z,a) — z.a
from X x A to X such that (ab).z = a.(b.x) for all x € X and a,b € A (where
ab denotes the product in the algebra).

The essential part of X, usually denoted by X,., corresponds to the A-
module generated by XA = {za : z € X,a € A}. It is easy to see that if (a;)
is a right bounded approximate identity of A then (a;) is also a (-, X.)-bounded
approximate identity.

The reader is referred to [11] for connections with factorization theory.

(2) Let X be Banach space with a Schauder basis, say (z;). Let Y =
L(X,X) and u: X x L(X, X) — X given by u(xz,T) = T'(x). Then the canonical
projections P, (z) = 2?21 < x},x > x; define an (u, X')-bounded approximate
identity.

(3) Let X = LP(]0,1]), Y = L(X,X) and u: X x L(X,X) — X given by
w(z,T) = T'(z). If we consider the filtration of o-algebras F,, generated by the
dyadic intervals of length 27" we have that the conditional expectation operators
E.(f) = E(f|F,) define an (u, X)-bounded approximate identity.

The reader is referred to [18] for more r.i. spaces X where same result
holds.

A general procedure to get bounded approximate identities in the Banach
algebra L'(G) is the use of the so-called summability kernels (see [15]). We shall
define the corresponding notion adecuated to the bilinear formulation and the
vector valued setting.

Definition 3.5. Let G be a LCA group, X and Y be Banach spaces and
u: X XY — X be a bounded bilinear map .

We say that a directed family {K,} of functions in L'(G,Y) is a (u, X)-
summability kernel if

(1) supa fy I1Ka(llyduc(t) < oo,

(2) [, Ka(t)dpg(t) = ya is a (u, X)-bounded approximate identity, and

(3) for any U neighborhood of 0

lim / 1K)y dpice(£) = 0.
o Je\u

This notion allows us to prove our next approximation result, which follows
closely the classical approach.

Theorem 3.6. Let G be a LCA group, X and Y be Banach spaces and u :
X xY — X be a bounded bilinear map . If {K,} is a (u, X)-summability kernel
then
(1) If 1 <p < oo limg || f *y Ko = fllzr@c,x) =0 for any f € LP(G, X).
(2) lim,, [ *, Ku(t) = f(t) uniformly in G for any f € Co(G, X).
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Proof.  Using (2) in Definition 3.5 one has

FrBa® =0 = [ ulf(e= ). Kals)dnals) = u(F(0).10)
- ulF ), 5) — £(2)
= [ s =s) = 10 Kool
- ulf (), 5) — £(0)

Therefore

[f #u Ka(t) = fFB)llx < ||U||/ 1f(t =) = fFOllx][Kals)llyduc(s)
+ lu(f

t):ya) = ()] x-

To show (1) assume that f € LP(G, X). Using the vector valued Minkowsky
inequality we can write

Hf *y Ko — fHLP(G,X) < HUH /G Hfs - fHLp(G,X)HKa(S)Hydug(S)
+ [Ju(fya) — fHLP(G,X).

Let € > 0, Remark 2.3 gives that there exists a neighborhood of 0, say U,
such that ||fs — f|lrcx) <€ for s € U.
Hence

1 Ko — fllimey < ellul / 1Ka(s)lly diice(s)
L2 e / 1 Ka($)lly dpici(s)
a\U

+  u(f,¥a) = fllrex)-

Now an application of the property (3) in Definition 3.5 gives that

lm [ [|Ka(s)]ydpc(s) =0
“ Jou

and the Lebesgue dominated convergence theorem, since lim,, ||u(f (), yo)—f(t)||x =
0 and [[u(f(t),ya) — f(D)lx < Cllf )] € LP(G), implies

ligl u(f,ya) = fllzr@,x) = 0.
Hence taking limits one gets

li;n |f *u Ko = fllrex) < Ce

what gives (1).
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To see (2) assume first that f has compact support, using then that f is
uniformly continuous we can repeat the previous argument to get, for each € > 0,
a neigborhood of 0 so that

1 o Kalt) — FOx < ellul / 1 Kals) Iy dic(s)

+ Wflmen [ NEa(o)lyduas)
a\U
0,00 = FOlx

Now observe that an e-net argument easily gives that lim, ||u(f (%), Ya) —
f(®)||x = 0 uniformly in t € supp(f), what together with property (3) in Definition
3.5 completes the proof for functions with compact support.

