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Abstract

Let 2 < p < oo and let X be a complex Banach space. It is shown
that X is p-uniformly PL-convex if and only if there exists A > 0
such that |1y > (LFOF + A fo (0~ 2211 f2) PdA(2) 7,
for all f € HP(X). Applications to embeddings between vector-valued
BMOA spaces defined via Poisson integral or Carleson measures are
provided.
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1 Introduction

Throughout the paper X will always be a complex Banach space, dA(z) =
%rd’rd@ stands for the normalized Lebesgue measure in the unit disc D,
we write M,(r, f) = (& 027r | (re)||Pdt)/? for 1 < p < oo and HP(X)
stands for the space of analytic functions in D with values in X such that
SUPg<yc1 Mp(r, f) < 00.

When extending the notions of modulus of convexity to complex Banach
spaces, different complex convexities have been considered in the literature.
Recall the following moduli: If 1 < p < oo

HZ(e) = inf{St;p lz + eyl =1+ |zl = 1, [lyll = e}, (1.1)
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‘ 1 2 ;
HY (€) = mf{(g/ﬂ |l + ePylPdo)” =1 || = 1, [ly| = ¢}, (1.2)

A complex Banach space is called uniformly C-convex (see [10]), also
called uniformly H*-convex (see [8]), if HX (¢) > 0 for all ¢ > 0 and uniformly
PL-convex (see [8]) if H*(¢) > 0 for all € > 0

It is known that H;X(e) > 0 for all € > 0 if and only if HZ (¢) > 0 for all
€ > 0. Actually (see [9]) there exists A > 0 such that

A(H(€)* < H' (e) < H (o).

When these moduli are of power type we have the following notions: A
Banach space X is said to be p-uniformly C-convex (p > 2) (see [10]) there
is a positive constant A such that

. 1/p
max [l + e%yl| > (Jla]” + Alyll”) (1.3)

for all z,y € X.
X is called p-uniformly PL-convex (see [8]) if there is a positive constant
A such that

1 2m )
o |l ylPdo = el + M (1.4
0

for all z,y € X for some constant A > 0. We write [,(X) for the largest
possible value of .

It is known that, for each fixed p, these notions are equivalent (see [11]).

It is not difficult to see that X is p-uniformly P L-convex if and only if X
has modulus of PL-convexity of power type p, i.e. there exists 6 > 0 such
that HX(e) > de? for € > 0 (see the argument in Proposition 2.2 for a proof).

Let us also mention that if X is p-uniformly P L-convex then also LP(2, X)
has the same property (see [8]).

Another complex convexity, introduced in [15], is the following: A Banach
space X is said to be uniformly H,-convex if hff () > 0 for all € > 0 where

by (€) = nf{[[flmnce) = 12 [FO) = L I1f = FO) |y > e} (1.5)

Since HX(e) > h)\(e), any uniformly H,-convex space is also uniformly
P L-convex.



A Banach space X is called p-uniformly H,-convex (see [14, 12, 16, 17])
if there is a positive constant \ such that

1/p
£y > (LFOIP + M = FO) ) (1.6)

for all f € H?(X). We denote by J,(X) the largest possible value of .

Of course, if X is p-uniformly Hp-convex then X is p-uniformly P L-convex
and J,(X) < I,(X).

Vector-valued versions of Littlewood-Paley theory have been considered
by several authors and several reasons. Let us mention the notion we shall
be using in this paper.

Let 2 < p < co0. A complex Banach space is said to have analytic Lusin
cotype p (see [17]) (called also property (H), in [1]) if there exist C' > 0 such
that

(/D(1 — 2P ()IPAAE) T < Cl iy (1.7)

for all X-valued polynomials f. For the use of this property and related ones
we refer the reader to [1, 2, 3, 4, 5, 6, 17].

It is known that analytic Lusin cotype p implies cotype p (see [1]). A
remarkable fact, proved by Q. Xu, is its connection with complex convexity.

Theorem 1.1 (see [17] ,Theorem 5.1)
(i) If X is p-uniformly HP-convex then X has analytic Lusin cotype p.
(i) If X has analytic Lusin cotype p then X can be renormed to have an
equivalent p-uniformly P L-convex norm.

It was conjectured there that actually analytic Lusin cotype p should
coincide with p-uniformly HP-convexity.

