MULTIPLIERS ON SPACES OF ANALYTIC FUNCTIONS

OscAR BLasco

ABSTRACT. In the paper we find, for certain values of the parameters, the spaces of
multipliers (H(p7 q, a),H(s,t,ﬂ)) and (H(p, q, a),ls), where H(p, q,a) denotes the
space of analytic functions on the unit disc such that (1 — r)*Mp(f,r) € LI( 1dfr .
As corollaries we recover some new results about multipliers on Bergman spaces and
Hardy spaces.

80. INTRODUCTION.

Given two sequence spaces X and Y, we denote by (X,Y) the space of multipliers
from X into Y, that is the space of sequences of complex numbers (\,,) such that
(Anap) €Y for (a,) € X.

When dealing with spaces of analytic functions defined on the open unit disc
D we associate to each analytic function f(z) = > o7 a,2" the corresponding
sequence of Taylor coefficients (a,). In this sense any space of analytic functions
is regarded as a sequence space and it makes sense to study multipliers acting on
different classes of spaces such as Hardy spaces, Bergman spaces and so on.

During the last decade lots of results were obtained (see [AS, BST, DS1, M, MP1,
MP2, S2, SW]). Recently the interest on similar questions has been renewed and
some new results on multipliers on Hardy and Bergman spaces have been achieved
(see [W, MP3, JP, MZ, V]).

The aim of this paper is to study spaces of multipliers acting on certain general
classes of analytic functions, denoted by H (p, ¢, «), which consists of functions on
the unit disc such that (fol(l — ) * T MA(f, r)dr)l/q < .

The definition of these classes goes back to the work of Hardy and Littlewood
(see [HL1,HL2]) and they were intensively studied for different reasons and by
several authors. The reader is referred to the papers [DRS, F1, F2, MP1, S1, Sh]
for information and properties on the spaces.

There are two different techniques used in the paper. On one hand the use of
a general theorem on operators acting on H(p,q,«) for 0 < p < 1 which allows
us to find (H(p,q7 a), H(s,hﬁ)) and (H(p, q, @), ls) for the cases 0 < p,q <1 and
1 <s,t <ooand also for 0 < p <1 < q although only for particular cases of s and
t. In particular we can get a proof of the recent theorem, due to M. Mateljevic and
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M. Pavlovic (see [MP3]), which says that (H', BMO) = Bloch and to realize that
this result still has an extension to the setting of H(p, ¢, ) spaces.

On the other hand, the use of Kintchine’s inequality allows us to see that mul-
tipliers on H(p, q, «) for values p > 2 depend in most cases on those for H(2, ¢, a),
being these spaces isomorphic to 1(2,¢q) (see definition below) and hence very easy
to deal with them. This will allow us, in particular, to extend an give simpler
proofs of the results on Bergman spaces B? (corresponding to H(p,p,1/p)) due to
P. Wojtaszczyk (see [W]).

The paper is divided into six sections. The first one has a preliminary character
and several general facts and properties on the spaces are shown. Sections 2 and
3 are devoted to the cases H(p,q, ) for values p = 2 and 0 < p < 1 respectively,
finding useful Littlewood-Paley type characterizations of the spaces and a general
theorem on operators acting on H(p,q,«) when 0 < p,q < 1. In Section 4 we

deal with multipliers (H (p,q,a),ls) recalling the known results and proving a

new one regarding the case 0 < p < 1 < ¢. Section 5 concerns with multipliers
(H(p, q, ), H(s,t,ﬁ)) and finally we obtain applications to Bergman and Hardy
spaces in the last section. Besides the results in [W, MP] just pointed out above
we can recover some new ones on multipliers acting on Bergman spaces BP for
1 < p < 2 obtained in [MZ, V].

Throughout the paper all functions f will be analytic on the unit disc and A may
be considered as a function A(z) = Y07 A,2" or as the sequence (\,) given by
its Taylor coefficients. If f(z) = Y7 janz" and g(z) = Y., bpz" then we shall
write f*g(z) =Y oo o anbnz". As usual My (f,r) stands for (fozTr |f(rei9)|p%)1/p
and we denote by HP and BP the classical Hardy and Bergman spaces respectively.
Finally recall that the notation p’ will be used for the conjugate exponent of p
verifying 1/p + 1/p’ = 1 and C will stand for a constant that may vary from line
to line.

§1. BACKGROUND AND PRELIMINARY RESULTS.

Definition 1.1. Let 0 < p < 0o and 0 < «, ¢ < 0o. H(p, q,a) will be the space of
analytic functions on the open unit disc D satisfying

1
e = ([ 0= 20505, rar) <o

Let 0 < p < 0o and 0 < a. HP (or H(p,00,a)) will be the space of analytic
functions on the open unit disc D satisfying

[fllp.coa = sup (1 —r)*Mp(f,r)dr < oo.
0<r<1

Let us collect some estimates to be used in the sequel.

Lemma A (General estimates). Let py < ps, v > 1 and 6 < 3. Then

(1.1) My, (f,7) < C(1—r)/P2= 1P My, (f,7) (see [D, page 84)),
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12 [ T =0/~ e see D, page 63)
(] _ o1
(1.3) /0 %dr = 0(1/(1 — 5)?7%)(see [SW, Lemma 6]).