An elementary density argument takes care of the general case. ]

4. A Hausdorff-Young type Theorem

Let us recall that the Fourier transform can be defined for functions in
LP(G) for 1 < p <2 and LCA groups G. In fact the Hausdorff-Young theorem
still holds, that is the Fourier transform is bounded from L?(G) into L” (I") where
p’ stands for the conjugate exponent for 1 < p < 2 (see [14]).

Note that for linear combinations of the form f = Z?Zl ojri, ¢ €
L*(G),z; € X,j =1,...,n, the Fourier transform is well defined by the formula

Fo(f)(v) = f(v) Zqﬁj

Since LP(G) ® X 1is dense in LP(G, X) the following definition make sense.

Definition 4.1. Let 1 < p < 2. A Banach space X is said have Fourier type
p with respect to the group G if the operator Fs extends as a bounded operator
from LP(G, X) to LP (T, X).

The reader is referred to the survey paper by Garcia-Cuerva, Kazarian,
Kolyada and Torrea ([13]) for a nice presentation of this property and its use
connected with geometry of Banach spaces.

The notion was first introduced by J. Peetre ([20]) for the group G = R
and was very useful in interpolation theory (see also [19] for groups). The use of
other groups was of special interest and have been considered by many authors.

It is shown in [13] that Fourier type p with respect to T, R and Z are all
equivalent. It is not hard to see that X has Fourier type p (with respect to G) if
and only if X* has Fourier type p (with respect to I'). Typical examples of spaces
with Fourier type p are L"(u) for p < r < p’ or those obtained by interpolation
between a Banach and a Hilbert space.

One of the most relevant results on this notion is the celebrated theorem
by J. Bourgain which establishes that the B-convexity can be characterized by
having Fourier type bigger than 1 (see [8, 9]) or the book [22] . The reader is also
referred to [7, 6, 13] for a equivalent formulation in terms of the validity of certain
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inequality due to Hardy for functions in the space H'(T, X), defined by means of
X -valued atoms.

Another basic theorem on Fourier type corresponds to the case p = 2. It
was shown by S. Kwapien (see [16]) that Fourier type 2 is equivalent to being
isomorphic to a Hilbert space.

Here we shall present the following result.

Theorem 4.2. Let X,Y be Banach spaces, let u: X x X — Y be a bounded

bilinear map. If 1 < p < % and Y has Fourier type s = 2%} with respect to G
then there exists a constant C' > 0 such that
2
([t S dur() < Clulllf s

forall f € LP(G, X).

Proof. Take p; = p; = p and r given by % = % — 1. Then r =5 and ¢ = %/.
Our assumption on p gives that 1 < s < 2, what allows to apply the Fourier
type condition. This together with Theorem 2.6, and Young’s theorem (see (3) in
Theorem 2.5) give

vey) < Clulllflivex)- ™

([ 1t e duen) * <l o

Theorem 4.3.  Let n € N and let A be a Banach algebra. If § <p < %" and

A has Fourier type s = nLip with respect to G then there exists a constant C' > 0

such that

(1) FIFT )" < Cllflen
forall f € LP(G,A).

Proof Iterating part (3) in Theorem 2.5 one gets that if - + + ->1 and
i=-L14. + — — 1 then

T pl
1f1 % fullorea) < | fillee@,ay---| fallLon G4

for fi € LPi(G,A) fori=1,...,n

Applying this to p; = p and f; = f for i = 1,...,n one gets % = ”;p, s=r
and ' = 2pL—n' The assumption gives again 1 < s < 2 and therefore

(1) FIF T dur ) 7 < CUF =5 fllsien < CM

for all f e LP(G,A). ]
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