Our Corollary 2.4 establishes that this is not the case, actually we show
that if X has a p-uniformly PL-convex norm then X has analytic Lusin
cotype .

It should be pointed out that while Xu’s arguments are based upon some
martingale estimates, our proof of the converse of (ii) is mainly based upon
subharmonic functions. In our arguments Riesz measures of the subharmonic
functions ||f||” where f : D — X are analytic play an important role. The
reader is referred to the recent paper by G. Blower and T. Ransford (see [7])



for the use of Riesz measures to determine the g-uniform PL-convexity of the
spaces.

Let us now introduce a new modulus of complex convexity that we need
for our proof.

Definition 1.2 Let X be a complex Banach space and let 2 < p < co. We
define

Ay (&) = mf{| flmee) = 1+ [FOf =1, ([D(l — |22 £ (2)|PdA()) T > €,

Of course there exists C' > 0 such that H(e) > Ay (Ce) for all e > 0.

Our main theorem establishes that A;( is of power type p if and only if
the same happens to Hlf(. As a simple consequence we get that p-uniformly
P L-convex spaces do have analytic Lusin cotype p.

The paper is divided into two sections. The main theorem and its proof
is done in section 2 while the last section is devoted to get some applications.
It is shown that if X is a p-uniformly P L-convex space then HP(X) satisfies
certain lacunary p-lower estimates (in the sense introduced by G. Pisier in
[12]) and also that for 2-uniformly P L-convex spaces we have the embedding
between vector-valued BMOA spaces defined by Carleson measures and the
one defined by the condition sup,.p P(]| f||*)(z) — || f(2)|* < oc.

2 The main theorem

Let us start by characterizing p-uniformly PL-convex spaces in terms of
vector valued Hardy spaces.

Proposition 2.1 Let X be a complex Banach space and 2 < p < oo. The
following are equivalent.

(i) X is p-uniformly PL-convez.

(ii) There ezists a constant ¢ > 0 such that

1/p
)

I ll=c = (IFO)F + clF©)]) (2.1)

for all f € H*(X).



(iii) There exists a constant ¢ > 0 such that

1/p
)

vy > (17O + el £ ©)]7) (22)

for all f € HP(X).

Proof. (i)=(ii). Let ||f||g~x) =1 and ¢ € X*, [|¢| = 1. By Schwarz’
lemma,

6(f(0)] < 1= [o(f(0))* <2(1 = |o(£(0))))-
Hence for all 6

[0 (f(0) +€f(0)/2)| <1o(f(0))| + (1/2)|o(f'(0))] <1,

and, therefore ||f(0) + ¢ f'(0)/2|| < 1.

Now since X is p-uniformly P L-convex we get (i) with ¢ = [,,(X)/2P.

(ii)=-(i). It is obvious that (ii) implies that X is p-uniformly C-convex.
Hence also p-uniformly P L-convex using [11].

(i)=-(iii) Assume that f € HP(X) and define the analytic function g :
D+ LP(OD, X) =:Y by g(2)(e?) = f(2¢") (2 € D). Then g € H*(LF(X))
and [|g||gee(ze(x)) = || f|lar(x). Hence we get (iii) with ¢ = I,(LP(X))/2P.

(iii)=-(i). This is obvious. m

Let us now present an equivalent formulation for the modulus Aff to be
of power type p.

Proposition 2.2 Let X be complex Banach space and 2 < p < oco. The

following are equivalent.
(i) There exists A > 0 such that

o = (IO +A [ 1= PP P EIPaAE) ", @3

for all f € HP(X).
(i1) There exists 6 > 0 such that AX(e) > de? for all € > 0.

Proof. Assume (i). For each function f € HP(X) such that || f(0)|| =1 and
Jo(1 =227 f'(2)||PdA(z) > € we have

F Iz =1 > (14 A7 = 1> (A/p)e.
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Hence AX(€) > (A/p)e”.
On the other hand if AX(e) > de” for € > 0 then for any = € X \ {0} one
has
f

1AWl 0y = 10N = Hf(O)H(HmHHp(X) -1)

> 5 £ / (L= |2 ()P dA2)).

D

This shows that

Il = 11+ [ (1~ |z|%p*%cm<z»

> ([IFO)[]” + 5/@(1 — 2P (2)IPAA(2)) P
]

This shows that if A (e) > de” for some § > 0 then X is p-uniformly
PL-convex. Our main result establishes that the converse is also true.

