Operators on weighted Bergman spaces.

Oscar Blasco*

Abstract

Let p: (0,1] — R" be a weight function and let X be a complex
Banach space. We denote by A; ,(ID) the space of analytic functions in
the disc D such that [ |f(2)|p(1 — |2])dA(z) < co and by Bloch,(X)
the space of analytic functions in the disc D with values in X such that
SUP|;|<1 p(l%lzz")HF’(z)H < oo. We prove that, under certain assump-
tions on the weight, the space of bounded operators L(A4; ,(ID), X) is
isomorphic to Bloch,(X) and some applications of this result are pre-
sented. Several properties of generalized vector-valued Bloch functions
are also considered.

1 Introduction and Preliminaries.

Weighted Bergman spaces appeared, denoted by BP, in [?] when looking at
the Banach enveloppe of the Hardy spaces H? for 0 < p < 1, although they
had been implicitely used in the work of Hardy and Littlewood (see [?], or
7] page 87) who established that for 0 < p < 1

1
/ (1 = V2N (F.r)dr < C||F||gs (1)
0

for any F' € HP, where M, (F,r) = (f02
1Pl s = 5By My(F, 7).

This inequality was a crutial point in proving the duality (H?)* = A, for
0<p<1land a=1/p—1 between the Hardy classes H? and the Lipschitz

T|F(ret)1dyte 0 < ¢ < oo and
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classes A, (see [?]). In that paper they denoted by B? the space of analytic
functions in the disc such that

1
[|F||g» = / (1 —r)YP=2M,y (Fr) < oo
0
It is known that for 0 < p < 1, F' € B? if and only if
1
/ (1 —)YP My (F r)dr < oo.
0

Making p = 1 in the last formula one can denote by B! the space of analytic
functions such that

1
1P|l = |F(0) +/ My(F',r)dr < oo,
0

This space was later shown to be the predual of the Bloch space (see [?]).

Of course, using polar coordinates, one can realize the spaces as partic-
ular weighted Bergman spaces, or weighted Besov spaces, given by analytic
functions in the unit disk such that

/D F()|(1L - [2) /7 2dA(z) < oo, (2)

/D F/(2)](1— [2) P dA(z) < oo, 3)

where dA(z) stands for the normalized Lebesgue measure. The reader is
referred to [?] for a proof of the duality between A;(ID) and Bloch.

There are some natural conditions on a weight function p : (0,1] — R*
which allow to extend several results that hold for p(t) = t* to a more general
context.

Definition 1.1 Let 0 < p,q < oo and let p : (0,1] — Rt be a continuous
function. It is said to be a (b,)-weight if there exists a constant C > 0 such
that

/1@dt§0&,0<3<1. (4)
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It is said to be a (d,)-weight (or to satisfy Dini condition of order p) if there
exists a constant C' > 0 such that

/ tpp(t)% < CsPpls),0 < s < 1. (5)
0

These notions turned out to be relevant for different purposes (see [?, ?,
7,7, ?7]). We refer the reader to those papers for examples and properties of
these classes of weights.

In this paper we consider the weighted Bergman spaces A; ,(ID). The just
mentioned BP-spaces correspond to the case p(t) = t'/772 for 0 < p < 1.

Definition 1.2 Let p : (0,1] — RT be an integrable function. An analytic
function f in the unit disc D is said to belong to A; ,(D) if

1f1 4y, Z/D|f(2)|/)(1 — |2])dA(2) < oo,

Remark 1.1 (1) If p € L'((0,1]) then H>*(D) C A ,(D).
(2) A1,(D) is a closed subspace of the space L*(D, p(1 — |z|)dA(z)).
(3) The polynomials are dense in A; ,(D).

Let us denote by P, and P}, o > —1, the operators

PG = o+ ) [ S A
PG = (1) [ R rwdaw

for f € L'(D, (1 — |w]?)*dA(w)

It is well known (see [?]) that P! in bounded on LP(D) and that P, is a
projection on the Bergman spaces AP(D) if and only if p > 1+ a.

The Bergman projection corresponds to a = 0 and it will be denoted
by P. Since P is not bounded on L!'(D) we now study its boundedness in

LD, p(1 — |2])dA).
Proposition 1.3 Let a« > 0 and p : (0,1] — R* be a continuous function.

