VECTOR-VALUED HARDY INEQUALITIES AND B-CONVEXITY

OSCAR BLASscO

ABSTRACT. Inequalities of the form » 77 % < C||f|lx for all f € H', where {my} are
special subsequences of natural numbers, are investigated in the vector-valued setting. It
is proved that Hardy’s inequality and the generalized Hardy inequality are equivalent for
vector valued Hardy spaces defined in terms of atoms and that they actually characterize
B-convexity. It is also shown that for 1 < ¢ < co and 0 < a < oo the space X = H(1,q, o)
consisting of analytic functions on the unit disc such that fol(l — ) MY (f,r)dr < oo
happens to satisfy the previous inequality for vector valued functions in H'(X), defined
as the space of X-valued Bochner integrable functions on the torus whose negative Fourier
coefficients vanish, for the case {my} = {2¥} but not for {my} = {k?} for any a € N.

INTRODUCTION.

In this paper we shall deal with the vector-valued formulation of certain inequalities in
the theory of Hardy spaces. The first one, due to G. H. Hardy ([Du], page 48), reads

Zf <C|fll,  forall fe H (H)

where H1 = {f € LY(T) : f(n) = 0 for n < 0} and, as usual, T stands for the unit circle
and f(n = [T _ft)e ™ for n € Z.
Recently K. M. Dyakonov [D] considered the following generalized Hardy inequality:
There exists a constant C' > 0 such that, for any increasing subsequence {ny} of N
satisfying

§ = inf kLT )
one has
n 1
Z li fl <CO+5)Ifl forall feH". @
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In particular, besides the classical Hardy’s inequality (H), we have the cases n; = k®
for any a € N or n, = 2¥ (or any other lacunary sequence), these last cases being also a
consequence of Paley’s inequality (see [Du], page 104).

All of these facts can be regarded as special cases of multiplier inequalities between
H! and I'. Recall that a sequence {m,} is an (H' — [*)-multiplier, to be denoted by
{myn} € (H' = 1Y), if T, (f) = (f(n) my) defines a bounded operator from H' into I'.

The (H! — I')-multipliers were characterized by C. Fefferman in the following way (see
[AS] and [SW,SS] for a proof ):

(k+1)s 1/2

(H' =) ={{ma}osup | D (D Imy])? ] < ook (%)

$21 \ 551 jmkst1

The proof of this fundamental result depends upon the atomic decomposition of func-
tions in H1.

In [BP] the vector valued analogues of several classical inequalities in the theory of
Hardy spaces were investigated. Here we use several techniques from that paper and from
[B2] to deal with the properties corresponding to the vector valued version of (GH) and
some of its particular cases.

A complex Banach space X is said to satisfy the vector valued Hardy inequality (for
short X is an (HI)-space) if there exists a constant C' > 0 such that

if <Clfl forall fe HY(X) ()

where HY(X) = {f € LY(T,X) : f(n) =0 for n < 0}.
A complex Banach space X is said to have (H' — [!)-Fourier type if for any {m,} €
(H' — ') there exists a constant C' > 0 such that

SIf@lmal < ClIfllh - forall f e HY(X). (F)
n=0

Given 2 < ¢ < 0o a complex Banach space X is said to be a ¢g-Paley space if there exists
a constant C' > 0 such that

Q_IfEHIDVe<Clfly  forall fe H'(X). (P)q
k=0

The reader is referred to [BP] for examples of spaces with or without these properties
and for their connection with other well known properties in the theory of Banach spaces.

Let us now introduce the vector-valued extension of (GH) and some of its particular
cases.
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Definition 1.1. Let a € N. A complex Banach space X is said to satisfy the vector valued
Hardy inequality for {ny} = {k®} (for short X is an (HI),-space) if

g% <CIfln forall f € H(X). (H)a

Definition 1.2. A complex Banach space X is said to satisfy the vector valued Hardy
inequality for ny, = 2% (for short X is a (HI)j4.-space) if there exists a constant C > 0
such that

Z W < gy orat g e (). (H e

Definition 1.3. A complex Banach space X is said to verify generalized vector valued
Hardy inequality (for short X is an (GHI)-space) if there exists C' > 0 such that for any

{ny} verifying (*)
S Ml coar il forat e 1), (GH)
k=0

Using (**) it is easy to see that any space of (H! — [!)-Fourier type must be a 2-Paley
(hence g-Paley for any ¢ > 2) and an (HI)-space (see [BP]).

