VECTOR VALUED ANALYTIC FUNCTIONS OF BOUNDED MEAN
OSCILLATION AND GEOMETRY OF BANACH SPACES.

OscaRr BLAasco

INTRODUCTION.

When dealing with vector-valued functions, sometimes is rather difficult to give non
trivial examples, meaning examples which do not come from tensoring scalar-valued func-
tions and vectors in the Banach space, belonging to certain classes. This is the situation for
vector valued BMO. One of the objectives of this paper is to look for methods to produce
such examples.

Our main tool will be the vector-valued extension of the following result on multipliers,
proved in [MP], which says that the space of multipliers between H* and BMOA can be
identified with the space of Bloch functions B, i.e. (H', BMOA) = B (see Section 3 for
notation), which, in particular gives that g * f € BMOA whenever f € H' and g € B.

Given two Banach spaces X,Y it is rather natural to define the convolution of an
analytic function with values in the space of operators L(X,Y), say F(z) = > .- T,2",
and a function with values in X, say f(z) = Y .-, 2, 2", as the function given by Fxg(z) =
oo o Tn(an)2™.

It is not difficult to see that the natural extension of the multipliers’ result to the vector
valued setting does not hold for general Banach spaces. To be able to get a proof of such a
result we shall be using the analogue of certain inequalities, due to Hardy and Littlewood
[HL3], in the vector valued setting, namely

</01<1 - r)Mf(f’,r)dr)% < C||f | s

and its dual formulation

1
2

]|« < C(/Ol(l —T)Mfo(f',r)dr)

This lead to consider spaces where these inequalities hold when replacing the absolute
value by the norm in the Banach space which turn out to be very closely related to notions
as (Rademacher) cotype 2 and type 2.
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The paper is divided into six sections. We start with a section of preliminary character
to recall the notions on geometry of Banach spaces to be used throughout the paper.

Section 1 contains the basic properties of vector valued analytic functions of bounded
mean oscillation and functions in the vector valued Bloch space. It is presented a proof of
the extension of Kintchine-Kahane’s inequalities to vector valued BMOA.

In this Section 2 we characterize Hilbert spaces in terms of the equivalence between
the norm in BMOA and the norm defined in terms of a Carleson measure condition. The
rest of the section is devoted to give some sufficients conditions on the derivative of the

function or on the Taylor coefficients of the function to assure that the function belongs to
1

BMOA(X). It is shown that one has that M,(f’,r) = O((1 —r) #") for some 1 < p < o0
or ||z,|| = O(%) (in the case of B-convex spaces) implies that f(z) = Yo7 z,2" €
BMOA(X).

Section 3 deals with multipliers between spaces of vector valued functions defined on
different Banach spaces X and Y. This is done by looking at functions with values in
the space of operators £(X,Y) and considering the natural convolution mentioned above.
We also introduce two new notions based on the the vector valued formulations of the
Hardy-Littlewood inequalities previously pointed out, called (HL)-property and (HL)*-
property respectively. It is shown that under the assumptions of (H L)-property on X and
(HL)*-property on Y one has that (H*(X),BMOA(Y)) = B(L(X,Y)).

Section 4 is devoted to the study these properties. It is shown that they are related to
Paley and type 2 and also that the natural duality between them holds for UMD spaces.
We investigate Lebesgue spaces LP and Schatten classes o, having such properties. The
tools to deal with Schatten classes are the use of certain factorization and interpolation
results holding for functions in Hardy spaces with values in Schatten classes.

Finally Section 5 is devoted to present several applications of different nature of the
previous results.

Throughout the paper all spaces are assumed to be complex Banach spaces, D stands
for the unit disc and T for its boundary. Given 1 < p < oo, we shall denote by LP(X)

the space of X-valued Bochner p-integrable functions on the circle T and write || f||, x =
1 1

< OZW ||f(e”)||1”§l—;;>p and M, x(F,r) = ||EF/||,x = (f()27r HF(reit)Hpg—fr) " whenever F is
any X-valued analytic function on D. We shall write L(D, X) for the space of X-valued
Bochner integrable functions on D with respect to the area measure dA(z), and HP(X)
(respec. HE(X)) for the vector-valued Hardy spaces, i.e. space of functions in LP(X)
whose negative (respec. non positive) Fourier coefficients vanish.

Of course Hardy spaces HP(X) (respec. H{(X)) can be regarded as spaces of analytic
functions on the disc. Actually they coincide with the closure of the X-valued polynomials,
denoted by P(X) (respec. those which vanish at z = 0, denoted by Py(X),) under the
norm given by supg.,.1 My, x (f, 7).

The reader shoud be aware that the analytic functions we are considering have boundary
values a.e. on T, but this in general does not hold (such a fact actually corresponds to the
so called ARNP introduced in [BuD]).

Finally let us point out a notation to be used in the sequel. Whenever a scalar valued
function ¢ is given we write ¢, (w) = ¢(zw) and look at z — ¢, as a vector valued function.
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As usual p’ is the conjugate exponent of p when 1 < p < oo, i.e.
stand for a constant that may vary from line to line.

+2%:1and0vvill

D=

§0 PRELIMINARIES ON GEOMETRY OF BANACH SPACES.

It is well known the connection between certain properties in geometry of Banach spaces
and vector-valued Hardy spaces. Some of them, like ARNP [BuD], Paley [BP],..., were
actually introduced to have certain theorems on Hardy spaces holding in the vector-valued
setting, others, like UMD [Bu2], B-convexity [MPi] or Fourier type [Pee], were connected
to this theory through the boundedness of classical operators like Hilbert transform, Paley
projection or Fourier transform for vector-valued functions. In this section we shall recall
those to be used in the sequel and give some references to get more information about
them.

One of the more relevant properties in the vector-valued Fourier analysis is the so called
UMD property. It was introduced in the setting of vector valued martingales, but was
shown (see [Bul, Bol]) to be equivalent to the boundedness of the Hilbert transform on
LP(X) for any 1 < p < co. Because of this it is a natural assumption when dealing with
vector valued Hardy spaces.

We shall say that a complex Banach space X is a UMD space if the Riesz projection
R, defined by R(f) = 3,50 f(n)e'™, is bounded from L?(X) into H?(X).

One of the basic facts on this property that we shall use is that the vector valued version
of the Fefferman’s H! — BMO-duality theorem holds for UMD spaces (see for instance
[Bo3, B2, RRT]). The reader is referred to the surveys [RF, Bu2] for information on the
UMD property.

Another useful property for our purposes will be the notion of Fourier-type introduced by
Peetre ([Pee|) which corresponds to spaces where the vector valued analogue of Hausdorff-
Young’s inequalies holds.