If p is a (dy) and (by)-weight then P* is a bounded on L*(D, p(1 — |z|)dA).
In particular, P, defines a projection from L'(D, p(1—|z|)dA) onto Ay ,(D).
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Proof. Let f belong to L'(D, p(1 — |z|)dA). We have

1Pafllar,@ = / p(1 =[NP f(2)[dA(2)

= ¢ [ [ S '“’:m w)|dA(w))dA(2)

¢ [ irwia =Py [ Lk dAE)Aw

VAN

Q

Pop(l—r)
¢ [a=lrirl(| F2dndaw)
O
0/\;’ (1 = Jwf2) /0t+(1_|w|)1+adt)dA(w)
Wy il
e [ ([ soanaaw
" C/\f (1= ) /Hlfl(%dt)dfl(w)

c / F@)]o(1 — Juw])dA(w).

Q

Q

IN

Proposition 1.4 Let p: (0,1] — RT be non-increasing, p(1) > 0 and (d;)-
weight. Set p1(t) =tp(t). Then f € Ay ,(D) if and only if f' € A, (D).
Moreover || f'|| a, ,, @) + |F(O)] = [| flla, (o)

PROOF.- Use that M, (f',7?) < CMU1 ¢4 get
1
£ e = [ (== (7 e
0
1
< ¢ [ plt= (e < Clla e
0
On the other hand
£0)1 < [ Irwlaat) < o) [ 1w)lptt = uhdAqw).
To prove the other inequality, we use Mi(f,r) < [5 My(f',s)ds + | f(0)].
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Hence

KfM1—mMﬂﬁﬂm*§ A;mfw /zm $)ds)dr + | £(0 \/

< /0 /pl—rder( s)ds) + | f(0 I/
< Alﬁls w)dw) M(f', s)ds) + | £(0 |/
< € [0 pl1 = (s s 170 |/

< CUS N ar,m + 1£O)]).

O
Let us now introduce the generalized Bloch classes, extending the notion
of Bloch functions:
Bloch(X) = {F : D — X analytic : sup(1 — |z|})||F'(2)|] < oo}.
|z|<1
The reader is referred to [?, 7, 7, 7, 7, 7, ?] for different results concerning
vector-valued Bloch functions.

Definition 1.5 Let p : (0,1] — R" be a continuous function such that @
is non-increasing and p(1) > 0 and let X be a complexr Banach space. An
analytic function from the disc D into X, F(z) = >~ x,2" where x, € X,
is said to belong to Bloch,(X) if there exists a constant C' > 0 such that

|M%)H<CM |WX 2 eD.

It is easy to see that Bloch,(X) becomes a Banach space under the norm

1Pt c0 = O] + sup (2 0 '| '|)||F'<z>||}

Definition 1.6 Let p : (0,1] — Rt be a continuous function such that 2 t)

is non-increasing, p(1) > 0 and lim, o+ & 2 — oo and let X be a complex

Banach space. The little Bloch space bloch ( ) is the closed subspace of
Bloch,(X) given by those functions for which

1—
lim | |

Mg N =0



Remark 1.2 (1) There is no loss of generality in assuming p( ) noN-iNcreasing,

because the function p defined by

o(1—1
P(l — t) = sup{ Moo (F", 1) | F'|| Broch, (x) < 1}

is non-increasing and Bloch,(X) = Bloch;(X).

(2) The assumptions ° () > p(1) > 0 and lim,;_ p(tt) = oo are needed to
have the vector-valued polynommls in the spaces Bloch,(X) and bloch,(X)
respectively.

(3) If @ non-increasing then p is (b,)-weight for ¢ > 1.

Indeed,
1
[ 20 ot [ oot
o tite s ), te 84

(4) If p is (br)-weight and p V> >0 then limy o & el _ .

Indeed,
Clog /—dt</ (?dtgc’@.

In [?] it was shown that the boundedness of operators between weighted
Bergman spaces and a general Banach space X can be characterized by the
fact that a fixed associated vector-valued function belongs to certain Lipschizt
space. In the papers [?] and [?] similar results were extended to weighted
spaces By(p) for 0 < p < 1 and certain generalized Lipschizt classes for
weights introduced by Janson (see [?]) . Some applications of these results
to multipliers, Carleson measures and composition operators were achieved.