Actually repeating the proof in [D] one sees that any space of (H! — [!)-Fourier type
must be an (GHI)-space.

It should be noted that now the use of vector-valued atoms is still at our disposal but
the spaces H'(X) and H},(X) (see definition below) are not isomorphic. The aim of this
paper is to make it clear that actually one can get the generalized Hardy inequality for
H',(X) using only the classical Hardy inequality for H},(X).

Let me now recall the following definitions (see [B1], [Bol])

Definition 1.4. Given a complex Banach space X, we denote by H! (X)) the space of

max

functions f € L*(T,X) such that P*(f)(t) = sup ||P, * f(t)|| € L*(T) where P, stands
0<r<1

for the Poisson kernel.
We endow this space with the norm || f|lmaz,x = || P*(f)|1-

Definition 1.5. Given a complex Banach space X, we denote by H},(X) the space of
functions f € L'(T,X) such that f = >, .y Anan (in the sense of distributions) where
> nen [An] < 00 and a,, are X-valued atoms, that is a, is either a constant function or it
has the following three properties:

(i) ay € Loo (T, X) and supp(a,) C I, for some interval I,,,

(i) [, an(t)dt =0,
(iii) ||an||co < m where |I,,| stands for the normalized Lebesgue measure on T.

As usual the norm is given by || fl|a¢,x = inf {Z |[An|} where the infimum is taken over

neN
all possible decompositions.
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The facts that H},  (X) = HL(X) and | fllat.x ~ ||fllmaz.x can be established by
repeating the scalar-valued proof in [CW].

It is also well known (see [B1]) that H*(X) C H}, .
unless X has the so-called UMD property.

Because of this, it makes sense to consider the analogs of (H), (H), and (H )4 with
H},(X) in place of H!(X). The arising “atomic” properties, denoted by (H)*, (H)%, (H)%
are stronger than their respective counterparts discussed above.

Let us now recall some fundamental notions in geometry of Banach spaces to be used
in the sequel. Although they are usually defined in terms of the Rademacher functions we
shall replace these by lacunary sequences e*2"*, which gives an equivalent definition ([MP1,
Pi ).

Given 1 < p <2 < g < o0, a Banach space X has cotype ¢ (respectively type p) if there
exists a constant C' > 0 such that for all N € N and for all xg, x1,x2,...xxy € X one has

(X) but they are not the same space

N a N .
(et ey e
k=0 k=0
(respectively

N . N %
1S e Ztulso(znw) )
k=0 k=0

A Banach space is called B-convex if it has type > 1.

Given a complex Banach space X and a function f(z) = > 7 x,2" with 2, € X we
write P(f) =D~ xonz?" for the vector-valued version of the Paley projection acting on
f.

It is well known that X is B-convex space if and only if the Paley projection bounded on
HP(X) for some (or any) 1 < p < co. This can be extended to p = 1. It is a result due to
Pisier (see [BP], Proposition 4.2) that X is B-convex if and only if | P(f)|at,x < C| fllat,x
for all f € HL(X).

Definition 1.6. We say that X satisfies the Paley projection property ( for short X €
(PP)) if the Paley projection is bounded in H'(X).

In [L-PP] this property was studied for the case of Schatten classes.

Remark 1.1. Observe that, since X = ¢y ¢ (PP), then the inclusion X € (PP) implies
that X has finite cotype.

Remark 1.2. If X € (PP) and X has cotype ¢ for some 2 < g < oo then X € (P),.
Combining both remarks one easily gets the following result.

Proposition 1.1. If X has the Paley projection property then it also has q-Paley property
for some 2 < q < oo and satisfies the Hardy inequality for n; = 2*.

