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ABSTRACT. We characterize the space of multipliers between certain weighted Besov
spaces of analytic functions. This extend and give a new proof of a result of Woj-
taszczyk about multipliers between Bergman spaces.

INTRODUCTION.

P. Wojtaszczyk [W], using certain factorization theorems due to Maurey and
Grothendieck, proved the following results:

Leta>0,0<p§2§q<ooand%:%f%.
(0.1) (By, Bp) = {Mn:  sup (K7Y"IN\|) el”}
on <f<2n+1
(0.2) (Xo,Bp) ={An: sup (ka_l/p|)\k|) e l?}
on<f<ontl

where B, and X, stand for the spaces

B, ={f: D — C analytic : (/ |f(z)|pda(z)) e < oo} and
D

Xo ={f: D — Canalytic : |f(z)] = O(m)}

The main objective of this paper is to extend such results to a much more general
situation of general weighted Bergman and Besov spaces. We shall present a proof
based simply on Kintchine’s inequality for the analogue to (0.1) and then we shall
use the previous case combined with some duality arguments to get the analogue
to (0.2).
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Given be a nondecreasing function on (0, 1), say p, such that @ € Ll((O, 1)),
we denote by B,(p) , 0 < p < oo, the space of analytic function f on the unit disc
such that )

1510 = ([ =D sypao(z)) 7 < o
p (1—1z)

For certain weights the spaces B, (p) have been extensively studied in the litera-
ture. They can be regarded as extensions of the classical Bergman spaces (p(t) = t).
Although the condition appearing in the case p = 1 and p(t) = t1/a=1 for ¢ < 1
goes back to the work of Hardy and Littlewood (see [HL1, Theorem 3.1], the cor-
responding spaces were first studied as Banach spaces by P. Duren, B.W. Romberg
and A.L. Shield in [DRS] and by A.L. Shields and D.L. Williams [SW] for certain
weights. Later J. Shapiro [Sh| considered the spaces, denoted by AP, and called
weighted Bergman spaces, for 0 < p < oo and p(t) = t**1

The extension of (0.1) and (0.2) for weighted Bergman spaces can be achieved
from similar arguments as those used by Wojtaszczyk, as it was pointed out in
[W], when we deal with weights of the type considered in [SW]. In fact they can
be obtained, as we shall prove, not only for these weights but for bit more general
weights, defined by Janson [J], under Dini and b, condition (see definitions below).

In [B1] the author gave a procedure to characterize multipliers acting on B, (p)
when 0 < p < 1 and p verifies the previous conditions (see [B1, section 3]). Here
we shall complete the cases when 2 < p < 0o, and not only for weighted Bergman
spaces but for weighted Besov classes of analytic functions.

For 0 < p < 00, 0 < g < o0, we denote by H(p,q,p) the spaces formed by
analytic functions on the unit disc D satisfying

1 f—
1fllp.q.0 = (/0 p(%:)M{f(f’ T)dr)l/q < 00,

1

and by HJ the spaces of analytic functions such that

p(l—r)

My(f,r) = 0=

(r—1).

The definition of these classes for the particular case of p(t) = t*, goes back
to Hardy and Littlewood (see [HL1] [HL2]) and they were extensively studied for
different reasons and by different authors (see [F1, F2, M, MP1, MP2, S)]).

Given two sequence spaces X,Y we denote by (X,Y) the space of multipliers
from X to Y, that is (X,Y) = {(\n) : (Anayn) €Y for every (a,) € X}.

We identify H(p,q, p) and HP with sequence spaces by associating with each
analytic function the sequence of its Taylor coefficients. Hence A\ will stand for
either the sequence (),,) or the function A(z) = > 77  A,2".

Theorem 1. Let 0 < po < 2 < p; < 00,0 < q1,92 < 00, and py, p2 weight
functions verifying Dini and b,, and b,, respectively for some o, > 0. Let

T min(qi,q2) Q1

(H(phqlapl)vH(p27QQ7p2)) = {An : sup (pQ(kil)l/(Mpl(kil)il/ql|)\k|) S ZT}

2n§k<2n+1
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Theorem 2. Let2 <p; <o0,1<ps <2,1< ge < oo and py, pa weight functions
verifying Dini and b; and b,, respectively for some oy > 0. Then

(H,fll,H(m,qQ,pz)) =t sup  (kpa(B7Y)Y92p (K71 | \e]) € 192},

2n <k<2nt1

The reader is referred to [B2] for these and more results about multipliers when
p(t) =t

The key point for these results is that for p > 2 multipliers on H (p, q, p) depend
on those on H (2, q, p) and this space is isomorphic to [(2, ¢) which makes them very
easy to deal with.Then some duality arguments allow us to get Theorem 2 from
Theorem 1.