We are going to formulate the results and properties that will be needed later
on. We start with some very elementary embeddings which follow easily from (1.1).

Lemma B (Embeddings). If0 < p,q,, p1 < p2,¢1 < q2 and a1 < as. Then

(1.4) HP? C H(p2,q1,01) C H(p1,q2,02) C HEY,
(15) H(p17Q7a) C H(anCLa + 1/p1 - 1/])2)7
(16) H(p7QQ7a) CH(p7CI1»a+1/(I1—1/CI2)

Now we shall state two easy results about multipliers with hold in general cases.
Lemma C (Multipliers). Let 0 < py,p2,q1,q2, 0,3 < oo, = + L > 1, % =

1 1 1 1 1 T P2
-+ = —1and = = =— + =—. Then
P1+;D2 q 111+Q2

(1.7) If g 191p2.02.5-

Let 0 < q,a < oo and f(z) =Y o2 a,z™. Then

p,q,a+B3 < ||f||p1,q1,a

oo

(18) (3 i) < el

n=0

|1,q,a'

Proof. (1.7) follows by applying consecutively Young’s and Hélder’s inequalities.
To show (1.8) we simply use the trival estimate |a,|r™ < Mi(f,r).

e = (2 /

0 p1—1/(nt1) "
> ( / (1 — )1 1 q,|%dr) e

1-1/(n+1) Y
(1= rye = M (f.r)dr)
—1/n

n—1”1-1/n
- |an|q 1 . l nq 1/q
2 (et
- ‘anlq 1/
ZC(Z(H+1)Q(1+1) q' O
0

The interest on these spaces appeared from their conection with Hardy spaces
and mainly from inequalities like the ones we mention in the next lemma. They
were shown in [HL1, F1, LP].



4 O. BLASCO

Lemma D (Inequalities). Let 1 <p <2 < ¢ < oco. Then

(1.9) ( / (1= ) EME(S 1)dr)¥ < | flm, .
(1.10) ( / (1= )M r)dr)E < Ol flm,.
(111) ( / (1= )t M P)dr)* < Cfllm,.

Remark 1.1. Tt is easy to see that (1.9) is equivalent to

=

(L9) ( / (1= 1) EME(f,P)dr)? < Ol f .

The two first inequalities are due to Hardy and Littlewood. The case p = 2 follows
from the Plancherel’s theorem, the case p = 1 from factorization of H'-functions
as product of two H2-functions and finally the cases 1 < p < 2 from interpolation
(see [D, Theorems 5.11, 5.6]). An alternative much simpler proof of (1.9), based
upon Marcinkiewich’s interpolation, was shown by Flett (see [F'1]).

The inequality (1.11) is due to Littlewood an Paley (see [LP]) and it can be
obtained by means of the operator T'(f) = (1 — |z|)f/(z). This operator is bounded
from H? into L?({2-, L?(df)) and from H> into L> ({42, L°°(df)), then we get
the other cases using interpolation.

Given f(2) = >0 an2" and 8 > 0 we denote by f(? the fractional derivative
of f defined by f®)(z) = 32 %aw
The reader is referred to [HL1, F1, F2, DRS] for different results on fractional

derivatives. Let us recall that for 1 < p < 00, 0 < ,8 < oo we have (see [D,
Theorem 5.5] for 8 = 1)

(1.12) f € H? if and only if f? € H? .
Next result cover other values of 0 < ¢ < oo and although part of the folklore

we include here a proof because of the lack of any reference.

Theorem A (Fractional derivatives). Let 1 < p < 00, 0 < ¢q,«, 3 < 0o. Then
f belongs to H(p,q, ) if and only if f?) belongs to H(p,q,a + ).

Proof. Let us assume f € H(p,q,«). Denoting by Kz(z) = 1/(1 — 2)°*! we can
write ) = f K3, therefore
1

My(f©,7%) < My(f,r)My(Kp,7) < O g5 Ma(f.7).
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From this easily follows that f*) € H(p, q, o + 3).
Conversely, let us assume (%) € H(p,q,a + () and # > 1. Observe first that

f(2) = / (1 - )51 ) (s2)ds.

This gives
1
My(fr) < [ (=8 M, r)ds
0
:T_ﬂ/ (r— )P 1M, (fP) 5)ds
0
< [ =97 (1, s)as
0
Hence

/]

P < (/01(1 _ r)qa—1(/or(1 — S)ﬁ_lMp(f(ﬁ), S)ds)qd’]")l/q — A

To estimate A we consider first the case 0 < ¢ < 1. Then

1 T
Al < / (1- r)qo‘_l/ (1- s)ﬁq_lMg(f(ﬂ)7 s)dsdr
0 0

< / (L M (7)) / (1 e t)ds
= (1/q@)[F PN, s

Assume now ¢ > 1. From(1.4) we have that f*) € H(p,1,a + ) and then
integration by parts gives

1 s
A4 = (l/qa)/o (1- T)anﬁB*lMp(f('B),r)(/o (1— S)ﬁ—lMp(f(ﬁ), S)dS)qfldr'

Now writting (1 —r)92+#=1 = (1 —y)e+tA=1/a(1 —p)a-De=1/¢" Hglder’s inequality
gives

1
Al < C(/O (1-— r)q(o‘ﬁ@)*lMg(f(ﬁ),r)dr)l/qu/‘I'7

which is the desired inequality.
For general value of 3 we now argue as follows: If f¥) € H(p,q,a + 3) and
0 < B < 1then fB+Y) ¢ H(p,q,a + B+ 1) and now apply the previous case. [

Let us finish this section with a theorem about duality that we shall use later.
The reader is referred to [S1, F2, DRS, ACP, SW, Ma] for different duality resuls
on several cases.