Let us recall that for 1 < p < 2, a Banach space X is said to have Fourier type p if
there exists a constant C' > 0 such that

e

(Z IIf(n)Hp/) < Cllfllzrx)-

n=—oo

It is not hard to see that X has Fourier type p if and only if X* has Fourier type p. Typical
examples are L" for p < r < p’ or those obtained by interpolation between any Banach
space and a Hilbert space. The reader is referred to [Pee, GKT, K] for some equivalent
formulations, connections with interpolation and several examples in the contex of function
spaces.

Let us now recall two fundamental notions in geometry of Banach spaces associated
to Kintchine’s inequalities. Although they are defined in terms of the Rademacher func-
tions, to be denoted 7,,, we shall replace them by lacunary sequences e t, which gives an
equivalent definition ([MPi, Pil |).

Given 1 < p <2 < g < oo. A Banach space has cotype ¢ (respec. type p) if there exists
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a constant C' > 0 such that for all N € N and for all g, z1,x2,...xy € X one has

N 7 N .
(St <13 e
k=0 k=0
and respectively

N . N %
1Y zre® ix <C (Z Hl‘k\lp) :
k=0 k=0

A Banach space is called B-convex if it has (Rademacher)-type > 1.

The reader is referred to [LT, Pi2] for some applications of such notions to the Banach
space theory.

Let us now state two fundamental theorems to be used in the sequel due to J. Bourgain
and S. Kwapien respectively.

Theorem A. ( [Bo4, Bo5]) Let X be a complex Banach space.
X has Fourier type > 1 if and only if Xis B-convex.

Theorem B. ([Kw]) Let X be a complex Banach space. X is isomorphic to a Hilbert
space if and only if X has type 2 and cotype 2.

Let us finish this section by recalling another property, stronger than cotype 2, to be
used later on that was introduced in [BP] and depends upon the vector-valued analogue of
Paley’s inequality [Pa] for Hardy spaces. A complex Banach space X is said to be a Paley
space if

(Z||902k“2> < Ol fll1,x
k=0
for any f(z) =Y .o xn2" € H(X).

§1.- BASIC DEFINITIONS AND PROPERTIES ON VECTOR VALUED B AND BMOA.

In this section we shall consider the vector valued version of analytic BMO and the
space of Bloch functions B. The reader is referred to [GR, G, Z] for scalar-valued theory
on BMO and to [ ACP, Z] for results on scalar-valued Bloch functions.

Definition 1.1. Given a complex Banach space X, we shall denote by BMOA(X) the
space functions f € L*(X) with f(n) =0 for n < 0 such that

1 . dt
£ llex = sup = / £ = f 1 < oo,

where the supremum is taken over all intervals I € [0,27), |I| stands for the normalized

Lebesgue measure of I and f; = ﬁ I f(e“)g—fr.
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The norm in the space is given by

1fllBaroce)y =11 [ fe®) oIl + 11l x-
0 s

From John-Nirenberg lemma ([G, GF]), which holds in the vector valued setting, one
can actually replace the L' norm in the definition for any other L” norm, that is: For any

I <p<oo,
161k s (o [ 117 = e )

REMARK 1.1. Same technique as in the scalar-valued case allows us to replace the av-
eraging over intervals by convolution with the Poisson kernel. According to this and the
previous formulation for p = 2 one has that

(1.1) 1f1lex ~ sup ( / "l —f<z>||2Pz<e“>ﬁ)2

|2]<1 2m

where P, is the Poisson Kernel P,(w) = % and f(z) = 0% fle®t)P,(e7 )L,
Let us point out certain results on the duality to be used later on. Although most of
the results on the duality H* — BMO for vector valued functions (see [B2, Bo3, RRT])
are given for the space H' defined in terms of atoms, it is easy to deduce from the known
results the following facts:
For any Banach space X one has that BMOA(X*) continuously embedds into (H*(X)) .

Actually if f € BMOA(X*) and g € P(X) then

27
i i dt
[ < 0™ > S < I lmwoace llglh.x

If X is a UMD space then we actually have the validity of Fefferman’s duality result
(H(X))" = BMOA(X™).

It is well known that Kintchine’s inequalities hold for BM O functions, i.e.

oo % o0
k
(1.2) <Z|Oék!2> ~ ||ZOékZ2 lBrMOA-
k=0 k=0

Recall now that in the vector valued setting, although Kintchine’s inequalites do not
remain valid, at least one still has the so called Kahane’s inequalities, i.e. for any 0 < p < 0o

1

27 n 27 n P
iz At / ikt p At

/0\|;xke |\27T~<0 I )

There exists an extension of Kahane-Kintchine inequalities to vector valued BM O which
is part of the folklore. Let us present a proof based upon the following lemma.
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Lemma A. (see [Pe, Pil]) Let X be a Banach space. Let A\, € Rt such that ’\f\—:l >C >

1. Then for any xq, x1, 22, ...,x, € X there exist constants K1, Ko > 0, depending only on
C, such that

X /27rHi ¢2’“tHdt </27rHi MktHdt K /QWHi izktHdt
Tre — Tpe — Tpe —

! 0 K 2 0 K 2 2 0 K 2m

Proposition 1.1. Let X be a Banach space and xq,x1,Z2,...,2, € X. Then

= ok S ok, dt
1Y e o~ [ 1Y e g
k=0 k=0 2

0

Proof. Let us write f(et) = Y 0_ zre2" . Given an interval, say J = {e'* : |t —t;| <
27| J|}, then

27 n
eit) N a2k (a1t 4
7 [ = nlige < = s =2 [ DIt

Now applying Lemma A for \;, = 2¥|J| we get

1 i dt /2” = oy dt

— e') — — < C rre | —.

5 [ - g <c | DTS
Taking now the supremum over J we get the direct inequality.

The converse inequality is trivial and the proof is finished. [

Let us now recall the formulation of BMO functions in terms of Carleson measures (see
(G, Z]) that we shall use later on.

Definition 1.2. Given an analytic function f(z) =Y, xx2" we define

1
_ 2
(1.3) Fllex = suw ([ @~ luhlls w)PP.(w)isw))
|z|<1 D
where P, is the Poisson Kernel P,(w) = ﬁ:';ﬁz .

We shall denote BMOA¢(X) the space of functions such that || f||c x < 0.
BMOA¢(X) becomes a Banach space endowed with the norm

IFllBrroacx) = [IF O + (1 flle.x

We shall see in the next section that both notions only coincide for Hilbert spaces.
A simple and useful necessary condition for a function to belong to BMOA¢(X) is given
in the following
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Proposition 1.2. Let f be a X-valued analytic function. If

1
/0 (1 - r) sup [|f'(2)][2dr < oo

|z|=r
then f € BMOA:(X).
Proof. For any z € D one has

/ (-1 - |w|)|||f’(w)||§(dA<w)

11— wz|?
1 2 21,12
L—r2z|* dt
< 1_ / 2 —_d
ARV ==l

- / (1= ) sup [If(w)|%dr-

|w|=r
Therefore

1 4
Hch,XSC</O (1—7) sup Hf'(w)H?Xdr> <oo. O

|w|=r

Next example shows that the same condition is not enough to get functions in BMOA(X)
for general Banach spaces.