Throughout the paper all functions f will be analytic on the unit disc and
M,(f,r) stands for ( O% |f(rei9)|p%)l/p. A weight function p will be a nonde-
creasing function on (0, 1) with p(0") = 0 such that o) ¢ g1 ((0,1)) and C will be

t
a numerical constant not necessarily the same in each instance.

§1. DEFINITIONS AND LEMMAS.

There are several types of weight functions that have been considered to extend
those results valid for p(t) = ¢t to more general situations (see [SW, BS, BTS,
MP2, J]). We shall be dealing with conditions considered in [J], which cover the
other cases and have been found adequated to many other situations.

Definition 1. A weight function will be a non negative non-decreasing function
on (0,1) such that p(t)/t € L'((0,1)). p is said to be a Dini-weight if

(1.1) /OS @dt < Cp(s)

Given 0 < a < 00, p is said to be a b,-weight, p € by, if

02 [ 10 <o

ta—i—l s

Remark 1. The main example of a Dini-weight p such that p € by for any € > 0
is

e
p(t) = Co,pt* (log )"

Remark 2. It is not difficult to see that if p € b, for some a > 0, then the Dini
condition is equivalent to

5ot
(1.1) / %)dt —0(p(s)) (s —0)
0
It is clear that b, condition can be written

(1.2) /1 ) gy o PL5)

totl s’

which implies that there is a constant C' < 1 such that
1
(1.3) Cp(2s) < pl(s) < p(25)  (0<s <)

Let us include now some results on weights to be used later on.
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Lemma 1. Let p be a Dini weight such that p € b,,. Then

oo

(1.4) p(27") € 1" and Z p(27")=0(p(27™)) (n— o)

m=n

1 —-T
(1.5) /0 ”((11_ r)) P = O(p(%)) (n—o0)  (see [Bl, Lemma 1.1])

Proof. Note that from (1.3)
1—2—(n+1)

p(27") = /1_2_n Mdr.

1—r

Therefore p(2=") € I* follows from @ € L'((0,1)) and

g p(27™) & /1 PL=T) o /0 %t)dt —0(p(2™™). O

N B
m=n -2 r

Definition 2. Let 0 < p < 00, 0 < ¢ < oo and p a weight function. H(p,q, p) will
denote the space of analytic functions on the unit disc D satisfying

1/

1
p(l—r) 1/
pap = (/0 - Mp(f, r)dr) " < oo,

Let p be a weight function with inf% > 0. HJ will denote the space of
analytic functions on the unit disc D satisfying

(s =021

We define the norm by

1 £llp.p = inf{C : My(f,7) < cp(ll__r’"),o <r<1}.

Definition 3. Let 0 < p < 00,0 < g < 00 and 7 = () a sequence of positive real
numbers. Denote by I, = {k € N:2"~! <k < 2"} and Iy = {0}.

1(p.g.7) = {(an) € C: (@)l = (D Janl?)77,) " < o0}

n kel,

We denote by I(p, ¢), with the obvious modification for ¢ = oo, the case where
Yo =1 for all n € N.
Let us recall a very useful example of multipliers to be used later on.
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Lemma 2. ([K]) Let 0 < p1,q1,p2,q2 < 0o Then

(Z(Pl,m),l(pz,%)) =1(p,q)

wheret = —21 L gpgl—-_1 __ L
D min(p1,p2) D1 q min(qi1,q2) q1

Note that Plancherel’s theorem implies

Hf||2,2,p = (/1 % i |an|27“2"dr>1/2
(St [ D) (S )
n=0

Hence, for p verifying (1.3), we have
(1.6) H(2,2,p) ={An: X €1(2,2,p(27™)}

To extend this to other values of 0 < ¢ < oo (see [MP1, S] for the case p(t) = t%)
we shall use the following lemma.

Lemma 3. Let 0 < ¢ < o0, p a Dini weight with p € b, for some o > 0 and
ay, > 0.Then

[ DS = 35S it

n=0 n=0 keI,
Proof.
(n+1)
p(l—r7) ) 1=2- p(l—r) o
T E a,r™)ddr = g P g a,r™)4dr
—r —r
0 n=0 n=0
1—o—(n+1)

S
kel,,
>0 (Y e,

n=0 keI,

Let us now show the converse inequality. Assume first 0 < ¢ < 1.

