
ATOMIC DECOMPOSITION OF WEIGHTED BESOV SPACES
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Abstract. We find the atomic decomposition of functions in the weighted Besov
spaces under certain factorization conditions on the weight.

Introduction.

After achieving the atomic decomposition of Hardy spaces (see [8,22, 33]), many
of the function saces have been shown to admit similar decompositions. Let us
mention the decomposition of B.M.O. (see [32, 25]), Bergman spaces (see [9, 23]),
the predual of Bloch space (see [ 11]), Besov spaces (see [15, 4, 10]), Lipschitz spaces
(see [18]), Triebel-Lizorkin spaces (see [16, 31]),...

They are obtained by quite different methods, but there is a unified and beautiful
approach to get the decomposition for most of the spaces. This is the use of a
formula due to A.P. Calderón (see [6, 7]). The reader is referred to the book by M.
Frazier, B. Jawerth and G. Weiss [18] for a collection of spaces where the Calderón’s
formula produces the atomic decomposition and applications of it.

Atomic decompositions of weighted versions of different spaces have been also
considered in the literature (see [27] for weighted Hardy spaces, [5] for Lipschitz
spaces,...).

In this paper we shall be concerned with weighted Besov spaces Bp,qφ,w. We shall
find some conditions on the weights to have atomic decomposition on the spaces.

We refer the reader to [19, 29, 18] for general notions and applications of atomic
decomposition and to [1, 24, 30] for different formulations and properties of Besov
classes.

The classes of weights where the results are achieved consist of those which
factorize through powers of Dini and b1 weights. Our arguments for the cases
1 < p, q < ∞ will be based upon two main points: Calderón’s formula and a quite
simple Schur Lemma. To obtain the other extreme cases p, q ∈ {1,∞} we need some
new results on the classes of weights which enable us to apply the same procedure
as in the previous cases. The reader should be aware that the case 1 < q < ∞
could have been shown by interpolation with the extreme cases, but a direct proof
is presented in the paper.
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Throughout the paper a weight w : R
+ → R

+ will be a measurable function
w > 0 a.e., 1 ≤ p, q ≤ ∞ and p′, q′ stand for the conjugate exponents. S denotes
the Schwartz class of test functions on R

n, S ′ the space of tempered distributions,
S0 the set of functions in S with mean zero and S ′

0 its topological dual. We denote
by D the collection of dyadic cubes Q in R

n, i.e. Q = Qj,z = {x ∈ R
n : 2jzi ≤ xi ≤

2j(zi + 1)} for z ∈ Z
n, j ∈ Z. As usual |Q|, l(Q) stand for the volume and the side

length of the cube Q respectively. We shall write T (Q) for Q× ( l(Q)
2 , l(Q)] ∈ R

n+1
+

and cQ for a cube with the same center as Q but with side length equal cl(Q).
Given a weight w, φ ∈ S0 and 1 ≤ p, q ≤ ∞ we shall denote by Bp,qw,φ the space

functions f : R
n → C with f ∈ L1

(
R
n, dx

(1+|x|)n+1

)
such that

||f ||Bp,q
w,φ

=
(∫

R+

||φt ∗ f ||qp
w(t)q

dt

t

) 1
q

< ∞ (1 ≤ q < ∞)

or

||f ||Bp,∞
w,φ

= inf{C > 0 : ||φt ∗ f ||p ≤ Cw(t) a.e.t > 0} < ∞ (q = ∞)

where φt(x) = 1
tn φ

(
x
t

)
.

To state the results of the paper, let us first recall the following notions.
A weight w is said to satisfy Dini condition if there exists C > 0 such that∫ s

0

w(t)
t

dt ≤ Cw(s) a.e. s > 0.

A weight w is said to be a b1-weight if there exists C > 0 such that∫ ∞

s

w(t)
t2

dt ≤ C
w(s)
s

a.e. s > 0.