We denote by Hy(p, ¢, ) the closure of polynomials in H(p, ¢, «). It follows from
standard techniques that the polynomials are dense in H(p, ¢, ) when p,q < oo,
that is Ho(p,q,a) = H(p,q,a). Next theorem is due to T, M. Flett (see [F2,
Theorem 2]). We present here a proof by using a pairing which is convinient for
our purposes.
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Theorem B (Duality). Let 1 <p < oo and ¢ € {1,00}. Then
(HO(p, q, Oé))* = H(pla qlv Oé)

under the pairing

o0
< f,g>a= Z B2, 1+ 1)anb,

n=0
where B(a,b) = fol(l — p)a=lpb=lgy,
Proof. Let f(z) = anzo anz" and g(z) = Ziozo bnz™. It is clear that

< f,9>a= 4i /1(1 - r2)2°‘_1(/27r f(?“ew)g(re_w)cw)rdr
T Jo o

Therefore using Holder’s inequality twice one gets

|p,a.allgllp a0

1
< fg>al<C / (1 — 122 M, (£, ) My (g, r)rdr < O f

Assume now ¢ € (Ho(p,l,a))* and define f(z) = ¢(K,) where K,(w) =

(I—zw)ZaFT"
Assume first ¢ = 1. Using duality one can write

2

. o db
My (fr)= sup | [ flre®)g(e™) | = sup |$(h)]
llgll,=1 Jo u lgllp=1

where h,.(z) = fOQﬂ %% =K, * g(z).

Observe that since M, (hy,s) < |gllpMi(K;,s), a simple computation, using
(1.2) and(1.3), gives ||hr|p1,a < Cﬁ. This and the previous equality imply
that f € H(p/, 00, ).

Assume now ¢ = oo. Let us denote by fs(z) = f(sz) for 0 < s < 1. Using the
previous case one has

”fsnp’,l,a = sup | < fs,9>a|= sup |6(gs)|-
llgllp,c0,a=1 lgllp,00,a=1

Observe now that ||gs]|p.co.a < ||9]lp,c0,a for all 0 < s < 1. Hence || fs|lp.1.0 < Cllo|-
Now apply Lebesgue convergence Theorem to get f € H(p/,1,«). O

§2. THE SPACE H(2,q,q).

A sequence space S is called a solid if (a,,) € S and |a},| < |a,| implies (a,) € S.
It is clear, from Plancherel’s theorem, that H(2,¢,«) is a solid space. In fact,
since B(B,n) ~ n~f, we can identify H(2,2, ) with the space of sequences (\,)
such that (n=%\,) € (2. Our aim is to get similar identification for other values of
0 < g < oo (see [MP1, S1]). For such a purpose we shall need the following spaces.
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Definition 2.1. Let 0 < p,q < co. Denote by I,, = {k € Z : 2"~ < k < 2"} and
Iy = {0}. The spaces I(p, q) consist of sequences (a,,) € C such that

an)llpg = (303 lanl?) )7 < oo,

n kel,
(with the obvious modifications for the cases where p or ¢ = 0.)

It is very elementary and well known that if a,, > 0 and o > 0 then
n 1 : : ka
(2.1) nz::oanr = O(m) if and only if k; ag = 0(27).

As a simple consequence of (2.1) and Plancherel’s theorem we can obtain, for
any o > 0,

(2.2) H2 ={(\n) :n %\, €1(2,00)}.
To characterize H(2, g, 00) for other values of ¢ we shall use the following lemma.

Lemma 2.1. Let 0 < q,3 < o0 and o, > 0. Then

/ Bquar daNZZ ”5‘12 k)%
0

n=0 keI,
Proof.
1—9—(n+1) (e’
/ ﬁq 1 Za r)ddr = Z/ T)Bq_l(z a,r"™)4dr
0 n=0
1,2*("+1)
> C’Z Pt 1)/ (Z apr®)adr
1-27n kel,
o0 1_27(n+1)
>0 g (Y ak)q/ 2",
n=0 kel, 1-27»
2032
kel,

Let us now show the converse mequahty Assume first 0 < g < 1.

/1 r)Pa1( Za r™)ddr < C’/ r)Pa-t i(z ozk)TQn*l)qdr
0

n=0 kel,
< [{a=n T (SOE s
n=0 kel,
SRS
< CZ/ (1- r)ﬁq*lrzanl( Z ay)4dr
n=0"0 kel,

<0 B2 (Y n)

n=0 kel,

<CY 2y ).

n=0 kel,
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Assume now 1 < g < co. Write

d(\,) = (1—7)° Znﬁ)\r

Clearly (2.1) gives that @ is a bounded operator from I(1,00) to L>([0,1], 1 )

P 1—r

and the previous case ¢ = 1 shows that @ is also bounded from I(1, 1) into L*([0, 1], §
then an interpolation argument shows

/ r)Pa1( Za r qdr<C22_”ﬂq Z e O
0

kel,

=

Theorem 2.1 (see [S1, MP1]). Let 0 < g < 0o, & > 0 and f(z) = > -7, anz".
Then
f € H(2,q,«) ifand only if n~%a, €1(2,q).