We shall be also using the notion of Fourier-type introduced by J. Peetre ([Pee]). Let
us recall that for 1 < p < 2, a Banach space X is said to have Fourier type p if there exists



HARDY INEQUALITY 5

a constant C > 0 such that
1

( > IIf(n)Hp/> < Ol fllzr(x) for all f € LP(T, X).

n=—oo

It is not hard to see that X has Fourier type p if and only if X* has Fourier type p.
Typical examples are the spaces L” for p < r < p’ or those obtained by interpolation
between any Banach space and a Hilbert space.

Let us now state the fundamental theorem, due to J. Bourgain, which connects the last
two properties.

Theorem A. ([Bo2, Bo3]) Let X be a complex Banach space. Then X has Fourier type
bigger than 1 if and only if Xis B-convex.

Throughout the paper L,(u,Y) (respectively LP(Y')) stands for the space of Y-valued
strongly measurable functions on a o-finite measure space (€2, 3, p) (respectively (T, B, 4L))
such that || f|| € L,(1) and we denote by HP(Y) the subspace of LP(Y') consisting of

functions such that f(n) = [ f(t)e ™ = 0 for n < 0. We write H?(D,X) for
the space of analytic functions f from D into X such that sup M,(f,r) < oo where

0<r<1
Myx(f,r) = (ST | F(re) [P 42)5.

Clearly if f € HP(X) then f(re) = f x P.(t) € H?(D, X), but in general the space
HP?(D, X) can not be identified with HP(X) or, in other words, the functions in H?(D, X)
do not necessarily have radial boundary limits.

A complex Banach space X for which any function in H°°(ID, X') has radial boundary
limits a.e. is said to have the analytic Radon-Nikodym property, for short X € (ARNP).
This was first introduced in [BuD] where it was shown, among other things, that L!(u) €
(ARNP).

2.- HARDY TYPE INEQUALITIES FOR H!(X).

We shall first show an extension to the vector valued setting of one inequality by Hardy
and Littlewood (see [Du, HL]). Our proof follows ideas in [F] and uses the Marcinkiewicz
interpolation theorem.

Theorem 2.1. Let X be a Banach space and let 1 < p < co. If f € HY(X) then
1 1
| a=n (g < €l
0

Proof. Let us first recall that if 0 < p < ¢ < 0o and g is an X-valued analytic function
then (see [Du, page 84])

(2.1) Mg x(g,7*) < (1 —r)a v M, x(g,7).

To prove the result let us first fix p; < 1 < pa < p. For i = 1,2, using (2.1) one has

(1—r) 5 My x(fir) < (1—r) &

fHHPi(]D),X)-
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Hence

1

Dpi
HPi(D,X)
A\Pi ’

{re[0,1): (1 —r) "5 M, x(f,r) > A} < C

This actually gives that
f— F(re) = (1—r)"7 f(re')

defines a bounded operator from HP: (D, X) into LP#*° (dr, L?(X)) where LP+*° (dr, LP(X))
stands for the corresponding vector valued Lorenz space.
Now using the standard real method of interpolation for # € (0, 1) such that 1p;19 +4 =1

we have (see [BL]) "
(L7 (dr, L2(X)), L2 (dr, L7(X)) ) = L (dr, L (X)),

0,1

On the other hand, since the Banach space X is the same for both indices, it is not difficult
to extend the scalar-valued proof (see [BX] and references there) to get

(H™ (D, X), H?*(D, X)), , = H'(D, X).

Hence the operator is bounded from H!(X) to L! (dr, LP(X)), that is
1 1
| a=n g < cjfi. ©
0

Corollary 2.1. ([BP], [Bo3|) If X is a B-convex space then X satisfies the vector valued

Hardy inequality, i.e.
[|2n| " int
S Inll < o $ g,

Proof. From Theorem A we have that X has Fourier type p for some p > 1. Then applying
Holder’s inequality and Theorem 2.1 for such a p, one has

 [n]| '
3 nlz/ S ([l dr
n:0n+ 0 n=0
1
-7

1 m P m %
< / (Zuxnup’r”p’) (Z) dr
0 n=0

n=0

1
<c [ =n (o < Clfll O

The following is a simple modification of a proof in [B2] regarding Paley spaces (corre-
sponding to 2-Paley property).
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Lemma 2.1. Let 2<g<oo and 1 <p<gq. IfY is a g-Paley space then so is L,(u,Y).