We shall denote by W0,1 the space of b1-weights which satisfy Dini condition.
Let us also use the notation A1 for the class of functions φ ∈ S0 such that

(a)
∫ ∞
0

(
φ̂(tχ)

)2
dt
t = 1, (χ �= 0)

(b) φ radial and real,
(c) supp φ ⊆ {|x| ≤ 1}and
(d)

∫
Rn xiφ(x)dx = 0, (i = 1, ..., n).

We refer the reader to Section 1 for the notion of (A, p)-atom and the unexplained
notations. The aim of the paper is to prove the following theorem.

Main Theorem. Let 1 ≤ p, q ≤ ∞, φ ∈ A1 and w be a weight that can be factored

as w(t) = λ
1
q′ (t)µ

−1
q (t−1) where λ, µ ∈ W0,1. Then if wQ =

( ∫ l(Q)

l(Q)/2
w(t)q

′ dt
t

) 1
q′

we have f ∈ Bp,qw,φ if and only if there exist A > 0, {sQ}Q∈D and (A, p)-atoms

{aQ}Q∈D such that f =
∑
Q∈D

sQaQ (convergence in S ′
0 ) and


 ∞∑
j=−∞


 ∑
l(Q)=2j

∣∣∣∣ sQwQ
∣∣∣∣
p



q
p




1
q

< ∞.
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Moreover

||f ||Bp,q
w,φ

≈ inf





 ∞∑
j=−∞


 ∑
l(Q)=2j

| sQ
wQ

|p



q
p




1
q

: f =
∑
Q∈D

sQaQ


 .

(with the obvious modifications for p and q equal ∞).

This can be understood as a generalization of the cases proved in [15, 4, 10]
corresponding to w(t) = tα.

The paper is divided into three sections. Section 1 has a preliminary character
and it is devoted to introduce the notation and the main Lemmas to be used later on.
In Section 2 we get the atomic decomposition for the spaces in the case 1 ≤ p < ∞
and 1 < q < ∞ and we postpone the remaining cases to the last section.

§1. Preliminaries and Basic Lemmas.

Let us recall some notions on weights we shall need later.

Definition 1.1. Let ε, δ ∈ R and w be a weight. w is said to be a dε-weight if
there exists C > 0 such that

(1.1)
∫ s

0

tεw(t)
dt

t
≤ Csεw(s) a.e. s > 0.

w is said to be a bδ-weight if there exists C > 0 such that

(1.2)
∫ ∞

s

w(t)
tδ

dt

t
≤ C

w(s)
sδ

a.e. s > 0.

If (dε)(respect. (bδ)) denotes de class of dε-weights (respect. bδ-weights) we
write

Wε,δ = (dε) ∩ (bδ).

Remark 1.1. The main examples of such weights are given by

wα,β(t) = tα(1 + | log t|)β .

It is left to the reader to show that wα,β ∈ Wε,δ for any δ > α and ε > −α.

Let us collect some elementary properties to be used in the sequel.

(1.3) w ∈ (dε) ⇒ w ∈ (dε′) for any ε′ > ε.

(1.4) Let w(t) = w(t−1) then w ∈ (bε) ⇐⇒ w ∈ (dε).

(1.5) w ∈ Wε,δ ⇒ w(t) ≥ C min
(
t−ε, tδ

)
.

The next properties on weights belonging to W0,1 are needed for some results
later on.
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Lemma 1.1. Let ε ≥ 0, δ ≥ 0 and w ∈ Wε,δ. Then

(1.6)
∫ s

0

tεw(t)
dt

t
≤ C inf

s/2≤u<∞
uεw(u).

(1.6′)
∫ ∞

s

w(t)
tδ

dt

t
≤ C inf

0<u≤2s

w(u)
uδ

Proof. From (1.4) it is enough to prove (1.6). Let u ≥ s. From (1.1)∫ s

0

tεw(t)
dt

t
≤ C

∫ u

0

tεw(t)
dt

t
≤ Cuεw(u).