Proposition 1.3. Let X = (! and f(z) = (mz”):;e. Then

1

| a=r) s 17l fhdr < oo
0 |z|=r

but f ¢ H(IY).

Proof. Since ||f(2)||in = >0y WM” then

oo

. 1
}1—% Ml,ﬂ(f? T) - nz::l nlog(n) = 00,
what gives that f ¢ H*(I!).
On the other hand, (see [L, page 93-96]),
- 1 2]
i =) 2" = :
nZ::l log(n+1) (1 - Iz[)(log1=r5)
Therefore
! / 2 ' dr
(1 —r)sup ||f'(2)| drSC/ <oo. O
/0 |z|="r : 0 (1 —T)(1091£r>2

Observe that combining Propositions 1.2 and 1.3 one shows that in general BMOA¢(X)
is not contained in BMOA(X). We shall see in next section that this actually depends on
the type 2 condition.

Let us now turn to some results on vector valued Bloch functions.
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Definition 1.3. Given a complex Banach space E we shall use the notation B(FE) for the
space of E- valued analytic functions on D, say f(z) =Y -, x,2", such that

sup (1 — [z[)||f"(2)]] < oo
|z]<1

We endow the space with the following norm

1f1l5) = maz{|[£(0)I], sup (1 — |21 (2)]]}-

|z|<1

REMARK 1.2. It follows clearly form the definition that for any Banach space E and
F(z) =37° ,xn2" one has that F' € B(E) if and only if

Fo(2) = Z <z x,>2"€eB

n=0

for any z* € E*. Moreover

|Fl|ggy = sup |[|Fe«||s.
[lz*|<1

REMARK 1.3. Let E = L(X,Y), the space of bounded linear operators from X into Y
and (T,,) C L(X,Y). It is elementary to see that F(z) =3 " T,2" € B(L(X,Y)) if and
only if the functions F, - (z) = Y oo g < Tp(z),y* > 2" € B for any z € X,y* € Y* .
Moreover

||| Bex,vy) = sup [ F y< || 5-
[lz||<1,]|y*||<1

REMARK 1.4. In the case E = [*° one can identify B(I°>°) = [°°(B). Moreover if f = (f,)
sup || fnlls = | f|B(1)-
neN

EXAMPLE 1.1. Let 1 <p < oo and

where e,, stands for the canonic bases in ¥ and a,, = 22:1 er. Then f, € B(I?).

EXAMPLE 1.2. Let 1 <p < oo and

1 1
gp(2) = mv Joo(2) = 5091

Then F,(z) = (gp). € B(HP).
There are also other procedures to get X-valued Bloch functions that we state in the
following propositions.
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Proposition 1.4. Let X be a Banach space and T € L(L'(D), X). Then f(z) = T(K,)

is a X-valued Bloch function, where K, denotes the Bergman Kernel K, (w) m .

Proof. Observe that f(z) = > j(n+1)T(u,)z" for un(w) = w".
1

Therefore f'(z) => 07 n(n+ 1)T(uy)z" "t =T (7= = )3) and then we have

1 p2n 1
2r dt 2r 1
A < 1T o Yoy | — g < . O
L =) <] ”/0 /0 11— rzeit]3 2 r<c ||/0 (1—rlz])? "= 1—|z|

Proposition 1.5. (see [ACP, AS]) Let E be a Banach space and z,, € E .

gntl 0o
(i) If sup sup Z | < a*,x > | < oo then anz” € B(E).
[lz*][<1n20 75, n=0

(i) || 3202 22 |B(E) = $UPy>0 [l

Proof. (i) Note that for each ||z*|| <1,

0o 2n+1
HZn<:I: 2y > 2" <Y DD k<t ap > |2
n=0k=2m
ontl 0o
< <sup Z | < z*, x> |><22"+1|z|2n_1>
n20 g _on n=0
C
< .
It

Hence Y7, < z*, 2, > 2" EBumformlylon || <1.

(ii) Take f(z) = >0y zp2® . From (i) we have 1302 202" |5y < Csup,,>q ||7n|-
The other estimate follows by taking r =1 — —n in the following inequality

n_ C
2"[|zallr® 7F < sup [If () < -
|z|=r r

O
§2. ELEMENTARY PROPERTIES AND EXAMPLES ON BMOA(X).

First of all let us establish the connection between BMOA(X) and BMOA¢(X).

Theorem 2.1. Let X be a complex Banach space.
(i) If BMOA(X) C BMOA¢(X) then X has cotype 2.
(ii) If BMOA¢(X) C BMOA(X) then X has type 2.

Proof.
(i) Let us take f(2) = >_}_, 2,22 . Assume first that I flle.x < Cllfll«x-
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Note that choosing z = 0, and using Proposition 1.1, we have

/0 (1— M2 (f.5)

Since 27|z, ||[72" !t < My x (f’,7) for n € N then we can write

(/ (1= M () ) (Z /.

>0 <Z leael2(1 2—k>2<2’“—1>dr) .
k=0

1
1—92—(k+1) 2

(1- r)22k||xk||2r2(2k1)dr)

Using now the fact that (1 — 2_"7)2k > Ce~! one gets the cotype 2 condition

1
n 2
(zuxzkw) <

k=0

¢,x- Therefore,

115 x < CIFIE x gcsgp/ (1 = fwl) 22'“ el )2 P (@) dA(w).

From Cauchy-Schwarz inequality

n i n n
(3 28 faplllw]*" )2 < <Z 2’“\|xk||2|w|2’“-1><2 2k |w[2" 1)
k=0

sz\|xk|| w5

)

le

This gives that
n k_ -
11 x < C/DZT“HMHZW P (w)dA(w)

Z2kllaj 2r> 1dT—CZH%yeH m

0 k=0

As a consequence we get the following characterizacion of Hilbert spaces which is part
of the folklore.
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Corollary 2.1. Let X be a complex Banach space. BMOA(X) = BMOA¢(X) (with
equivalent norms) if and only if X is isomorphic to a Hilbert space.

Proof. Recall that the classical proof ([G, Theorem 3.4]) can be reproduced because merely
relies upon (1.1) and Plancherel’s theorem, which is at our disposal in the Hilbert-valued
case.

The converse follows by combining Theorem 2.1 with Theorem B. [J

Neither the definition nor the characterization (1.3) in the case of Hilbert spaces are
easily checkable and this makes rather difficult to produce non trivial examples of vector
valued BMOA functions. We shall give some simple necessary conditions following [CP,
BSS].