/
Proof. Put r = <%> = L. Let us take f(1) = 3,5 T, €™ where x, € L,(11,Y). Then

Q

we have

1/q
p
Zuxgkuipw,m = (S ([ st dutu)
k>0 k>0
1/p
= s |2 [ el an dutw)
2 lax|"=1 \ k59
p/q 1/p
<| Attt | auw)
k>0
p 1/p

<o |+ I su(wge v | dy)
AR
ow [ I3 () )t )

\hH =1
<C / 1) wn(w)e™ |, (uydt
T n>0

=o/ 1Ol orydt. O

Theorem 2.2. Let 2 < g < oco. Then Ly, (u, Ly, (v)) is a g-Paley space if and only if
L<pip2=<q

Proof. It is clear from the definition that a ¢-Paley space must have cotype q. Now the
cotype ¢ condition forces the values of p1, ps to be in the required range.

To get the converse, observe that the classical Paley inequality together with Lemma
2.1 for Y = C gives that L,, is a g-Paley space for 1 < p» < ¢. Now apply Lemma 2.1
again. [J

Lemma 2.2. Let 1 <p < oo and X € (PP). Then L,(u, X) € (PP).
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Proof. Using Kahane’s inequality we can write
I Zxanzn (LP(u, X)) ™~ (/ I szn (w) an
n=0
<c(/ | an P e dp())
e [ (IS mere aupt . o
- —rJao = X 2m

b ooy d(@)) P

S =

Theorem 2.3. Let 1 < p,q < oo. Then L,(p,Ly(v)) is an (HI)jqc-space if and only if
1 <pg<oo

Proof. Observe first that ¢y is not an (HI)4.-space (take the canonical example fn(z) =
22;1 enz™ to check this fact). Consequently, if X is an (HI);,-space then it must have
finite cotype.

Assume that L,(p, Ly(v)) is a (HI)iqc-space. Now the cotype condition forces the values
of p,q to be finite.

To get the converse, observe that the classical Paley inequality gives that Y = C € (PP).
Now, applying Lemma 2.2 twice, one has that L,(u, Ly(v)) € (PP) for 1 < p,q < oc.

Finally apply Proposition 1.1 to finish the proof. [

Now we shall consider some classes of analytic functions that will serve us to get exam-
ples of spaces satisfying (H )4 but failing to satisfy (HI),. The reader is referred to [B2]
for the fact that [P(H?) fails to satisfy (HI) for 1 < p < 2 but it is a 2-Paley space.

Let us recall that, given 1 < p,q < o0 and 0 < a < o0, H(p, g, ) stands for the space
of analytic functions on the unit disc such that

' 1
(/0 (1-— r)aqflMg(f, r)dr)e = ||f||p,q,a < 0.

Theorem 2.4. Let 1 < ¢ < 00,0 < a < oo and a € N. Then H(1,q,«a) is an (HI)jqc-
space but fails to be an (HT),-space.

Proof. That H(1,q,«) is an (HI);4c.-space follows from Theorem 2.3, since

If

1,q,0 ||9||Lq(1dr ,L1(T))

where g(r,0) = (1 —7)* f(re).
To see that it does not satisfy (H),, let us consider the function

o(z) = ! Z anz"

(1 - )a—i—l lOg 1—z2
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It is known (see [L],page 93-96) that

nOé

(2.2) N e (n — 00)
and
(2.3) Mi(6,7) ~ % (r = 1),

Consider now f(z)(w) = ¢(zw) = >~ jap w"z™ and write z, (w) = a,w™.