[ APy [P e

0

n=0 keI,
S/ p(1— T)(Z(Z o)1 =) dy
o 1l-=r n=0 kel,
! p(1—7) 2" —1
SZ Zak / T P2 =Dagy
n=0 kcl, 0 -r
<C Z > )27

n=0 keI,



6 OSCAR BLASCO

where the last inequality follows from (1.5).
Let us then asumme g > 1.

p(l—r) -2 p(l —7) &
q — ny\q
/O S Zan dr — Z/ - (T;oznr)dr
[e’) 1 2*(ﬂ+1) n
p(l—r)
<cz/12_ﬂ O S )
n=0 - m=0kel,,

) 1—o—(n+1) ,0(]. 7‘) [eS)
- 2m—1ya

we [ EEECY (S e
n=0 m=n+1 ke&l,,

=)+ (II).

In order to estimate (I) note that for any sequence 5, > 0 we have
(1.7) SO Bm)ip@) <CY Bip2"
n=0 m=0 n=0

Indeed, put Yp41 =Y o Bm, 70 =0 and p(A) =3 ., p(27"), then

S Ba)iol2- —q/ooox\q‘lu({n:Zﬁm>>\})d/\

n=0 m=0
HJZ/%HXJ (k- Zﬂm>)\}
m=0
fCZ(Z ﬂm)q ! ZP '7n+1 'Yn)
n=0 m=0 m=n

n

<CY (D Bm) Bap(27)

n=0 m=0

_C(i(zﬂ: Bm)p(2” )l/q (Zﬁ 2™ )

n=0 m=0

This gives (1.7), what allows us to get by writing 3, = >, ax

<CZZZ 2”<OZZ 27").

n=0m=0 kel,, n=0 keI,
In order to estimate (II), first observe that for any /3, > 0

Z er2m 1 S Z 2—maﬁq i 2mo¢(q’—1)r(2m71)q’)f1_1

m=n+1 m=n+1 m:nJrl
[e%S) 9]
’ ’ p—
—ma Qq alqg'—1)—1,mq" \4 1
<c( Y] 2mepg)( Y] meldmhtmd
m=n+1 m=2"n

Z 92— maﬂq )

m=n+1
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Hence

1—o—(n+1)

(1- > m—1
II <CZ/ T':)( Z (Z ng)TQ )qdr
m=n+1 kel,,
1_2*(”4’1)

C - — —ma q p(l - ’I") d
= nz:%(m:zn:ﬂz (kezl: o) )/1—2*" (1 —r)atl :

[e's) _2— (n+1) 1 . 7")
§CZ(Zakq2—maZ/ 717 )a+1dr

m=0 kel,,

oo 1—2~(m+1)

ma p(l—r)

- z:: k; oz /0 (1 —T)aﬂdr
<C Z > ap)ip2™™). O

m=0 ke&l,,

Corollary 1. Let 0 < ¢ < 00, p a Dini weight, p € b, and f(z) = Y .0 | an2".
Then
f € H(2,q,p) if and only if a, € l(2,q,p(2*”)).

Corollary 2. Let 1 < g < o0, % + % =1, p a Dini weight and p € b,. Then

(H(Z,qm))* =H(2,q,p).

under the duality pair < f,g >= > anl_)np(%).
Remark 3. For other values of 1 < p < oo using (1.5)

= p(l—r)
;anb'rnp(nil) ~ A 1_r Z anb nr
27
p(l—r i ey At
= [ [T setgtrety &
0
1
1—7r
<o %Mp(ﬁ )My (g, r)dr
< Clfllpapllgllpao-
This shows that for 1 <p<ocoand 1 < ¢ < o0
(1.8) H@p'.q',p) C (H(p,q,p)) :
Actually for the case 1 < p < oo it can be shown that H(p’,¢, p) is the dual of
H(p,q,p). Altough we shall not need the duality result the reader is referred to [S]

for a proof that can be easily extended to the weighted case.
Let us finally mention the duality for the case ¢ = 1.
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Theorem A. (See [BS, Theorem 3.2]. Let 1 < p < oo and p a Dini weight such
that p € by. Then

(H(p.10)) = 8]
under the pairing < f,g >o=lim,—1 Y oo o(n+ 1) tayb,r™.