For such purpose we shall need some well known lemmas.

Lemma B.
Let 0 < p < g < oo and g an X-valued analytic function. Then

(2.1) M, x(g.7%) < C(L—1)i "5 My x(g,r)  (see [D, page 84])

Let v > 1 then

(22) / % —O((1- |2)'™) (see [D, page 65])
Let v < 3 then
1 M r = — )P see emma
(2.3) /0 T = 0 (1=3)")  (see [SW, Lemma 6]

Next result has an straightforward generalization to the vector valued setting.

Lemma C. (Hardy-Littlewood, [D,Theorem 5.4])
Let f: D — X be analytic, 0 < p < oo and 0 < a < 1.

If My, x(f',7) =0 (W) (r — 1) then

</027r £ (e) — f(ez'(t+h))det)% — OB, (h— 0).

Theorem 2.2. Let f be a X-valued analytic function. If there exists 0 < p < oo such
that

My x(f;1) =0 ((1=7)7%)
then f € BMOAc(X) N BMOA(X).

Proof. Notice that (2.1) implies that if there exists 0 < py < oo such that M,, x(f',r) =
O ((1 — r)_ﬁ> then the same property holds for any p > pg. Therefore it suffices to

prove the result assuming 2 < p < oo.
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Set then ¢ = £ and take z € D. Then using Hélder’s inequality and (2.2) we have

/ / (1= 2Pl (s 2 dt
|1 — zse™ |2 27
& 1 dt\ "
1—5)(1—|z))M2 (f R
—/0 ( S)( ‘ ’ ) p,X(fvS) (/(; ’1—286_”|2q/ 271.) ds

1 . 1—% 112
SC/(ls) (0-12P) .
0 (1= |z[s)*"

Applying now (2.3) for v = % and =1+ % one gets

1 1-2
1-— Z
/(S—)Idsg ¢
0 (1—|z]s)> @ 1— 2]

This gives then f € BMOA¢(X).
To see that f € BMOA(X) we can use Lemma C and the argument in [BSS, Theorem
2.5] that we include for sake of completeness

Note that Lemma C implies [”_||f (e’ Wt=s)) — f(e')||PLL < C|s| V4.

Assume I = [—6, 0] for some 0 < § < 5 (the general case follows by using translation
invariance of the space).

d 1 o sy ds o d
e - s = [ 1 [ e - ey

1 01 N isy(p ds\ dt
<5 </ 17 = FEIP ) o

1 5 s " ds . dt
_ AN i(t—s)\|[|p
5 _5(/t_5 1) — ) &

I : ds, d
<o [ ([ et - e 5
26 T ) d ds

= [ ([l = i) 2

1 ds
a_/ P<o oo
462 | o5 5

EXAMPLE 2.1. Let (o) > 0 such that > 07 aP < oo for some 1 < p < oo and let s,
be an increasing sequence in (0,1) with lim,, . s, = 1. Let f,(z) = log(m) and

f(z) = (fn(z))nEN then f € BMOA(IP).
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1
ol

From Theorem 2.2 it suffices to see that M, ;»(f',7) = O((1 —r)” #"). Now using (2.2)

we get
plp T ZMP "

-3 o /2” :
B |1—s re—it)[p 27

< CZafL (1—s,7)'"P<C—r)P.

n=1

Let us now go a bit further and find conditions on the sequence of Taylor coefficients x,,
which guarantees that the corresponding analytic function belongs to BMOA(X). Some
conditions can easily be achieved for spaces of Fourier type p.

Corollary 2.2. Let 1 < p < 2 and let X be Banach space with Fourier type p and (zy,)

a sequence in X such that
N
> lln@n[[” = O(N)
n=1

then f(z) =Y " x,2" € BMOA(X).

Proof. Let us first observe that the assumption implies

2n+1
sup 20D 3 [fa [ < oo,
neN k=2

Let us now show that M, x(f'r) =0 <(1 — 7“)_%> and then the result will follow from

Theorem 2.2.
It is not difficult to see, using duality, that Fourier type p can be also formultated as

1fllprx <C (Z Hf(n)||p> -

nez

Therefore, from the Fourier type p condition, it follows

1
Mp/’X(f/’/r) S C anHanprp(n—l))
n=1

T =

0o gntl
<O Do (D lawlP)2ener®
n=0 k=27

B =

2'n+1

< C | sup2nr—1 Z ||z P (ZZ"rp2n) <—— 0
n=0

neN k—9on (1 — ’I“)

3=
Q

T =
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Corollary 2.3. Let X be a B-convex space and z,, € X.
If ||lzn|| = O(L) then Y 07 | x,2™ € BMOA(X).

Proof. We can invoke Theorem A to find 1 < p < 2 such that X has Fourier type p. Now
apply Corollary 2.2 for such a p. [

EXAMPLE 2.2. Consider f1(z) = (%)nGN and fo(z) = >.,7 4 222" (1, are the Rademacher
functions).

Observe that

= [l !
1@ = 1RGNy = 2, 5= = logy

Hence H%Hll = H%HLOQ([OJ]) = % but f1 §§ BMOA(ll) and fg §§ BMOA(LOO([O, 1]))
(because f; ¢ HY(X;) for X; =11, Xy = L>([0,1]) ).
This shows that Corollary 2.3 does not hold for general Banach spaces.

§3.- VECTOR VALUED MULTIPLIERS FROM H!(X) INTO BMOA(Y)

Let us denote by (H L BM OA) the space of convolution multipliers between H! and
BMOA, that is the set of functions F(z) = Y >~ , A\,z" such that there exists a constant
C > 0 for which

fe'e) [ee)
1Y Manz"llproa < CID - anz|| .
n=0 n=0

It was proved in [MP] the following scalar-valued result
(%) (H',BMOA) = B.

where B stands for the space of Bloch functions.

We shall be interested in this section in the vector valued formulation of this result.
First of all we need to give sense to the notion of convolution multiplier acting between
two different Banach spaces. We present here two possible interpretations.

Let us recall that given Banach spaces X, Y we denote by X®Y the completion of X®Y
endowed with the projective tensor norm, i.e. foru e X ® Y

llullxgy = inf{)_ llaallllyill}
=1

where the infimum goes over all possible representations of u = Y., #;Qy;,x; € X,y; € Y.