Since we have )
1,q,0 — |an|BE (O‘(L qn + 1)

[

Laa = |an|[w"

then, (2.2) together with the estimate B(3,m) ~ m™? as m — oo, give

(2.4) 2 l1,g.0 ~

log(n)

This allows us to say that f(z) =Y - 2, 2" is an analytic function on the open unit disc
with values in H(1,q, a).
Using now (2.3) and the assumption ¢ > 1 we have that

7@l = ([ (0= no 0o, elrjan)?

(1—r)—d
1
log? 1=

Q=

< C(/Ol(l _ p)ea-t dr)

1
1 1

<C dr)e < o0.

- (/0 (1—r)log? r) >

Therefore f € H* (D, H(1,q,«)). Using the fact that H(1, ¢, a) has the analytic Radon-
Nikodym property (recall that LI(-%-, LY(T)) € (ARNP)) we can show that the radial

1—r?
limits exist almost everywhere and hence, in particular f € HY(H(1,q, a)).

On the other hand, from (2.4) we have > 7 % =o0. 0.

3.- GENERALIZED HARDY INEQUALITIES FOR H},(X)

Let us start by showing the differences appearing when dealing with the vector-valued
versions H},(X) and H'(X).

It follows rather easily, using Fubini’s theorem and the scalar-valued result by K.
Dyakonov, that L!'(u) verifies the generalized Hardy’s inequality, i.e. L'(u) € (GHI).
Actually the same argument shows that L!(u) even has (H! — I')-Fourier type (see [BP]).

Nevertheless L!(T) fails to have (HI)2' for any value of a € N as the following propo-
sition shows.
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Proposition 3.1. Let a € N. Then L'(T) is not an (HI)%-space.

znt

Proof. It is well known (see [Zy]) that ¢(t) =32, |52 ey € LY(T).
)

Now consider f : T — L' given by f(t)(s) = ¢(e?*+5)). It is clear that f € L>°(L') and
that

™ [n| in(t+s) d
ri™le s
pP* t) = sup / E —|— < |91
(H®) 0<r<1 _ﬁ|n7§0 log(|n|) |27r Il
Therefore, in particular, f € H ..(LY).

On the other hand f = —L ¢ for n € N, which gives LD oo for
log(n) neN k
allae N. O

Let us now prove a couple of lemmas to be used later on.

Lemma 3.1. Let f € L'(X) and let J be an interval in Z. If g(t) = f(t)(1 — e~%) then

(3.1) sup [| (7)) < OIENEE]
jes jeJ
Proof. Let us fix j € J. For any k € J we can write
IF DI < IF G+ 11 (k) = FG)I
. max(J)—1 R X
<If®I+ D IfO—-Fa+l.
l=min(J)
Averaging over k € J we get
max(J)—1 A A
IFDI < M Z If@i+ >, Ifo - fe+nl.
l=min(J)

Finally, taking into account that f(l) — f(l +1) =g(l), we get (3.1). O

Lemma 3.2. Let M € N and let {n;} be an increasing sequence in N U {0} such that
there exists a constant A > 0 for which

Nk —Nk—1

A
> — k € N).
o 2% keEN)
Then for any | € N
1 1.1
(3.2) E % <(1+ Z)T

{k:AM<ny<IM+M}

Proof. For a fixed | € N we may assume that there exists ny € (IM,IM + M]. Let k; be
the smallest index with this property, so that ng, , <IM < ny,.
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Observe now that

kiy1

1 Mg — Nk—1
2. Eékl A 2.

{k:AM<n, <IM+M} k=k;+1
1 1

=% + m(”km — Ny
Since k; > 1, ny, > IM and ng,,, —ng, < M we get (3.2). [

Theorem 3.1. Let X be a Banach space. The following statements are equivalent:
(1) There exists a constant C' > 0 such that

Z f C |\ fllat.x for all f € HL,(X).
(2) For any increasing sequence {ny} in NU {0} satisfying that

(3.3) Tk — Tt (k € N)

for some A > 0 there exists a constant C' > 0 such that

A

S WO < ot D) 1l for ail f € ()

k=1

Proof. Obviously (2) implies (1).
To see that (1) implies (2) let us fix a sequence {ny} satisfying (3.3). It suffices to show
that there exists a constant C' > 0 such that

i J(n g (1+%)

k=1

for any M € N and any X-valued atom a supported on (=47, 77).