Proof. Use Plancherel’s Theorem together with Lemma 2.1 or (2.1) according to
q < o0 or ¢ = oo respectively.

Remark 2.1. Clearly one can formulate Theorem 2.1 by writing

o0
paa (302779 A, £119)

n=0

/]

where A, f(0) = > ;. ape?.
This can be extended to 1 < p < 00, 0 < ¢ < co and a > 0 (see [S1, MP2]) to
get

(2.3) e ~ (3 2779 A, f112) 7.

Using (2.3) one can easily obtain the following duality result for 1 < p, ¢ < oo and
a >0 (see [S1])

(2.4) (H(p,q,a)> =H®p,qd, ),
under the pairing < f,g >a= 00 ;272" [T A, f(0)A,g(—0) L.

Given a sequence space X, we denote by s(X) and S(X) the largest solid sub-
space contained within X and the smallest solid containing X respectively.
It is not hard to show (see [BST, AS]) the following two characterizations:
s(X) ={An : ap\y, € X for every (a,) € 1} = (I, X),

S(X) = {\n : there exists (an) € X such that |A,| < |ap|}.

Let us give S(H(p, q, a)) and s (H(p, q, a)) in the cases which are easy to com-

pute. Next results follows from either Kintchine’s inequality the case p < oo or a
result by Kisliakov (see [Ki]) the case p = co.
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Lemma 2.2. Let 0<t<2<p<o0,0<q< o0 and a>0. Then

(2.5) S(H(oqq,a)) = H(2,q,a),
(2:6) $(H(p.q.0)) = H(2,.0),
(2.7) s(H(t, q,a)) — H(2,q,0).

Remark 2.2. We refer the reader to [BST, Theorem 1.8] and [MP2, Theorem 2.4]
for a proof of (2.5), to [MP2, Theorem 2.5] for a proof of (2.6) and to [AS, Lemma
6] for a particular case of (2.7).

§3. THE SPACE H(p,q,a) FOR0 < p < 1.

Our objective now is to extend (2.3) to values 0 < p < 1. This can be achieved
by replacing the convolution with Dirichlet kernels ), - I e**% by smooth kernels.
In [JP] the following functions w,, were considered:

2n+1

wo(z) =1+ z, wp(z) = Z ¢(%)z"

k=2n—1

where ¢(t) = w(t/2) — w(t) and w(t) is any infinitely differentiable function with
wt)=1fort<1,0<w(t) <1forl1<t<2andw(t)=0fort>2.

For such functions they showed that for 0 < p < 1 and any analytic function f
one has

(3.1) f= Z fxwy,
n=0
(3.2) Lf * wallp < Cllfllp-

Theorem 3.1. Let 0 < p <1, 0<q,a <oo and f an analytic function. Then

o0
—noo 1
(3.3) 1 g = (3277921 f % w, [12)

n=0

Proof. Using (3.1) it easily follows

My(f,r) < (i MP(f * wn,r)> 1/10.

n=0



10 O. BLASCO

Using now the fact (see [MP2, S2])

(3.4) My (f * wn,r) = r? 1f * wnlp,
we can write
= /
118 g < / P (S % w2 )
n=0
Applying now Lemma 2.1 we get

e < (302779 £ w, [12)/°.

n=0

I/

For the converse inequality we use (3.2) and (3.4) to get
1 1—2~(n+D)
| @ty - Z / — )AL, )

1—9—(nt+1)

>C’Z2 (qa— 1/ MA(f,r)dr
1

727’71
1—9—(n+1)

>CZQ (ga—1) ||f>f<wn||q/1 . r2" gy

n

> CZ 27| f xw, |2, O

n=1

Remark 8.1. A similar argument to the one used above, replacing wy, * f by A, f,
gives an alternative proof of (2.3) (the restriction on 1 < p < co coming from the
use of the boundedness of the Riesz transform).

Corollary 3.1. Let 0 <p<1and0<g,a<ooand f(z) => ~,anz". Then

e+l
kg (o3 1)an||oo,q < C|fllp.g.e-
Proof. Note that if ¢,, = w,_1 + w, then \qi;n(k)\ > C for k € I,,. Therefore

sup |ag| < —||¢>n * fll-
kel,

This together with (3.3) implies that for any g,
1P anlloc,g < Cllfll1,0,-

The proof is completed taking 8 = a + % — 1 and using that || f|l; ;0r1-1 <
I f1lp.q,o Which is given by (1.5). O
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Corollary 3.2. Let 1 <p<2<s<00,0<g<o00,1<t<ooand0 < a,f < oo.
If f(z) = >0,° g an2z™ then

(3.4) I %anllpr.q < ClIf]

p,q,»

(3.5) 1£lls.e.6 < Cllin™Panlls s

Proof. Using Corollary 3.1 and Theorem 2.2 we have

H(1l,q,a) C {an : n”%ay € l(00,q)},

H(2,q,a) ={an :n %, €1(2,9)}.
Hence an interpolation argument gives

H(p,q,) C {an :n “a, €l(p',q)}.
To get (3.5) we apply duality. Since 1 < §',t' < oo applying (2.4) we get

< f,g>p= i 2720 N " by
n=0 kel,

Then (3.4) easily gives

oo
lsrs = sup | D272 " aphy]

lgllsr,er <1 720 k€l

< sup ||(n_ﬁan)”s/,t”(n_ﬁbn)”s,t’
llgllsr er p<1

< Cll(nPan)s e O

I1f

Next we shall show that the study of multipliers and, in general, of operators
acting on H(p,q,«) for 0 < p,q < 1 relies upon the case H(1,1,« + zl) —1). The
reader is referred to [B1] for a more general formulation of the following result and
its applications.