In this paper we present an independent proof of some of those results,
where we shall addecuate the duality between the Bergman space A; (D) and
Bloch (see [?]) to our vector-valued and weighted situation.

Let us now give a natural correspondence between operators and vector-
valued analytic functions, that will allow us to identify the bounded operators
from A, ,(D) into X with Bloch,(X) with equivalent norms. This idea has
been used by the author several times with slight modifications (see [?], [?],
(7] or [?]).

Given an analytic function F(z) = > >° x,2" where z,, € X we can
define a linear operator Tr which acts on polynomials as follows:

Z o 2") Z Ozlfli. (6)

k=0




Conversely, given a linear operator 1" defined on some space of analytic
functions on the unit disc containing the polynomials and with range in a
Banach space X one can define the vector-valued analytic function Fip given
by

[ee]

Fr(z) =Y (n+1)T(u,)z". (7)

n=0

where u,(2) = 2"
Now we are ready to state the main theorem of the paper:

Theorem 1.7 Let p: (0,1] — R* be a continuous function such that @ 18
non-increasing and p(1) > 0 and let X be a complex Banach space. Assume
pis a (dy) and (by) weight.

(i) If F(z) = >0° Tn2" € Bloch(X) then T extends to a bounded
operator in L(A; ,(D), X).

(11) If T' extends to a bounded operator in L(A; ,(D), X) then Fr belongs
to Bloch,(X).

In particular, Bloch,(X) = L(A;,(D), X) with equivalent norms.

It is known that Bloch,(C) for p(t) =t*, 0 < o < 1 and X = C coincides
with the Lipschizt class defined in terms of the modulus of continuity A, (see
Theorem 5.1 in [?]). The proof works also in the vector-valued case, and then
we can say that the space Bloch,(X) for p(t) = t* and 0 < a < 1 coincides
with

Aa(X) = {f € Ox(T) - w(f, ) = sup 1F(F) = f(e®)|| = 0@} (8)
ELS
Corollary 1.8 Let 1/2 <p < 1l,a=1/p—2 and let X be a Banach space.
Then the following are equivalent.
(i) T: H, — X is bounded.
(ii) Fr € Ay (X).
PROOF.- (i) = (ii). Using that Fj(2) = >_°° (n + 1)nT(u,)z"". Hence

n=1
if Go(w) =522 (n+ 1)nw"2"! = 22— one has F}(z) = T(G.).

n=1 (1—wz)3?
Hence one has to estimate ||G.||g». Observe now that

o dt 1 1
Gl <(|] —% <o —C——
|G mr < (/0 = Zezt‘Sp) =Y A ) T (1 |2



(ii) = (i) Since p(t) = t}/P~2 satisfies the assumptions in Theorem ??,
one gets 7" is bounded from A, ,(D) into X. Now, by (??), H? C A;,(D)
and then T' = T, is also bounded from HP. UJ

The reader is referred to [?, 7, ?] for applications to multipliers, Carleson
measures and composition operators of similar nature.

2 Proof of the main theorem.

We need some lemmas before starting the proof.

Lemma 2.1 Let X be complex Banach spaces, F(z) =Y " x,2" for z, €
X and g(z ) S Ooznz for a, € C. Then

(i) Telg) = [, Fwyg(w)dd(w).

(ii) fD 1 — |wf? )F’( ) H(w)dA(w) = > 0=, S5 = Tr(g) — F(0)g(0)

where g1(z) =Y. 1,27t = 9(2)29(0)_

PROOF'-

@) [ Flgtoyidw) = Y [ st otdaw

n,k>0

Z/ Lo | WP dA(w) =

n=0

(ii)/D(l— |w|?)F'(w)g,(w0)dA(w) = Z / (1 — |w*)nz,apw™ o dA(w)

n>1,k>1

— Znan:cn/ (1 — |w|)|w*"2dA(w)
- i Qn Ty,
N “=n+ 1

O

Lemma 2.2 Let p : (0,1] — R belong to L'((0,1]) and p(t) > Ct for
0 <t<1 Letf(z) = gomz" and fi(z) = Y oo an2" ! = M.
Then f € Ay ,(D) if and only if f1 € Ay (D).