Remark 4. This can be extended to weights having b, condition by means of frac-
tional derivatives (see [B2]).

§4 THE THEOREMS AND THEIR PROOFS.

Next result follows easily from Kintchine’s inequality.

Lemma 4. Let 0 < p,q < co. Let f(z) = Y o7 anz™. Let us denote by fi(z) =
>0 o Tn(t)ay,z™ where r,, are the Rademacher functions.

(2.1) ME(f,7) / MI(f,,7)

Proposition 1. Let 0 < p2 <2 < p; <00, 0 < q1,92 < oo and py, ps weight
functions. Then

((H(Pl,(h,/ol)vH(Pzﬂlz,ﬂz)) = ((H(QaQ1,P1),H(2»Q2,p2))~
Proof. Tt is immediate that
((H(QaQ1,P1)7H(2,Q2,P2)) C ((H(Pl,Q17P1)»H(P2»(I27P2))~
Take now A, € ((H(Phch,Pl)vH(pz,QQypz)) and f € H(p1,q1,p1). Denote by
(f*N)(2) =20 ganAnz"™ and (f * A)¢(2) = D07 ra(t)anAnz™ where ry(t) stand

for the Rademacher functions.
An application of (2.1) and Fubini’s Theorem give

1 — J—
/MM?(]“*A,r)drgO/ p21 ! / M ((f * A)y,r)dt dr
0 —-Tr
—C 02(LT) s s () ) de
1—7r Pz((f* )t7r) T

<c/ / 1_r)Mql(ft,r)dr)%/mdt:A

Now if g2 < ¢ then from Fubini and (2.1) again

a<( //pll_r M2 (f,, )drdt)q2/ql
< (/0 %/0 Mgll(ft,'f')dt dr)q2/q1
o [ g )
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If go > ¢1 put s = q—j and apply duality

\h\lsf 1 / /p1 Mql(ft,r)dr)h(t)dt)qz/“
- : ( pr(l—r7) q2/q
il / /Mq () = ar)
= (/01 (/01 Mgf(ft,T)dt)ql/qu(lf_:)dr)qz/ql

gc(/ol%M%(f,) )qz/‘“. 0

Theorem 1. Let 0 < p; <2 < p; <00, 0 < q1,92 < 00, and py, p2 weight
functions verifying Dini and b,, and b,, respectively for some ay,ae > 0. Let

1_ ; — L. Then
r min(q1,q92) @

(H(pLQhPl),H(pz,Q2,P2)) ={A\n: sup (Pz(k_l)l/qul(k_l)_l/ql|)\k|) el}.

2n<k<antl
Proof. Using Proposition 1 and Corollary 1 we simply have to find
(l(QaQ1,P1(27n)),l(27(12,P2(27n)))-
Note that (A,) € (l(2,q17p1(2_”)),l(2,q2,p2(2_”))) is equivalent to

pa(n ™) Aupr (07 T € (12, 1), U2, 2) ).

Hence the proof is completed by invoking Lemma 2. [

Lemma 5. (see [B1, Lemma 5.1 and 5.2]) Let p be a Dini weight and p(t) € b,
for some o > 0. Let (ay,) > 0. Then

Z apr™ = 1(17;;)) if and only if Z n"%a, =0(p(27")).

mel,

Theorem 2. Let2 <p; <o0,1<ps <2,1< ge < oo and py, pa weight functions
verifying Dini and b; and b, respectively for some oy > 0. Then

(Hﬁf,H(pz,qz,pz)) ={n: sup  (kpa(K7H)MY92p (K71 |\e]) € 192},

2n <k<2ntl

Proof. It is clear that (Hgl,H(Q,qQ,pz)) (le H(pg,l]g,pg)).

p1?
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Let (\p) € (le H(p2, qg,pg)). It is not hard to see from duality (see (1.8) and

P17

Theorem A) that then

(0 + DAupa(n ™) € (H(phyahp2), H(h, 1, 01) )

Using Proposition 1 and duality again this implies (\,) € <H2 H(Z,qg,pg)),

P1?

which, from Corollary 1 and Lemma 5, is equivalent to

po(n™ )M X () (1) € (12,000, 12 a0)).