Definition 3.1. Given f(z) =Y .,2 jx,2" € HY(X) and g(z) = Y o0 ynz™ € HY(Y) we
shall define the X®Y -valued analytic function

27

. L d s
(3.1) Fro() = | Flee ) @ g(e) gm = 3 wn @ "
n=1

It is rather simple to observe that fig(z) € H}(X®Y).
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Definition 3.2. Let X,Y be complex Banach spaces and let F(z) = Y >~ (T,z" be a
L(X,Y)-valued analytic function and f(z) = Yo" jx,2" € H'(X). We define the Y-
valued function

(3.2) Fxf(z) =) To(xn)z" = WF(ze“) (f(e™™)) dt

0 2r

We shall denote by (H*(X), BMOA(Y)) the set of analytic functions F : D — L(X,Y)
such that F x f € BMOA(Y) for any f € H'(X).
This becomes a closed subspace of L (H*(X), BMOA(Y)).

Let us notice first that we have the following obvious extension.

Lemma 3.1. Let X,Y be two complex Banach spaces. Then

(H'(X),BMOA(Y)) C B(L(X,Y)).

Proof. Given F € (HY(X),BMOA(Y)) and # € X,y* € Y* then < F(z)(z),y* >¢€
(H', BMOA). Hence, from the scalar-valued case (¥),

I < F(2)(x),y" > [ls < [|[Fllm(x),Brroacylll||y*]]

what shows F' € B(L(X,Y)) because of Remark 1.3. [

Nevertheless let us first point out that there is no hope for the analogue of (*) to hold
for general pairs of Banach spaces as the following remark shows.

REMARK 3.1. Let us assume B(L(X,X)) C (H'(X), BMOA(X)) then taking T, =
I, the identity operator, part (ii) in Proposition 1.5 shows that F(z) = Y oo T,2%" €
B(L(X, X)) and then one should have

o
1> @2 [lox = 1P % fllex < ClIfllax.
n=0

This cannot be true as soon as we take X being a cotype 2 space but not a Paley space
Ll

HT
assumption X has to be isomorphic to a Hilbert space.

(for instance X = see[BP]). In fact it will be shown later that actually under such an

Definition 3.3. Let X,Y be complex Banach spaces. The pair (X,Y’) is said to have the
(H', BMOA)-property if

(H'(X),BMOA(Y)) = B(L(X,Y)).

Let us now present various properties holding for pairs having (H!, BMOA)-property.
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Theorem 3.1. Let (X,Y*) have the (H', BMOA)-property.
If f € HY(X) and g € HY(Y) then (f%g) € L'(D, X®QY).

Proof. Let us recall that (X®Y)* = L(X,Y™) under the pairing

Zﬂﬁk@yk > < T(xw), g >,
k=1

where <, > stands for the pairing on (Y, Y™).
On the other hand for any Banach space E one has L'(D,E) = L'(D)®E what gives
(LI(D, E))* =L (Ll(D), E*) under the pairing given by

T, endr] =Y << T(¢r), ex >>
k=1

k=1

for any e, € F and ¢, € L'(D) where <<, >> stands for the pairing on (E, E*).
Assume now f(z) = > jzpz"and g(z) = Y. ynz". Hence (f*g)'(z) =Y 1" nx,®

—1
Yn2" .
According to the previous dualities, and denoting w, (w) = w™, we can write

1(£%9)' |1 (D, x vy = sup{] D n(T(un—1), 20 © ya)|}

n=1

where the supremum is taken over T' G E ( (D), L(X,Y*)) with ||T]] = 1.
Note that for each T € L (L'(D Y*)) with T, = T(up—1) € L(X,Y*) and
||T|| = 1 we have

Z (Up—1 xn®yn):Zn<Tn(xn),yn>
n=1 n=1

On the other hand observe that, denoting by F(z) = Y -, nT,2", we have that F(z) =
2T (K,) and therefore, from Proposition 1.4, it is a £(X,Y™)-valued Bloch function with

T (K| Bcx,y+y) < ||T]].
Notice now that

21 27

- 2m 27
‘;TL < Tn(xn)vyn > ’ :‘/0 /0 < F(Tei(t—s))(f(eit))’g(e_is) S ﬂ@

<||F *

O
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Corollary 3.1. Let (X,Y*) have the (H', BMOA)-property.
If f(z) =07 ganz™ € HY(X) and g(z) = > 07 yn2" € HY(Y) then

D llzanlllyenll < CIIF

n=0

l1,xlgl]1,y-

Proof. Let h(z) = (f%9)'(z) € LY(D, X®Y). Obviously one has
nl|za|llynllr" " < My gy (h,r)  (n€N).

Therefore

1—2—(k+1)

1 [e%e
ki
| ey o= S | 2 g e [
0 k=0

1—-2-Fk

o0
>C Y flealllyer]] O
k=0

Corollary 3.2. If (C,Y*) have the (H', BMOA)-property then Y is a Paley space.
Proof. Apply the Corollary 3.1 to f(z) = 307 jan2? € H! and g € H*(Y) and recall
that |||l ~ (X5 lanl?) .

Lemma 3.2. If (X,Y) has the (H', BMOA)-property then also (X,C) and (C,Y) have
the (H', BMOA)-property.

Proof. (i) Let us take F(2) = N 272" € B(X*) and f(2) = Y02, #,2" € HY(X). Let
us fix y € Y with ||y|| = 1 and consider F(z) = Zﬁ;o T, 2" where T), are the operators in
L(X,Y) defined by T}, (x) =< x*,x > y. It is elementary to show that F' € B(L(X,Y))

and || F||scixyy) = |1l
Therefore

o0 o0
1Y < ap 2k > 2%|lBaoa = 11D Tulzr)2* |l Broan
k=0 k=0

< Cl|F|lsexanll D ezl x.
k=0
(ii) Let us take F(2) = Y 07 yynz™ € B(Y) and ¢(2) = > o7 janz™ € H'. Let us fix
zo € X and xf € X* with [|zo|| = 1 and < zj, z9 >= 1. Define F(z) = 3.°°  T;,2" where
T,, are defined by T,,(z) =< %,z > y,. It is elementary to show that F' € B(L(X,Y))
and ||F||5z(x.vy) = ||F||5(v). Observe that

oo [o.]
D anynz" =) Tulanwe)2" = Fx f
n=1 n=1
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where f(z) = ¢(z)zo, then we have

| Z Ynomz||Bro(y) < CHFHB(L(X,Y))H Z a0z [[1,x

n=1 n=0

< ClF|so)ll Y anz™gr O

n=0

Proposition 3.1. Let X,Y be two complex Banach spaces.

(i) If (X, C) has the (H', BMOA)-property then X is a Paley space.

(ii) If (C,Y) has the (H', BMOA)-property then Y has type 2.
Proof.