Take such an X-atom, say a. Given n € N, using that a has zero mean, we have

7 , o
B i =1 a0 =g <l 5 < O

M

Let us write F ={k:ny < M} and G = {k:n > M}.
On the one hand

|| ”k "k C
. PR § - <.
(3:5) —M k:_MA e Mhe1) S 5

keF
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On the other hand, denoting G; = {k : IM < j <IM + M}, we have

Z”“ )l _ g Hank“<z )l Y T

keG I=1 keGy 1 IM<g<IMAM keG
Now applying Lemmas 3.1 and 3.2 and denoting by (t) = a(t)(1 — e~*) we have
IM+M 0o o+ IM+M

SRl <o DY > o0 PG >
keG 3 IM+1 =1 j=IM+1
l 1 j=IM+1 l 1 j=IM+1
Lo Jla@)l L. o M)
casdy s 1O 1) s IMBOI
A S A S
To finish the proof note that b(t) = f i bi(t)L) is also an X-valued atom

and b(j) = Mb ().
Therefore applying Hardy’s inequality to a and b we get

keG

We now finish the proof by combining this last estimate with the one in (3.5). O

Corollary 3.1. (see [BP, Bo3]) Let X be a Banach space. The following statements are
equivalent.

(1) X is B-convex.

(2) X is an (HI)*-space.

(3) X is an (GHI)* -space.

Proof. (1) = (2). As in the previous theorem it suffices to show that there exists a constant

C > 0 such that
Sl
n

k=1

for any M € N and any X-valued atom a supported at (—7, 17)-

Using Theorem A we may assume that X has Fourier type p > 1. It is clear that if a is

IN

such an X-valued atom then ||a||, < M7 Hence, in view of (3.4),

~ A

Z a Z Cl Z ||a(:d)||

n=M+1
00 L 00 1 .
<CH( Y llamIP)7( >, —)»
n=M-+1 n=M-+1
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(2) = (3). It follows from Theorem 3.1.
(3) = (1). By a finite representability argument (see Prop. 2.6 in [BP]) it is enough to
show that L1 fails (GHI)*. This now follows from Proposition 3.1. [

As a corollary of our previous theorems we get some improvements of results by H.
Konig and V. Tarieladze (see [K] and Prop. 3 in [T]).

Corollary 3.2. Let X be a B-convex Banach space and let a € N. If f € U,~1LP(X)
with f(0) =0 and F(t) = fg f(s)Z then

> nHE®nY)| < 0.

nez

Proof. Since f € H},(X) and || f(n)|| = |n||F'(n)|| we can apply Corollary 3.1 for nj, = k®
to the function f. [

REFERENCES

[AS] J.M. Anderson, A.L. Shields, Coefficient multipliers on Bloch functions, Trans. Amer. Math. Soc.
224 (1976), 256-265.
[BL] J. Bergh and J. Lofstrom, Interpolation spaces. An introduction, Springer-Verlag, Berlin and New

York, 1973.

[B1] O. Blasco, Boundary values of functions in vector-valued Hardy spaces and geometry of Banach
spaces, J. Funct. Anal. 78 (1988), 346-364.

[B2] O. Blasco, A note on vector-valued Hardy and Paley inequalities, Proc. Amer. Math. Soc. 115

(3) (1992), 787-790.

[BP] O. Blasco and A. Pelczynski, Theorems of Hardy and Paley for vector valued analytic functions
and related classes of Banach spaces, Trans. Amer. Math. Soc. 323 (1991), 335-367.

[BX] O. Blasco and Q. Xu, Interpolation between vector valued Hardy spaces, J. Funct. Anal. 102
(1991), 331-359.

[Bol] J. Bourgain, Vector valued singular integrals and the H' — BMO duality, Probability theory and
Harmonic Analysis, (J-A. Chao and W.A. Woyczynski, eds), Marcel Decker, New York and Basel.

[Bo2] J. Bourgain, A Hausdorff-Young inequality for B-convexr spaces, Pacific J. Math. 101 (1982),
255-262.