Theorem 3.2. Let « > 0, 0 < p,q < 1 and E be a Banach space. Let T be a
linear map from the space of polynomials into E. Then the following are equivalent
(i) T extends to a bounded operator from H(p,q, ) into E.
(ii) |T(Kw) | & = O(g=fan=) where K, (z) = T ml)

(iii) T extends to a bounded operator from H (1,1, + % —1) into E.

2a+%
Proof. (a) = (b). It follows from estimating || K|/ p,q,q, since || T(Ku)| g < C||Kwllp,qg,a-
Using (1.2) and (1.3) we have

— )yt 1

(/0(1‘” M (Ko, r)dr) SC(/O T Jure ) = T
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(b) = (c¢). Since the polynomials are dense in H (1,1, + % — 1) then it suffices to
prove [ T(f)

1_, for all polynomials f.
It is immediate to show that if 3 > 0 and f is a polynomial then

1 p2r i0
- _\B— f(re”) ﬁ
z) = /0 /0 (1—7) 1—(1 B dr27r.

Take 0 = 2a + % — 1 and a polynomial f, then we have

9= [ [0 e Ky

Then, by linearity

™

/ /% ) e )T(Kre—m)drg—a.

Therefore

2 61 do
IT(Hle < (=) Hfre) | T (K e io)llgdro_

<c/ ﬁ”ﬂ“fd—cwmw+

(¢) = (a). It follows from (1.5). O

Remark 3.2. Note that the previous result essentially shows that the Banach enve-
lope of H(p,q,a) for 0 <p,q<1lis H(1,1,a+ % —1) (see [DRS, Sh] for particular
cases).

§4. MULTIPLIERS (H (p,q,),1%).

There is a general procedure to deal with multipliers from spaces of analytic
functions into [? spaces (see [BST, AS]) which consists of identifying the smallest
solid containing the space. This approach can be applied for values 2 < p < oo.

Lemma 4.1 (see [AS, Lemma 3]). Let X be a sequence space and S be a solid.
Then

(4.1) (X,5) = (5(X),5),

(4.2) (5, X) = (5,s(X)).

1 1

Lemma 4.2 (see [K]). Let 0 < p1,q1,p2, g2 < co. If we write % = mimlorp) ~ pr

andt=—2L1 L then
q min(q1,q2) q1

(l(th),l(pz,CD)) =1(p,q)-

As a simple consequence of (4.1), Lemmas 2.2 and 4.2 and Theorem 2.1, we can
state the following
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Theorem 4.1. Let 2 <p<o00,0<¢g<o0and 0 < a < oco. If%:ﬁ_%

min(s,
1

min(s,q)

and % = — L then
q

(H(paqaa)vls) ={A, 1 n%\, € (r, 1)}

Now we shall try to study the case H(p,q,a) for p < 1. Our main tool will be
the Theorem 3.2.

Theorem 4.2. Let 0 <p,g<1<s< o0

(H(p,q,a),ls> ={\,: n®tsN, € I(s,00)}.

Proof. Apply Theorem 3.2 and observe that condition (ii) says that (\,) belongs
to (H(p, q, ), ZS> if and only if

Z [t [An[0]™)” = O(1/(1 = [w])**),

where (p1,,) are the Taylor coefficients of 1/(1 — z)2*+1/»,
Therefore, estimating p, ~ n?**t/P=1 and using (2.1) we get no‘+%_1)\n €
l(s,00). O

Remark 4.1. The case p = q¢ = 1 of the previous result was already known (see
[DS1, Theorem 2]), and then, the equivalence between (i) and (iii) in Theorem 3.2
might have been used, but we have decided to include here this simple direct proof.
Theorem 4.3. Let 0 < p<1<¢g<sand 0 < a < oo. If%zm—ﬁ—ﬂ—l
then

(Hprq,00,1°) = {05710, € 1,00},

Proof. Let us start with the case s = ¢. Then also r = ¢. Assume first that
(\n) € (H(p,q,),l®). Denoting by V,, the de la Vallé Poussin kernel, we consider

Gn(t) = Von (t +27)

Since ||V, ||1 < 3 for all n € N then it follows that M;(¢,,7) < Cr?" and therefore
¢ll1,4,8 < C27" for any 8 > 0.