Morerover || flla, ,m) + [f(0)| = | fll 4, ,@)
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PROOF.- Using |a,|r™ < M;(f,r) we obtain for n > 0
1
1Alla, 2 [ Janls(1 = s
0
1
> C’/ |, [r™ (1 — r)dr
0

Hence
o] < C(n+1)%[| f]ay,- (9)
Assume first that f; € A;,(D). Since f(z) = f(0) + zf1(z) we have

flawsor < 5O [ o0+ 1l 0

Conversely, assume that f € A; ,(D). By (??)

> n+1
/ AEI( — |2)dAR) < OZ WF o)

T+ / O+ A7)t =i

This gives || filla,, @) < ClIf|l 4., m)- -

—

Proof of Theorem 77

(i)== (ii). From (ii) in Proposition ?? we have

Tr(g) — F(0)g(0) = / (1~ |22)F ()01 (2)dA(2)

for each polynomial g. Hence

ITr(9)ll < HF(O)H!g(O)H/D(l—\Z!Q)HF/(Z)!Hgl(i)\dA(Z)

< IOl + 5w =P [ o0 - Dln()dAC)

|z]<1 (
< NF|Bioch,x)(|9(0)| + [|g1]| 4., )-
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Now we apply Lemma ?? to get ||T#(g)|| < C||F||Bioch,(x)|9|| . ,- Hence
we can extend now to A; , using the density of polynomials.

(ii)== (i). Assume T extends to a bounded operator from A, ,(D) into
X. We write u,(z) = 2" and K, (w) = m for the Bergman kernel.

Clearly, for n € N|

1
[unlla,y, = / r"p(1 —r)dr < C.
0

This shows that K, = " (n+1)u,z" is an absolutely convergent series in
A; (D). Therefore

Fr(z) =Y (n+1)T(u,)z" = T(K.)
n=0
Same argument gives
Fp(z) =Y (n+ nT(u,)2""' =T (n+ Lnu,z""").
n=1 n=1

Write G,(w) =Y oo (n+ 1)nw™z""1 = (1—25;;)3'
Hence

1E (I < ITIIG- 4,

Let us now estimate ||G.[|4,,

1 21 de
1Glla, < C / o1 — 1) / T
0 0

1 —rze?|?

< c/oli(p(l_r) dr

B (1 — 1) . L op(l—7) .
- / @z +/z| (o

Mo —r) r ! l —r)dr
< / 0 +<1—|zr>2/|z”“ )4
boplt) 1 -l
= /1|Z| ER N T
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Using now the (d;) and (b;) assumptions on p one gets

/ 1— 1z
IE)I] < (1T]]IG- |y, < Cl)a—iuz\')'

3 Vector-valued generalized Bloch spaces.

Let us now indicate how to construct examples of functions in the generalized
Bloch classes in the vector-valued case using Theorem ?7?. See [?, 7, 7, 7] for
more examples.

Proposition 3.1 Let p be a (dy) and (by)-weight on (0,1] and set p, =
fol r"p(1 —r)dr. Then

F(z) = (pnz")n = anenz" € Bloch,(¢") (10)

n=0

where {e,} stands for the canonical basis of ¢*.

PROOF'- 1t suffices to see that F(z) = T(K,) for a bounded operator T' €

L(A; ,(D), ¢Y).
Consider T'(g) = (22£2),50 for g(z) =Y 7 2" € Ay (D).

n+1
Note that Hardy inequality (see [?]) gives

- v |
E <CM
n+1 =~ 1(97T)7

and then

1

o1-1 3 < g,

n=0

- |O‘n‘pn_
Z n+1l

n=0

S—

This shows that 7" is bounded from A; ,(D) into ¢*. Note now that

(n+1)z" pn
T(K —_—
( Z) ( n4+1 n>0 anen

11



Proposition 3.2 Let v, > 0 such that v > 0 and

1 n
—IZ% n > 0.
k=0

Then

o0

>

n=0
where g(z) = Y 0" 02" and p(1 —t) = 07 ynt™.
PROOF.- Observe first that

M) S i 2 07 S a2 0
n=0

Define T'(g) = (%5 )nxo for g(2) = Y277y anz™ . We have to show that T
is bounded from A; ,(D) into ¢'. It suffices to show that F(z) = (7,2"), =
> o Ymenz™ € Bloch,(') where {e,} stands for the canonical basis of ¢'.
(The reader should observe that the assumptions (b;) and (d;) on the weight
are only used in the other implication.)

Note that F'(z) = ZZO:1 nypenz" 1 and ||[F'(z)|| = (Oo02, nyalz["1).