Theorem 2.3 Let 2 < p < oco. The following are equivalent.
(i) X is p-uniformly PL-conver.
(ii) There ezists a constant C' > 0 such that for each r < %

/ P(1 — |z|2)P ¢ w
PGP~ 1ePY < Gy [ dutw)

where dy is the Riesz measure of the subharmonic function || f||P (see [153])and
D,(z) denotes the ball centred at z and radius r for the pseudo-hyperbolic
distance d(w, z) = |¢.(w)| = |F==|.

(i1i) There exists A > 0 such that

I£lmco = (IO +3 [ 1= LR ElPaaE) ™
D
for all f € HP(X).

Proof. (i) = (ii) Let us fix 0 < r < 1. If u is an arbitrary subharmonic
function on D then (Poisson—Jensen) formula states that

1 2 ) 1
u(re®) df — u(0) = — / log T
2m

|w|<r ‘w‘

dp(w).

27 Jo



where p stands for the Riesz measure associated to the subharmonic function
u (see [13]).
Applying this to u(z) = ||f(2)||” and using (2.2) in Proposition 2.1 for
the function f,.(z) = f(rz) we get

p p l L
PO <5 [ s ) (2.4
Applying (2.4) to f(¢e(w)) for ¢e(w) = 5—5 we obtain
P(1 _ |£]2)P p l 1 " d
PO YIS <5 [ et @5)
On the other hand || f'(0)[|” < 5 ol <r | f/(w)]|PdA(w), which implies

=PI < 55 [ 1ot S o Paacw)
1

< ey O KR @A)

Now using (2.5) together with the previous estimate we obtain that again

2\p p l 1 o w dA(f)
1= EFIFGI T T 1r2>p2/ e >\d“<dj(g—\s|2>2
= Ay /Dﬂz)(/w 8 Jou@)] (1 1 )
< =
— A

1 r dA() w
(I 2 /M)(/SKJ B gl = jepye )

: r _dA(§) r? 1 _ r2
Using now that f\§|<r logm EELE < e fl§\<1 logmdA(g) = s We
get (ii) with C' = -

(il) = (iii) Fixr = i and let f € HP(X). Integrating and applying Fubini
we get

Lir@ra-prytaacy <o [(f @l aae)due)
D D JDyo(w




Since fDl/Q(w)(l — |2]*)71dA(z) < C(1 —|wl|), we get

[1r@ira -t aac) <o [ ool duw)

D

<c / log — dp(w)
D w]
T

= (C'lim / log — du(w)

r—1 Jw|<r |w|

2w
= ctin (5 [ 1o - o)

r—1
(iii) = (i) This is obvious. =

Corollary 2.4 Let 2 < p < oo. Then X has analytic Lusin cotype p if
and only if X has an equivalent norm with respect to which it is p-uniformly
PL-convez.

Proof. Theorem 2.3 gives one implication and the other corresponds to
Theorem 5.1(ii) in [17] . =

Corollary 2.5 Letp> 2,1 < g <p and let X be a p-uniformly PL-convex
space. If f € HY(X), then

/0 My (r, )Y (1= 1P dr < C (1 oy = IFOIF) . (26)

Proof. The space Y = L%(0D, X) is p-uniformly P L-convex. Applying
Theorem 2.3 to the function g(2)(e?) = f(e2) we get the result. m

It should be noted that inequality (2.6) contains, besides the Littlewood—
Paley inequality, the inequality of Hardy and Littlewood,

/0 (M, /)Y (L= rydr < C (IFIE — 1FO)F) (1<q<2),

which holds for scalar-valued HY-functions.
Theorem 2.3 can be generalized, with the same proof, to obtain the fol-
lowing.

Theorem 2.6 Suppose that X is p-uniformly PL-convex and that p < q <
oo. If f € HY(X) then

/Dl\f’(Z)Hpr(Z)H”(l = 2171 dA(2) < C (Ifllgx = IFO))) -



3 Applications

Let us recall the following notion introduced by Pisier in [12] and closely
related to p-uniform convexity.