On the other hand V,, is a polynomial of degree 2n+1 having Vn(]) =1 for
|7l < n+ 1 and then the assumption on (A,) and (1.5) imply

(D Pl < (37 10a(W)Ae)* < Clléllpg,a

kel, kel,
< Cl9lligat1/p-1 < co—la+1/p=1)
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Assume now that n®tr 1\, € (g, 00) and use Corollary 3.1 to have

o0 o0
Z [An|?an|? < Z ( Z |>‘n|q|an|q)
n=0 n=0 keI,
oo
<330 Al ) (sup n”@FE Vg, |7)
n=1 kel, k€ln

1_ —(a+l_
< Ot 5 Nl ol 5 Van|Z, 4 < CUFI g0

Let us now show that the case ¢ < s follows from the previous one. Using duality
one has that if % =1— % then

(\n) € (H(p,q,a),ZS> if and only if (An ) € (H(p,q,a),lq) for all (5,) € I*.
From the previous case this means (no‘+%_1)\nﬁn) € (g, 00) for all (8,) € I,
that is n‘”'%_l)\n € <l(t,t),l(q,oo)). Then the proof is completed by invoking
Lemma 4.2. [
Remark 4.2. For 0 < p <1 and ¢ = co the multipliers can be characterized for all

0 < s < co. The reader is referred to [M, Theorem 1] for a proof of the following
result

(4.3) (Hg,lS) = [\, TN, € 100,

Let us conclude with a partial result for the values 1 < p < 2.

Theorem 4.4. Let 1 <p <2. Let 0 < ¢ < oo and s < min(p’, q). Put 1—17—|—1% =1,

1_1_1 ,pql_1_1
T t s q

»
nA,) € 1(r,1) then (\n) € (H(p,q,0),1°).

-1
If (

Proof. Using (3.4) and Holder’s inequality for %' and £ consecutively we have

Z [Anl*lan|® < Z ( Z ‘)‘n|s|an|s)
n=0

n=1 keI,
o
Z ( Z nfap’|an|pf>s/p ( Z nar|/\n|r)s/r
n=1 kel, kel,
< CH(n_aan)H;’,q(Z(Z na7-|)\n|r)t/7->s/t
n=1 kel,

< Ol fllp,q.alln®Aallze O

§5. MULTIPLIERS (H(p,q, ), H(s,t,[3)).

Lemma 5.1. Let 0 < p,q < oco. Let f(z) = Y.o°,an,z". Let us denote by
fo(2) = >0 g rn(®)anz™ where ry, stand for the Rademacher functions. Then

1
ME(fr) ~ / M (. r)d.
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Proof. For p < q we have

1 p rzl/p 1 q ra:l/q ' q rxl/q
([ 3ty < ([ Mp(enian) " < ([ dg(amo)'”

For ¢ < p we have

1 q r:zl/q 1 q rml/q 1 p r:vl/p
([ Mgreryie) " < ([ a30er)an) ' < ([ Mp(r)an)™

Then the proof follows form these estimates together with Kintchine’s inequality
which says

/ M(far)de) /" ~ Ms(f,7) / M2(fo,r)da) 7. O

Theorem 5.1. Let 0 < s < 2 < p < o0, 0 < ¢q,t < o0 and o, > 0. Let
1/r =1/min(q,t) — 1/q. Then

(H(p,q,a),H(s,t,ﬁ)) ={(\): n* BN\, € (o0, 1)}
Proof. Using Theorem 2.1 and Lemma 4.2 we have

(H(2,q,0),H(2,t,8)) = {(A\n) : n® PN, €l(co,r)}.
We shall show that

(H(p,q,a), H(s,t,8)) = (H(2,q,a), H(2,t,)).

It is immediate that ((H(2,q, ), H(2,t,0)) C ((H(p,q,a),H(s,t, ﬂ))

Take now A\, € ((H(p,qmz),H(s,t,ﬁ)) and f(z) = Ziozo anz™ € H(p,q,q).
Denote by (f * A)z(2) = > one o rn(@)anAnz".
In the case t < co an application of Lemma 5.1 and Fubini’s Theorem give

/01(1 )P ME(f + N r)d r<c/ (1—r)Pt=1( / ME((f * N)g,r)dx)dr
<C/ / P I ME(fo % A\ r)dr) da
gc/o (/0 (1- )aq*lMg(fx,T’)dr)t/qd;z::A.

Now if ¢ < ¢ then apply Jensen’s inequality, Fubini and use Lemma 5.1 again, to

get
t/q

A< C(/Ol(l —r)aql(/ol Mg(fz,r)dx)dr)

< c(/o (1 — r)ea=1 ME(f,r)dr) .
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Ift>qgputr= % and apply duality and Lemma 5.1 to get

A<C sup (/01 </01(1 - r)aqflMg(fz,T)dr)h(x)dx)t/q

Al =1

1 1
gc(/o (1= et ([ ME(f,r)da) " dr)

0

< C(/Ol(l — r)aq_lMg(f,r)dr)t/q. O

Theorem 5.2. Let 1 <s<2<p<oo,1<t<ooanda,B>0. Then
(HE, H(s,t,8)) = {(An) : n* PN, € l(00, 1)}
Proof. Arguing as in the previous theorem we only need to show
(H?,H(s,t,8)) C (H2,H(2,t,)).
Observe that (X,Y) C (Y*, X*) then Theorem B or (2.4) in Remark 2.1 imply
(H(p7 0, O[), H(S, ta ﬁ)) C (Ho(p, 0, O[), H0(87 t7 ﬁ)) C (H(Sla t/a B)a H(p/a 17 Oé)) .
Now apply Theorem 5.1 and duality again to get
(H(s',t’,ﬁ),H(p',La)) - (H(2,t’,ﬁ),H(271,a)) c (H(z,oo,a),H(zt,ﬁ)).