[Bo3] J. Bourgain, Vector-valued Hausdorff-Young inequality and applications, Geometric Aspects in
Functional Analysis, Israel Seminar (GAFA) 1986-87. Lecture Notes in Math..

[BuD] A Bukhvalov and A. Danilevich, Boundary properties of analytic and harmonic functions with
values in Banach space, Mat. Zematki 31 (1982), 203-214.

[CW] R.R. Coifman, G. Weiss, Extension of Hardy spaces and their use in Analysis, Bull. Amer. Math.
Soc. 83 (1977), 569-645.

[Du] P. Duren, Theory of Hp-spaces, Academic Press, New York, 1970.

[D] K. M. Dyakonov, Generalized Hardy inequalities and pseudocontinuable functions, Ark. Mat. 34
(1996), 231-244.

[F] T.M. Flett, On the rate of growth of mean values of holomorphic and harmonic functions, Proc.
London Math. Soc. 20 (1970), 749-768.

[GR] J. Garcia-Cuerva and J.L. Rubio de Francia, Weigthed norm inequalities and related topics,

North-Holland, Amsterdam, 1985.

[GKT] J. Garcia-Cuerva, K.S. Kazarian, V.I. Kolyada, and J.L. Torrea, Vector-valued Hausdorff-Young
inequalilty and applications, Russian Math. Surveys 53 (1998), 435-513.

[G] J. B. Garnett, Bounded analytic functions, Academic Press, New York, 1981.



(Zy]

O. BLASCO

G.H. Hardy, J.E. Littlewood, Some properties of fractional integrals II, Math. Z. 34 (1932),
403-439.

H. Konig, On the Fourier coeficcients of vector-valued functions, Math. Nachr. 152 (1991),
213-227.

J. Lindenstrauss, L Tzafriri, Classical Banach spaces II, Springer Verlag, New York, 1979.

J.E. Littlewood, Lectures on the theory of functions, Oxford Univ. Press., London, 1944.

J.E. Littlewood and R.E.A.C. Paley, Theorems on Fourier series and power series (II), Proc.
London Math. Soc. 42 (1936), 52-89.

F. Lust-Piquard and G. Pisier, Non commutative Khinchine and Paley inequalities, Ark. Mat.
29 (1991), 241-260.

B. Maurey, G Pisier, Séries de variables aléatories vectorielles indépendentes et proprietés géométriques
des espaces de Banach, Studia Math. 58 (1976), 45-90.

R.E.A.C. Paley, On the lacunary coefficients of power series, Ann. Math. 34 (1933), 615-616.
J.Peetre, Sur la transformation de Fourier des fonctions a valeurs vectorielles, Rend. Sem. Mat.
Univ. Padova 42 (1969), 15-46.

G. Pisier, Les inégalités de Khinchine-Kahane d’aprés C. Borel, Exposé VII, Ecole Polytechnique,
Centre de Matematiques., Séminaire sur le Géometrie des espaces de Banach (1977-1978).

J.L. Rubio de Francia, F. Ruiz and J.L. Torrea, Calderdén-Zygmund theory for vector-valued
functions, Adv. in Math. 62 (1986), 7-48.

W.T. Sledd, D.A: Stegenga, An H' multiplier theorem, Ark. Mat. 19 (1981.), 265-270.

S.J. Szarek, T. Wolniewicz., A proof of Fefferman’s theorem on multipliers., Inst. of Math. Polish
Acad. Sci., Preprint 209. Warszawa (1980.).

V.I. Tarieladze, Vector-valued Fourier series and sample continuity of Random processes, Proba-
bility Theory on vector spaces IV. Lecture Notes in Math. 1391 (1989), 375-387, Springer Verlag.
A. Zygmund, Trigonometric series, Cambrigde Univ. Press., New York, 1959.

OsCAR BLASCO. DEPARTAMENTO DE ANALISIS MATEMATICO, UNIVERSIDAD DE VALENCIA, 46100 BUR-
JASSOT (VALENCIA), SPAIN.

E-mail: Oscar.BlascoQuv.es