(i) Let us take f(z) = Yo7 jxn2™ € HY(X) and choose z7, € X* with ||z}|| = 1 and
< xk,xon >= ||xan]||. Then, using (1.2),

o % (o @]
(z ||x2k||2> _ (D <alam > |2>
k=1 k=1

Let us observe that, from (ii) in Proposition 1.5, F(z) = >_°7 | a% 22" belongs to B(X*)
and therefore

1
2

> K
%||Z<$Z,$2k>22 ||BMOA-
k=1

1

o0 2 o X
(Z Hl‘2k||2> <Y < af, e > 2% [|Broa

< Cl[FlIpx-nll Y zr]
k=1

1,x < Clfll,x

This shows that X is a Paley space.
(ii) Now given yo, y1,¥2,...yn € X with y; # 0 we define F(z) = >
Proposition 1.5 again we have F' € B(Y') and ||F|[gy) < C.

Observe that
N . N " .
>oues = 3l = F o
k=0 k=0 Yk

N Yn

2n
T TR From

where ¢(z) = Eg:o ||yk]|z2k, then we have

N k N k
szkZQ 1,y < HZ%ZZ lBMoO(y)
k=0 k=0

N
k
< ClIF sl Y llyell=* Ik
k=0

N 3
<o (zw) |
k=0
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This shows that X has type 2. [

We shall now introduce two new properties which are motivated by Proposition 1.2 and
its dual formulation and will be adecuated to the (H', BMOA)-property.

Let us recall the notation P(X) and Py(X) for the X-valued polynomials and those
which vanish at z = 0 respectively.

Definition 3.4. A complex Banach space X is said to have (H L)*-property if there exists
a constant C' > 0 such that

(3.3) Ifll.x < C ( / (1—r) sup Hf’(Z)HZdr) .

|z|=r

for any f € P(X).

Definition 3.5. A complex Banach space X is said to have (H L)-property if there exists
a constant C' > 0 such that

1
2

(3-4) (/01(1 - T)Mf,x(f’ﬂ“)df) < Cllflh.x

for any f € Po(X).
REMARK 3.2. Observe that

1 o Thk+1
/O (=) M2 (' r)dr =Y / (1= P)M2 (', r)dr,

for r, = 1 —27% and then, since My x(f,r) is increasing the inequalities (3.3) and (3.4)
can be replaced by

D=

(3.5) 1

x<C (Z 2% sup Hf'<z>||2>
k=0 |z[=r%

and

2

(3.6) (Z 2_2kM12,X(f',7‘k)> < C[If]l1.x-
k=0

Therefore inequality (3.6) says that X has (HL)-property if and only if the operator
f— (277 f/(rre™)), is bounded from Hj(X) into 19(L*(X)).
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Theorem 3.2. Let X,Y be a Banach spaces.
If X has (HL)-property and Y has (HL)*-property then (X,Y’) has the (H', BMOA)-
property.
Proof. From Lemma 3.1. we only have to prove
B(L(X,Y)) C (H'(X), BMOA(Y)).
Let us take F(z) = > > (T,,2" € B(L(X,Y)) and f(z) = > .7 jz,2" € HY(X).

Now let us observe that

2(Fx f)(2%) = ZnTn(a@n)z%_l
n=1
dt

:/ WF’(zeit)(f(ze_it))eitQW

27 n— TL " n— —1(n— dt
_2// ZnTz 1 1ei( 1)t Zn:r;s i 1)t)27rsds

2
. . dt
_ 2 1t 1t d )
/ / (zse't) (f'(se™™))se 5,45

Therefore, since F' € B(L(X,Y)), we have

UMy x(f1,8)2))
Lex;) oo (1= sl2))

1 d 3 2| /
< NFlly(oery (| o) ( Mf,x<f,s>ds)

ClIF

||
s

12+ ) ()] < % ([ azxirsas)

Now, using (HL)*- property on Y and (H L)-property on X, we can estimate

12(F = f)(z")|| < CIIF]| 5(

Hence

1 % £y /(1—r> sup [|( » £)(2)|Prdr

|z|=72

<C'/ / MlX ds)dr

e / (1= $)M2 ¢ (', 5)ds < C|| fll1x.
0

Clearly || fOQWF « f(e)2L|| = ||To(z0)|| < CJ|f]]1,x. This combined with the previous
estimate finish the proof. [J
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§4.- LEBESGUE SPACES AND SCHATTEN CLASSES WITH (H L)-PROPERTY

In this section we study these new properties and investigate the Lebesgue spaces and
the Schatten classes having (H L)-property and (HL)*-property.

Let us start with some general facts and their relations with the notions of type and
cotype.

Proposition 4.1.
(i) If X has (HL)-property then X is a Paley space.
(ii) If X having (HL)*-property then X has type 2.

Proof. Combine Theorem 3.2 together with Proposition 3.1.

Let us now establish the duality existing among both notions.

Theorem 4.1. (Duality)

(i) If X* has (HL)*-property then X has (H L)-property.

(ii) Let X be an UMD space. Then X* has (HL)*-property if and only if X has
(H L)-property.

Proof. Let us take f(z) =Y~ x,2" € Hy(X) with || f|[1,x = 1. Using the embedding
P(LH(X) € (Fexm)”

we have, setting r, =1 — 27F,

N|=

(ZQ—%MfX(f’,m) —sup|Z/ <27F ' (rie™), gu(e” )>ﬂ|

k=0

where the supremum is taken over the set of sequences (gi)ren C C(X*) such that
> no llgell3 x- = 1.

Denoting by

O

1 —ze )27

we have, for |z| = r,

1 dt 1

27
G// *< 00 */ <07 fe's) *
G ewle < Nl | < Oy ryallonllc.x

— zrpe” |3 21
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Therefore for any sequence (gx) with > 277 [|gr|l5 x- =1
— o —k pr it —it dt
|Z <277 f(rge”), gr(e )>§\

‘/2W<f zt 22 kG/ —zt) > dt

2T

< [[ffl.xl 22_’“G§€(T‘ke“)!h,x*

k=0
3
SC’(/ (1—r) SupHZQ el rkz)HX*dr)
0 |z|=r =0
! =g\
—k klloo,X*
<C /0(1 T) (};}2 (l—rkr)2> dr =1

Using Holder’s and the facts

then we can write

[grl126, x- - :
< kI TToo, X ™ k
I<C / (Zz e Zz 1_W dr

=0

o fo-n (Sl (] v #)

o0 1 »
_ dr
<C E 2 k||gk|’§oX/ (1—72> <C.
k=0 0

TET)

(ii) From part (i) we only have to show that if X is a UMD space having (H L)-property
implies X* has (HL)*-property .