The proof is completed by combining both sequences of embeddings. [

Remark 5.1. Theorems 5.1 and 5.2 have a natural extension to weights more general
than power weights w(t) = t“(see [B2]).

Lemma 5.2. Let 0 < p,g < o0 and 0 < «, 3 < c0. Let f be an analytic function
on the disc and f,.(z) = f(rz). Then

fe H5+ﬁ if and only if ||f7'||p,q7a = O( (1— T)ﬁ)'

Proof. Let us assume g < oo (since ¢ = oo is obvious) and M, (f,s) = O(m).
Then it follows from (1.3) that

1 1 a—1
a—1 (1 _ S)q ¢
/(; (1 - s)q M];I(f”'? S)ds S C/O (1 — rs)(a+ﬂ)q dS S (1 — 7“)‘1'6 ’

Conversely observe that

a ! ag—1 1/q
(1= 8)*Mp(fr,s) < (/ (1 =) MI(fr, t)dt) ™ < frllpg.a-

Therefore if || fr]lp.ga = O(ﬁ) then M,(f,rs) < W which gives f €

P
HY 5 O
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Theorem 5.3. Let 0 <p,q<1,1<s,t<ooanda,f>0. Lety=a+1/p—1.
Then

(H(p,q,a), H(s,t,8)) = {(\a) : A\ € HS}.
Proof. From Theorem 3.2 the condition for A to be a multiplier is
_
(1= |w|)=

where K, (z) = 1/(1 — zw)?**1/?. In other words, writing § = 2a + 1/p — 1 and
w=r,

A Kylls,e.5 = O(

)a

1

(9) =
||)\7‘ ||57t,ﬂ O( (1 _ T)a

).

Hence Lemma 5.2 implies that A\(%) € H}, 5 and then (1.12) gives PSS Hi O

Theorem 5.4. Let 0 < p<1,1<s,g<oo0anda,f>0. Let y =a+1/p—1.
Then

(H(p,q,0), H(s,q,8)) = {(A) : A € H5}.

Proof. Assume (\,) € (H(p,q7 ,H(s,q,0) ) and fix 0 < r < 1. Therefore

P2y+n+1)
|| Z o " s < CIE rllpga

T(2y)n!
where K’y,’r(z) = W
Since [ Ky rllpga < go7 7‘)’7 then ||)\ 7)| ap < (13)7. Now Lemma 5.2 and

(1.12) imply that AV € Hj.
For the converse first note that since H(p,q,«) C H(1,q,~) then it suffices to
show that if \Y € Hj then A € (H(l,q,’y),H(s,q,ﬁ)).

Assume first that v > 1 and A ¢ Hj. From (1.12) we have PNCRNT H 5
To show that (\,) € (H(p,q, a), H(s, q75)) is equivalent, by duality (see Theo-
rem B and (2.4), to show that

(5.1) | >~ BB+ DAnanbn| < Clf [1,44l9lls
n=0

for all f(z) =Y 0" yan2" € H(1,q,v) and g(z) = >, byz™ € Ho(s', ¢, 3).
On the other hand given f and g as above, (1.7) in Lemma C implies that
oo o anbnz™ € Ho(s',1,7 + ), and duality again gives

N UNeE

1> B28,n+ D)Ananbn| = > B(28+ 2v,n+ 1)pnanby|
n=0 n=0

< Cllhlls,con+llf * gllst 17455
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where Uy = %%An and h(Z) = ZZO:O ann

Hence the proof of (5.1) will be finished, using (1.7), by showing h € H3 5

Now observe that denoting by 6, = %7

the assumption v > = , shows that d,41 + dp—1 > 2J,,. This allows us to consider
K(t) =37 06,e™ Wthh from the convexity condition is integrable (see [Ka, page
22]). Therefore since h(re?) = K * A(re'®) we get ||hlls.corts < ClIACY|5.00 445

The case v < 3 follows from the previous case by observing that (1.12) gives

that A7) € Hj is equivalent to A0+ € Hf | and that Theorem A gives that

(H(l,q,v),H(s,qﬁ)) = (H(Lq,v+1),H(s,q,6+ 1)). O

a simple computation, under

Let us finisish the section with a partial result for 1 < p < 2.
Theorem 5.5. Let1<p<2<5<oo Let0<q<oo 1 <t < oo and
1_ 1_ 1
O<O[,ﬁ<00 Put E—Eand —W E

If (R*PX\,) € U(r,u) then (\,) € (H(p,q,a),H(s,t, ﬁ)).

Proof. The proof follows by combining Corollary 3.2 and Lemma 4.2.
If f(z) =>0,7 anz™ we can write

o0
1" Mtz llss < (0 Anan)llsr

n=0
< H(naiﬁ)‘n)”nu||(n7aan)||p’,q
< Cl(m* "X,

«-qed

§6. APPLICATIONS TO MULTIPLIERS ON BERGMAN AND HARDY SPACES.