Let p > 2 and X be a complex Banach space. We say that HP(.X) satisfies
a radial lower p-estimate if there exist 6 > 0 and C' > 1 such that for all
increasing sequences 0 < 19 < r; < ... < ... < 1 and for all f in HP(X) we
have

(L fro o) + 52 1fr = Fruc W) < Cl oy (3.1)

It was shown in [12] that if X is p-uniformly convex then H?(X) satisfies
a radial lower p-estimate with constant 1.

We say that H?(X) satisfies a lacunary lower p-estimate (see [4]) if the
previous estimate holds only for r, =1 — 27",

Now we can prove the following counterpart for p-uniformly P L-spaces.

Theorem 3.1 If X is p-uniformly PL-convex then HP(X) satisfies a lacu-
nary lower p-estimate with constant 1.

Proof. Let 1, =1 — 27" and let f be a function in H?(X). Since f, (e") —
fr (") = f;”ﬁl f'(se™)ds we have

I fr = frni ||l Er(x / M,(f',s)ds < (rn—1rpn-1) 1/P / Mp (f, )ds)l/p_

Hence, due to the equality r,, — r,,_1 = 1 — 1, we obtain

ZMMWM%W<Z/ (1= sy M2 (S, 5)ds.
n=0 Tn—1

Therefore

> dA

> e = Frni o) < (1= )P~ f (w)lP lw) (32)
w

n=0

o[ >7o w]

Now Theorem 2.3 leads to
_ 1
(@I + 2 [ (1= Lol DI @)PdAw) ™ < |l
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for some A > 0.
Composing with the Mobious transform ¢.(w) = 2=

(P [ (@ = Py st Pie )P dAw) <

1

<G [ e

The change of variable e = ¢_(e) (hence dt = P.(e"?)df ) and the fact
2 .
6 )| = LB

£ (re™) " + A/D(l — [P (@) [P P (w)dA(w) <

1 2 0 ]
<G [ PPl
Hence

1—1?

s+ (1= PP )P s dAG) < iy 33)

lro

Combining (3.2) and (3.3) and noticing that - T >

we obtain

for |w] > 7y

1+2

1+r0

||froH X) + >‘ Z Hf?"n f?"n 1||HP(X) S ||f||§{p(X)

Now the fact that rq + % > 2 gives the result with 6 = 2\. =

Let us now apply the result to some get some embeddings between dif-
ferent vector valued BMOA spaces.

A X-valued analytic function f € H'(T, X) is said to belong to BMOA(X)
if

sup = [ £ — F(2) PPt < oo (3.4)

where P,(w) = Sy

10



o Lo .
ThenormlsglvenbyHfHHl(X)—l—sup(%/ £ (€)= F(2) |2 P.(e)dt) 2.

|z|<1 0
A X-valued analytic function f is said to belong to BMOA¢(X) (see [3]
)if

sup /D(l = [w) £ (w)|* Po(w)dA(w) < oo (3.5)

|z|<1

The norm is given by || f(0)|| + sup(/(l —wP)|| £ (w)||?P.(w)dA(w)) /2.
|z]<1 JD

It is known that if BMOA(X) C BMOA:(X) then X has cotype 2 (see
3])

Recall that in the scalar case we have

L7156 = )PPt = PUSR)(E) — |£(2)P

27 Jo

Using this, we still can define another BMOA space.
A X-valued analytic function f is said to belong to BMOAp(X) if

sup P([Lf1%)(2) = I f(2)II* < o0 (3.6)

|z|<1

The norm is given by || £(0)]| + sup (P(||f]|*)(z) — Hf(Z)HQ)l/Q

|z]<1

Theorem 3.2 If X is 2-uniformly PL-convex space then the natural inclu-
sion map from BMOAp(X) into BMOAc(X) is bounded.

Proof. Using Theorem 2.3 we have that

(I +2 [ (= Pl @A) < 17l

for all function f € H*(X).

Composing with the Moebius transform ¢.(w) = == we get

(@A [ a-luP s @.)IPlow)Faaw) ™ < = [ 1. P

The change of variable ¥ = ¢ (e?) gives dt = P.(e")df and also |¢’(w)| =
1—|¢=(w)|?

W - We obtain

11



(@I [ =Pl @) Pawidaw) < (-

1

2T ' |
27r/0 £ (e)]1? P.()d)"/>

This gives the desired estimate of norms || f|| srroa, < %HfHBMOAP. [
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