Hence

nlkl ||

SCMMM (11)

O
We now introduce certain related spaces which can be used to produce
more examples.

Definition 3.3 Let X ba a Banach space and let o : (0,1] — R be a contin-
uous function, we define by L7(X) (respect. A7(X)) the space of measurable
(respect. analytic) functions in the unit disc D such that there exists C > 0
for which

|IF(2)]| < Co(1—|2])

for almost all z € D with respect to the normalized Lebesgue measure dA(z)
( respect. for all z € D).
It becomes a Banach space under the norm ||F||r-(x) (respect. || F | as(x))

given by sup.cp sty IFG)]
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Remark 3.1 A%(X) = H*®(X) foro(t) =1, A°(X) = AY(X) (see [?]) for
o(t) =t for @ > 0 and A7(X) = A°(X) for o(t) = log() (see [7]). We
use the notation L°(X) for the space L7(X) for o(t) = log(7) (see [?]).

Proposition 3.4 Let X be Banach space and let o : (0,1] — RT be non-
increasing and denote oy(t) = ftl @ds for0<t<1. Then

(1) A°(X) C Bloch,(X).

(ii) Bloch,(X) C A7 (X).

If p(t) = to(t) is (by)-weight then A°(X) = Bloch,(X). In particular
A%(X) = Bloch,(X) for p(t) =t

Proof. (i) Since

) =5 [ e

27 Jr (2 — &)?
for T'= {re : t € [0,2m)} where r = \|z| for some 1 < X < ‘71|, we get
: IE©]
F'(z <
IFE) < ,Zgwa
o1 —1¢l)
< 0/ d
—¢p |dé|
< Co(1- )/ L
= 0 |z—re“|2r
2m 1
< C’J(l—)\|z|)/ —dt
o rll— |TZ‘e*”|2
PP
(r—12)
o(l —|z])
< C—>+—2.
(A= 1)l]

Hence, taking limits as A goes to 1/|z| one gets

1P < o7 ED,

||

(i) Let F' € Bloch,(X). Simply observe that F'(z)—F(0) = fol 2F'(rz)zdr
and then

1
IFE-FOll < [ el <cpl [ Ty <o [F 2
1—|z]
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This shows that || F(z)|| < ||F(0)|| + Coy(1 —|z]).
Note that p in (b;) then o7 < C'o what easily gives the final observation.
0

Let us now give general properties of the spaces.

Proposition 3.5 Let p : (0,1] — R be a continuous function such that

@ is non-increasing and p(1) > 0. Let X be a complex Banach space and

F D — X be analytic. Then
| F|| Bioch, (x) = }}f% | F>- || Broch, (x)

where F.(z) = F(rz) for 0 <r < 1.

Proof. Note that F,.(0) = F(0) for all r. Observe that

R E IO (1 — |y
= e N == PO OEE)

Due to the fact that ﬁ is non-decreasing, we have

[F(r2)ll =7 SIF (r2)]

1— 7|
p(1—|z)

what implies that || F} || Bioch,x) < | F || Bioch,(x) for all 0 < r < 1.
1—‘Z0|

Now, given € > 0 take 2y € D such that ST Tool) [ (20)[| > [|F]| Bioch, (x) —
£/2 and take rq verifying that

1_
1B < ——=Ir2]
p

WHF/(TZ)H

1 — |2|
p(1 — |zl)

1 — |2|
.
p(1 — |zl)

for any r > ry. Hence

[1F"(rz0)l| > 1F"(20)l] —&/2

1 F Nl Bioch, (x) > ||.f || Broch, (x) — €-

14



Theorem 3.6 Let p: (0,1] — R be a continuous function such that 22 is

¢
non-increasing, p(1) > 0 and lim; o+ %t) = 00. Let X be a complex Banach
space and F' € Bloch,(X). The following are equivalent:

(1) F € bloch,(X).

(”) lim, ||F - FrHBlochp(X) =0.

(iii) F belongs to the closure of the X -valued polynomials.