Since B, = H(p,p,1/p) Theorems 5.1 and 5.2 give
Corollary 6.1 (see [W, Theorems 7 and 11]). Let @ > 0,1 <p <2< ¢ < oo and
% = % — ]—1J. Then

(By, Bp) = {n: rf%)\n € l(r,00)},
(H®,B,) = {An 1 n° 5\, € I(p,00)}.

Remark 6.1. Assume A, € (X,Y") can be written as A, = pinv, where u, € (X, 5)
and v, € (S,Y) for some solid space S, then it follows from (4.1) and (4.2) that

(X,Y) = (S(X ), s(Y)) Therefore an alternative proof of Corollary 6.1 consists of
showing that A, € (B, Bp) can be written as A\, = pnvy, where u, € (By,[?) and
vn € (12, B,) (see [W, Proposition 1]).

Let us recall that an analytic function is said to be a Bloch function if
[f'(2)] = O(1/(1 — |2]).
Hence we have for any o > 0
Bloch = {f : f® € H(co,00,a)}.
With this notation Theorems 5.3 and 5.4 give the following
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Corollary 6.2. Let 1 <p,q<o0,1<t<o0andf>a>0.

(6.1) (H(l, 1, a), H(oo,t,a)) = Bloch,
(6.2) (H(l,q,a),H(oo,q,a)) = Bloch,
(6.3) (Hé,HS) =Hf_,

To get our next applications let us denote by J, ; the space of analytic functions
f such that f’ € H(p,q,1). With this notation Bloch corresponds to Jeo, o0, and
Lemma D allows us to write the following embeddings:

(64) J1)1 - H! - Jl,g.

(6.5) Jog CHY  (q>2).

Note that for “nice” analytic functions f and g

f( ) _’9 d9 / /27r 1—72)f'(re )g (re” w)rdrﬁ.

0 2

Using this equality a simple duality argument gives

(6.4") Jeo.2 C BMO C Bloch.

(6.5") H cJ,, (p<2).

Corollary 6.3 (see [MP, Theorem 1]). (H', BMO) = Bloch.

Proof. Note that we have (Jp.q, Jr.s) = (H(p,q,1), H(r, s,1)).
Using (6.4),(6.4’) and (6.2) we have

Bloch = (H(1,2,1), H(0,2,1)) = (J1 2, Jso2) C (H', BMO).
Using (6.4),(6.4’) and (6.1) we have

(H',BMO) C (J1,1,Joo,0c) = (H(1,1,1), H(c0, 00, 1)) = Bloch.

Let us now give a different approach to the following result due to MacGregor
and Zhu.
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Corollary 6.4 ([MZ, Theorem A]). Let 1 <p < 2.
Then B(n+1,1/p) € (B?, HP).

Proof. Observe that to show that for all (a,) we have

IS B+ 1, 1/p)anz"ur < O3 an"ln,

n=0 n=0
is equivalent to show that for all (a,,) we have

= n T(n+1+1/p)
||n§::0anz ||Hp SCH;WGW,Z HBP.

Then the proof is finished by using (6.5’) together with Theorem A which implies
that f(/P) ¢ H(p,p,1/p) if and only if f € Ipp. O

We shall finish the section with some new results on multipliers on Bergman
spaces. Let us first show two elementary lemmas.

Lemma 6.1. Let 1 <p<2<g<oo. Let f(z) = janz".
(i) If f € B, then (n'/272/Pa,,) € 1(2,p).
(i) If (n'/?7%/4q,)) € 1(2,q) then f € B,.

Proof. From (1.9) one has

/01(1 = r)PPME (' r)dr < O||f |-
This implies
/ | / (1= PRMY( s < CI 1.
Now applying Plamclr(l)elreiJ together with Lemma 2.1 one easily gets
12722 an) 2 < ClL f |12

This gives the proof of (i).
We can easily get (ii) from (i) using a dual argument from the identity

oo

1 Lot o df
Z anby, = —/ / fre®®)g(re=)yrdr—. O

n=0

Remark 6.2. Lemma 6.1 might have been shown by using Corollary 3.2 which gives
better estimates.

Lemma 6.2. Let 2 < ¢ < oo and0< o, < .
If A, = O(n®=F=1/4") then %) ¢ HY.

Proof. Tt is elementary to see that A, = O(n® #~1/7") implies
My (N, 7) = 01/ (1 = ryr /a1,
Now use (1.1) to get A®) € HZ. O
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Corollary 6.5 (see [V, Theorem 2]). Let 0 < p <2 < ¢ < 0.
If )\, = 0(n2/q72/p) then A, € (BP, BY)

Proof. The case 1 < p < 2 follows trivially combining (i) and (ii).
For the case 0 < p < 1 we can use Theorem 5.3 to get

(B?, BY) = {(A\n) : ACP7D € HY 3,

and then apply Lemma 6.2 with & = 1/¢g and 8 = 2/p — 1 to show that A, =

O(n?/172/P) gives A2/P=1) ¢ Hf/q. O

In [V] Vukotic showed that for sequences A\, = O(n?) the exponent v = 2/q — 2/p

was sharp in the case of multipliers in (BP, B?). A better result in the setting of
I(p, q) spaces follows from Theorem 5.5.

Corollary 6.6. Let 1 <p<2<g<oo. Put % =
If Zke]n [Ag|” = O(2™) then A\, € (BP, BY).

1_1
P q’
r
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