Given a X *-valued polynomial, say f(z) = Y., 22", and using the duality (Hl (X)) t =
BMOA(X*), we have

IS

27
i —i dt
e msup{ [ < Fegle™) > 5 s € HYX), gl = 1)
0
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Now let us observe that for g(z) =Y "7 | x,2"
< fle"),gle™™) > — = <zl T, >
| < e > > <

1 27 m 00
, , dt

= 2/ (1-— r2)/ < Z nal e n— Dt Z(n + Da,riel=bt > 2—dr
0 0 o Q

n=1
1 27 ) ) L dt
= 2/ (1- 7’2)/ < f'(re™), gi(re”") > e —dr
0 0 27
where g1(z) = zg(z). Hence

e

2m
[ < retae > o
1

< [ = ndx(ah,r) sup 17)x-dr
0

|z|=r

<([a- r)MiX<g’1,r)dr)% ( [fa-n s ||f’(2)||§<*dr>

1

1 2
< Cllgrlh.x </0 (1 —r) sup Hf’(Z)H?X*dT)

|z|=r

D=

) 3
< Cllgllx (/O (1 —r) sup ||f’(Z)||§(*d7“> - U

|z|=r

Proposition 4.2. Hilbert spaces have (HL)*-property and (HL)- property.

Proof. Using Corollary 2.1 and Proposition 1.2 one has that Hilbert spaces have (HL)*-
property. Now apply Theorem 4.1 to get (H L)-property.

Corollary 4.1. ([B2]) X is isomorphic to a Hilbert space if and only if (X, X) has the
(H', BMO)-property.

Proposition 4.3. Let (2,%, u) a measure space.
If X has (HL)-property then L'(u, X) has (HL)-property.

Proof. Recall first that cotype 2 condition on L(u) (cf. [LT]) means that

[

(4.1) (ZkaHQLl(H)) < Q1O 2Ly,
k=0 k=0

for any sequence (fx) € L' ().
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Now, given a L' (y, X)-valued analytic polynomial, say F(z) =Y.', x,z" we have that
for a.a. w € Q the X-valued polynomial F'(w)(z) =Y @n(w)z" verifies

- —2 2 / % o it dt
<Z2 ’fMl,X<F<w>,m>> < [ IP@EIxg  weo

k=0

Now integrating over €,

(D275 M7  (F' (@), 7)) * 11y < CIF 1 22 g, x)-
k=0

On the other hand, from (4.1)

=

00 1 e
(ZT%ME,U(M,X)(F',%)) = (Z ||27kM17X(F,(w)’rk)HQLl(“))
k=0 k=0

e 1
< ||<22_2k||F(.,Tk)||§()2||L1(H) <|[Fll1,21(ux)- U
k=0

Proposition 4.4. Let (2,%, 1) a measure space.
(i) LP(u) has (HL)- property if and only if 1 < p < 2.
(ii) LP () has (HL)*-property if and only if 2 < p < oo.

Proof. (i) From Proposition 4.1 (H L)- property implies cotype 2 and then 1 < p < 2.

On the other hand L!(u) has (HL)-property according to Proposition 4.3.

The case 1 < p < 2 follows from the fact that LP is isometrically isomorphic to a
subspace of L' (see [R]).

(ii) Follows from (i) and Theorem 4.1. [J

Now let us investigate the (H L)*-property and (H L)-property for the Schatten classes.
Given 1 < p < oo we shall denote by o, the Banach space of compact operators on [ such
that

1

1A, = (tr(A*A)%) ¥ < 0.

It is well known that o coincides with the space of nuclear operators on [? and o, with
the space of Hilbert-Schmidt operators on [?. The reader is referred to [GK] for general
properties on o, and to [TJ] for results on (Rademacher) type and cotype on these classes.
The key point to deal with them is the use of factorization of analytic functions with values
on theses classes. The reader is referred to [BP, L-PP, Pi3] for the use of factorization in
related questions. Let us establish the result to be used later on.

Lemma D. (Non commutative Factorization, see[S]) Let f € H'(o1). Then there exist
two functions hy, ho € H?(o3) such that

f(e) = ha(e)ha(e™), and || fll1oy = 1Pl 0, = lh2l12,0,-
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Theorem 4.2. o, has (HL)-property.
Proof. Given f € H'(0y) take hy, ho € H?(03) such that

F(e) = hi(eha(e),  |Ihll3 0, = 1h2ll50, = Ifll104-
Note that for 4,5 € {1,2},1 # j

27 27
| e el g < [ B o Iy re) oy 5
0 T 0 T

21 % 2m %
: dt , dt
< h/ DAY / h. ity (]2 ]
— (/(; H ’L(Te )HO’227T> ( 0 H J(Te )"0’227_‘_

Therefore
M o, (f',r) < Ma o, (R, 7)Ms o, (ho, ) + Mo gy (h1,7)Ma 5, (R, )
This gives
2 3 . 2 2 3
([ ammmttgmar) <l ([ 0t 0mar)

Since oy is a Hilbert space we have, using Plancherel,

27

27 0
/O (1= r)M3,, (R r)dr =Y ||hi(n)|[3,n° /0 (1= r)r?"=2dr < O||hil|3,
n=1
This shows 1
27 2
</ (1-r)ME,, (f’,r)dr) < Cllfllie,- O
0

To cover other values of p we shall use some of the recent advances on interpolation of
vector-valued Hardy spaces. It is known (see [BX]) that interpolation spaces by complex or
real method, (H?*(X;), H? (Xg))g or (HP (Xl),HPQ(Xz))()’p do not coincide, in general,
with HP?(Xy) or H??(Xy ,), but nevertheless there are some positive results that still can
be used to find out the (H L)-property of certain spaces.

For some particular spaces, like LP in the conmutative and non-conmutative versions,
the expected result remains true (see[X1, X2 BX, Pi4]):

If0<f<land §=1—§ then
(4.2) (B (£ (), B (L2 () ) = H (L7().
(4.3) (H' (1), H'(02)), = H' (o).
(1.4) (' (LY (), HY (L2(1))) ., = H (L7 ().

where LP!(u) stands for the corresponding Lorentz space.
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Proposition 4.5. Let X; (i=1,2) be spaces having (H L)-property and assume
(H'(X1), H'(X2)), = H' ((X1, X2)g).

Then (Xl,X2>9 has (H L)-property.
Proof. Since
T(f) = (27" (ree™)),

defines a bounded operator T' : H (X;) — I2(L*(T, X;)) for i = 1,2, then the assumption
together with the well known result of interpolation

(LY (X1)), (LY (X2))),, = (L' (X1, X2)s))

shows that T is also bounded from H3 ((Xl, Xg)@) into [? (Ll ((Xl, X2)9)> what gives that
(Xl,X2)0 has (HL)-property. [

Combining the results (4.3), (4.2) and the previous proposition we easily obtain the
following corollary.

Proposition 4.6. Let 1 < p < co. Then
(i) o, has (HL)-property if and only if 1 <p < 2.
(ii) o, has (HL)*-property if and only if 2 < p < oc.
(iii) LP'(u) has (HL)-property for 1 < p < 2.

REMARK 4.1. Some of the previous ideas appeared already in [BP]. Proposition 4.6 gives
an alternative proof of the Paley property of o, for 1 < p < 2 and then the cotype 2
condition (see [TJ]). Another approach was also obtained in [L-PP].