Proof. (i)= (ii) Assume that lim,_, ﬁMw(F’, s) = 0. Note that for all
0 < s <1 we have

1 - ’Z‘ / / 1 — |Z‘ /
sup ——— || F'(z) = rF'(r2)|| < 2sup ———=M(F',|2|)
jz1<1 P(1 = |2]) jz1>s P(1 = |2])
+ Csup [|[F(z) - Fi(2)|.
|z|<s
Hence, given £ > 0 choose sy < 1 such that sup, ., p(ll%n’j‘)Moo(F’, |z]) < %

and then use that F) converges uniformly on compact sets to get ro < 1 such
that sup, <y, [F'(2) — Fi(2)| < § for r > ro. Then |[F' — F||Biocn, < € for
r>Tg.

(ii)= (iii) Assume now that for each ¢ > 0 there exists 7y < 1 such
that ||F' — F,||Biocn, < €/2. Now we can take a Taylor polynomial of F},
Py = Py(F,,) such that ||F) — Pyllu, < ¢/2A where A = sup0<r<1ﬁ.
Therefore

1—7r

”F - PN(FT())HBZOChp S ||F - FTOHBlOChp + ( sup

F — P, <e.
0<r<1 p(]_ — 7"))|| ro NHHOO €

(iii)= (i) Let P be an X-valued polynomial. Using that

1—r 1—r
——— M (P',r) < ———max || P'(z
S M (Pr) €~ | P2
one has that P € bloch,(X). The result follows because bloch,(X) is closed
in Bloch,(X). O

Proposition 3.7 Let X be a complex Banach space and let p : (0,1] —

R be a continuous function such that @ is non-increasing and p(1) > 0.
Assume that p is a weight in (dy) and (by).

If F € bloch,(X) then Tp is a compact operator from Ay ,(D) into X.

15



PROOF.- Using (4) in Remark ?? and Theorem ?7 we have a sequence
of polynomials P, with values in X which approaches F' in bloch,(X). Note
that the associated operators T, are finite rank operators. Due to Theorem
77?7 one gets that Tp converges to T in norm. Therefore T'is compact. [

Remark 3.2 The converse of Proposition 7?7 is not true.
Take F' € Bloch,(C) \ bloch,(C) and T' = T the corresponding operator
for X = C. Now T is compact but Fr = F ¢ bloch,(C).

We observe now that the Bergman projection is also well defined for X-
valued integrable functions f in L}(D,dA, X):

PG = [ R daw)

Theorem 3.8 Let X be a Banach space and let o be a (dy) and (by)-weight
in (0,1]. Then the Bergman projection P defines a bounded operator from
L?(X) onto Bloch,(X).

Proof. Let f belong to L7(X). Since o is (d;)-weight, in particular o €
L*((0,1]), and therefore f € LY(D, dA, X).

-
Since (Pf)(z) = /D ﬁ F(w)dA(w) we have

(PN < [l / 200 Z10]) 4 4w

|1 — zw|?

< 2lee [ o= [ ity

< Clfle [ FE

~ Wl [ i

< ol ([ S [ 2
< Ol (g [ ot s D
< a5
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Let us prove the surjectivity. Let f € Bloch,(X) with f(0) = f'(0) = 0.
If f(z) =", x,2", let g be given by

(1= :P)f ()

9(z) = E

We have that g € L7(X) since f € Bloch,(X) and f'(0) = 0. Now write
Pg(z) =" yyn2™ and take n > 1

Yo = (n+1) /Dg(z)zndA(z) =(n+1) /D(l = [2*)f'(2)2" " dA(z)
= (n+1) /D f(2)2"'dA(z) — (n+ 1) /D 2f'(2)2"dm(z) = x,.

Also yg = 0. That is Pg = f.
The general case follows by writting f(z) = f(0) + f'(0)z + fi(z) where
fi1 is as above. So if Pg; = f; then P(f(0) + f'(0)z 4+ ¢1) = f. O

Corollary 3.9 The Bergman projection maps L°(X) to A°(X).
Proof. Note that p(t) = log(%) is (d1) and (b;)-weight. Indeed,
/ log(g)dt = s(log(g) +1) < C’slog(f).
0 t S s

"log(9) e. [Ldt log(%)
dt <1 - — < (—5,
/s 2 - Og(s) 2 = ¢ s

s

Remark 3.3 Denote by R the adjoint operator of Py, that is
— (1 — |2]2)2 f(w) A
RiE) = (1= P [ T HEiaq)

which corresponds to the Berezin transform. The reader is referred to the
recent paper [?] for the results on the Berezin transform of functions on L°.
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