The proof is again finished from invoking Lemma 2. [

[AS]
[BST]
(B1]

(B2]
(BS]

[BIS]

(D]
[DS1]

[DS2]
[DRS]
[F1]
[F2]
[F3]
[HL1]
[HL2]
(K]
[J1]
(M]
[MP1]

[MP2]

REFERENCES

J.M. Anderson, A.L. Shields, Coefficient multipliers on Bloch functions, Trans. Amer.
Math. Soc. 224 (1976), 256-265.

G. Bennett, D.A. Stegenga, R.M. Timoney, Coefficients of Bloch and Lipschitz functions,
Illinois J. of Math. 25 (1981), 520-531.

O. Blasco, Operators on weighted Bergman spaces and applications, Duke Math. J. (to
appear).

O. Blasco, Multipliers on spaces of analytic functions (to appear).

O. Blasco, G.S. de Souza, Spaces of analytic functions on the disc where the growth of
M, (F,r) depends on a weight, J. Math. Anal. and Appl. 147 (1990), 580-598.

S. Bloom, G.S. de Souza, Atomic decomposition of generalized Lipschitz spaces, Illinois J.
Math. 33 (1989), 181-189.

P. Duren, Theory of Hp-spaces (1970), Academic Press, New York.

P. Duren, A.L. Shields, Coefficient multipliers of HP and BP spaces, Pacific J. Math. 32
(1970), 69-78.

P. Duren, A.L. Shields, Properties of HP (0 < p < 1) and its containing Banach space,
Trans. Amer. Math. Soc. 141 (1969), 255-262.

P.L. Duren, B.W. Romberg, A.L. Shields, Linear functionals on Hp-spaces with 0 < p < 1,
J. Reigne Angew. Math. 238 (1969), 32-60.

T.M. Flett, The dual of an inequality of Hardy and Littlewood and some related inequali-
ties, J. Math. Anal. and Appl. 38 (1972), 746-765.

T.M. Flett, Lipschitz spaces of functions on the circle and the disc, J. Math. Anal. and
Appl. 39 (1972), 125-158.

T.M. Flett, On the rate of growth of mean valeus of holomorphic and harmonic functions,
Proc. London Math. Soc. 20 (1970), 749-768.

G.H. Hardy, J.E. Littlewood, Some properties of fractional integrals II, Math. Z. 34 (1932),
403-439.

G.H. Hardy, J.E. Littlewood, Theorems concerning mean values of analytic or harmonic
Sfunctions, Quart. J. Math. 12 (1941), 221-256.

C. N. Kellogg, An extension of the Hausdorff-Young Theorem, Michigan. Math. J. 18
(1971), 121-127.

S. Janson, Generalization on Lipschitz spaces and applications to Hardy spaces and bounded
mean oscillation, Duke Math. J. 47 (1980), 959-982.

M. Marzuq, Linear functionals on some weighted Bergman spaces, Bull. Austral. Math.
Soc. 42 (1990), 417-425.

M. Mateljevic, M. Pavlovic, LP behaviour of power series with positive coefficients and
Hardy spaces, Proc. Amer. Math. Soc. 87 (1983), 309-316.

M. Mateljevic, M. Pavlovic, LP behaviour of the integral means of analytic functions,
Studia Math. 77 (1984), 219-237.



MULTIPLIERS ON WEIGHTED BESOV SPACES OF ANALYTIC FUNCTIONS 11

M] A. Matheson, A Multipliers theorem for analytic functions of slow mean growth, Proc.
Amer. Math. Soc. 77 (1979), 53-57.
[S] W. Sledd, Some results about spaces of analytic functions introduced by Hardy and Little-

wood, J. London Math. Soc. 2 (1974), 328-336.

[Sh]  J.H. Shapiro, Mackey topologies, reproducing kernels and diagonal maps on the Hardy and
Bergman spaces, Duke Math. J. 43 (1976), 187-202.

[SW] A.L.Shields, D.L. Williams, Bounded projections, duality and multipliers in spaces of an-
alytic functions, Trans. Amer. Math. Soc. 162, (1971), 287-302.

W] P. Wojtaszcyk, Multipliers into Bergman spaces and Nevalinna class, Canad. Math. Bull.
33 (1990), 151-161.

[Z] K. Zhu, Operator theory in function spaces, Marcel Dekker, Inc., New York, 1990.

DEPARTAMENTO DE MATEMATICAS, UNIVERSIDAD DE ZARAGOZA, 50009 ZARAGOZA, SPAIN.
Current address:
E-mail address: BlascoQcc.unizar.es