§5. APPLICATIONS

Let us start this section with some new examples of vector-valued BMOA functions.
Observe that Theorem 3.2 actually provides a procedure to find functions in BMOA(X)
for spaces with (H L)*-property.

Proposition 5.1. Let 0 < a < % and p = é Define

L= [ 2 g

Then the operator given by ¢ — f,(2) = I,(¢). is bounded from H' to BMOA(LP).

Proof. Use Theorem 3.2 applied to the LP- valued Bloch function g, provided by Example
1.2. O
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Proposition 5.2. Let (C, X) have (H!, BMOA)-property and T € L(L'(D),X). Then
f(z)=T(¢.) € BMOA(X) for any ¢ € H*.

Proof. From Proposition 1.4 one has that T(K,) € B(X). Now for any ¢ € H'

dt dt

T(K) 00 = [ T tle ) B = 7 ( 0% Kzem(e—“)g) = T(¢)

what gives f(z) € BMOA(X) from Theorem 3.2. [

Let us now get some information about Taylor coefficients of vector valued Bloch func-
tions.

It is well known (see [D, page 103]) that the space of multipliers (H!, H?) can be
identified with sequences ()\,) such that

2n+1

sup Z A\e|? < oo
neN h—on

Therefore, since BMOA C H?, then one has the following:
If f(z) =37 yxn2" € B(X) then < f(z),2* >€ (H', BMOA) C (H', H?). Therefore

2n+1
sup sup g | < a*, x> |* < 0.
llz*||=1 neN 5n

Next result give some necessary conditions on ||z,|| when dealing with LP-spaces for
2 < p < co. We shall need the following lemma.

Lemma 5.1. Let X has (HL)*-property and f € B(X). Denoting f.(z) = f(rz) then

1
| frllBrroacx) gClogl f1l5(x)-

—T

Proof. 1t is a simple consequence of Theorem 3.2 and the fact

27
1 dt 1
/ — = ~log . O
o | r

Proposition 5.3. Let X has (HL)*-property and assume X has Fourier type p.
If f(2) = >, enTn2" € B(X) then

2n+1

supn " Z ||z ]]P < oo.
neN L—on
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Proof. From Lemma 5.1 we have

1

—T

Ir

p.x < Clog- fllBx)-

Applying now the Fourier type condition

1
7

/ n / P 1
(lexnll’”‘ p) < Clog—IIf15(x)-

neN

Take now r =1 — % This implies

N N
’ ’ 1 np’ ’ ’
Dzl <C Y lwnll? (=)™ = ClogN)” || fllpx)-

n=1 n=1
The result now follows by choosing N =2". [
Proposition 5.4. Let X have (HL)-property and a sequence (z}) in X*. If

n

2n+l
sup sup g | <zp,z>|<o0
llz||=1 neN S5,

then
Z\<x;,xn>\2<oo
neN

rn2" € HY(X)

for any sequence x,, such that )

Proof. Note that it follows from (i) in Proposition 1.5 and Remark 1.3 that for any sequence
en €{0,1} we have ) _yen7y,2" € B(X™) with norm bounded by a constant independent
of the choice of &,,. Then, from Theorem 3.2, if f(z) =Y, cyznz" € H'(X) we have

1D en <ah,n > 2"|lBmoa < CII Y enthn2"|lsx)|| 111, x
neN neN

This shows that for any ¢ € [0, 1]

1> ralt) <aan > 2"l < Ol flhx

neN
Therefore
1
2 1 27 ) do
Z| <zir, > =~ / / |Zrn(t) < Tl Ty > eme|dt2—
neN 0 J0  peN g
1
= / I Zrn(t) <z, Ty > 2"||grdt
0 neN

<C|fllhi,x <oo. O



VECTOR-VALUED BMOA 29

Let us now give a couple of applications to sequences of scalar valued functions.

Note that if (f,,) is a sequence of functions in H' such that Y, . |[fn]l1 < 00 and (gn) is
a sequence of Bloch functions such that sup,,cy ||gn||s < 0o then ) fn*gn is absolutely
convergent in BMOA. This shows that if f = (f,) € H'(I') and g = (g,) € B(I*°) then
f+*g€ BMOA.

We now produce an extension of this result to other values of p differents from 1.

Proposition 5.5. Let 1 < p < 2. Let (f,) be a sequence of functions in H! such
. 1

that (3,cn |fn(e®)|P)? € L', and (g,) be a sequence of Bloch functions such that
1

<ZnEN |g7’1(z)|p/> o O( 1_1|Z| ). Then Y fn * gn converges in BMOA.

Proof. Note that f = (f,) € H'(i?) and g = (g,,) € B(I?"). Since I? has (HL)-property
then we can apply Theorem 3.2 to (I?,C) to get f+xg= > .y fa*gn € BMOA. 0O

Proposition 5.6. Let ¢ € H! and let (g,) be a sequence of Bloch functions such that

(Cnen 190 (2)1?)* = O(:=57)- Then du(z) = (1 — |2]) X ene [(gn * 6)'(2)|dA(2) is a Car-

leson measure on D.

Proof. From Corollary 2.1 this is actually equivalent to show that (g, *®)neny € BMOA(I?).
This now follows again from Theorem 3.2 applied to (C,1?). O

Let us recall that the Paley projection P stands for the operator P(> -, zn2™) =
ZZOZO zonz?" . We now give an application to spaces X where the Paley projection is
bounded in H!(X).

Regarding B as the subspace of B (L(X, X)) given by tensoring with the identity opera-
tor we notice that as soon as we have B C (H'(X), BMOA(X)), the fact that > oo 22" €

B implies that the Paley projection P has to be bounded in H*(X). Our technique gives
an alternative proof of the following result due to F. Lust-Picard and G. Pisier.

Proposition 5.7. ([L-PP|) Let 1 < p < oo and consider X,, either L? or o,. Then P is
a bounded operator on H'(X),).

Proof. For 2 < q < oo we can apply Theorem 3.2. For 1 < p < 2, it follows from duality
and Proposition 1.1,

P(H1,0, = Hp(f)HBMOA(ap)
=sup{| <P(f),9>|:llgllh.0, =1}
—sup{| < £,P(9) > | lgllr., = 1}
< |[fllo, {sup [[P(9)llBMOA,) * ll9ll10, =1}
< Cllfllhe, O

REMARK 5.1. Proposition 5.7 is also a consequence of the B-convexity of the space X,
because of one observation due to Pisier (see [BP, Proposition 4.2]). Also the case p =1
in the Proposition 5.7 holds true. It does not follow from our arguments but the case L!
is rather elementary and the case o; was proved in [L-PP] using Lemma D.
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