If we integrate this inequality in [s, 2s] against the weight
1

u1+ε+δ

∫ s

0

tεw(t)
dt

t

∫ 2s

s

du

u1+ε+δ
≤ C

∫ 2s

s

w(u)
du

u1+δ
≤ C

∫ ∞

s

w(u)
du

u1+δ
.

Hence, if s/2 ≤ v ≤ s,

C ′ 1
sε+δ

∫ s

0

tεw(t)
dt

t
≤ C

∫ ∞

v

w(u)
du

u1+δ
≤ C

w(v)
vδ

and, finally, ∫ s

0

tεw(t)
dt

t
≤ C

C ′w(v)
sε+δ

vδ
≤ 2ε+δC

C ′ w(v)vε.

Corollary 1.1. Let w ∈ W0,1. Then for any s > 0

(1.7)
∫ ∞

0

min(
s

t
, 1)w(t)

dt

t
≤ C inf

s/2≤u<s
w(u).

The next result was pointed out to the authors by F. Ruiz and J. Bastero, who
showed us the proof we present here.

Lemma 1.2. Let w ∈ (dε) (respectively w ∈ (bδ)). Then there exists ρ > 0 such
that w ∈ (dε−ρ) (respectively w ∈ (bδ−ρ)).

Proof. From (1.4) it is enough to consider w ∈ (dε). Write λ(t) = tεw(t). Clearly
λ ∈ (d0). Let us define the operator

H(λ)(t) =
∫ t

0

λ(s)
s

ds (t > 0).

Since H(λ) ≤ Cλ then Hn(λ) ≤ Cnλ.
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Applying Fubini’s theorem and an easy induction one gets

Hn(λ)(t) =
1

(n− 1)!

∫ t

0

λ(s)
s

logn−1

(
t

s

)
ds.

Take ρ > 0 such that ρC < 1
∞∑
n=1

ρn−1Hn(λ) ≤ C

1 − ρC
λ.

Hence ∫ t

0

λ(s)
s

(
t

s

)ρ
ds ≤ C

1 − ρC
λ(t).

Finally this gives ∫ t

0

sε−ρw(s)
ds

s
≤ C

1 − ρC
tε−ρw(t). �

Definition 1.2. Let 1 ≤ p ≤ ∞ and A > 0. A differentiable funtion aQ is called
an (A, p)-smooth atom if

(1.8) supp aQ ⊆ 3Q for some Q ∈ D.

(1.9)
∫

aQ(x)dx =
∫

xiaQ(x)dx = 0 (i = 1, 2, ..., n).

(1.10) |aQ(x)| ≤ A

l(Q)n/p
,

∣∣∣∣ ∂

∂xi
aQ(x)

∣∣∣∣ ≤ A

l(Q)n/p+1
(i = 1, 2, ..., n).

Let us now establish one of the main lemmas to be used later on. This result
is closely related with Calderón reproducing formula, and gives a procedure to

decompose functions in L1

(
R
n,

dx

(1 + |x|)n+1

)
.

Lemma A. (see [6, 18]). Let f ∈ L1
(
R
n, dx

(1+|x|)n+1

)
and φ ∈ A1. Given 1 ≤ p ≤

∞, Q ∈ D, define

sQ(f) = |Q|
−1
p′

∫ ∫
T (Q)

|φt ∗ f(y)|dy dt
t
,

aQ(f)(x) =
1

sQ(f)

∫ ∫
T (Q)

φt(x− y)φt ∗ f(y)dy
dt

t
.

Then aQ(f) are (A, p)-smooth atoms for A = 2n+1 max{|φ(x)|, | ∂

∂xi
φ(x)| i =

1, . . . , n} and

f =
∑
Q∈D

sQ(f)aQ(f) = lim
M→∞,N→∞

N∑
k=−M

∑
l(Q)=2k

sQ(f)aQ(f) in S ′
0.
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Lemma 1.3. Let 1 ≤ p ≤ ∞, φ ∈ A1, f ∈ L1

(
R
n,

dx

(1 + |x|)n+1

)
. If we write

sQ(f) = |Q|−1/p′
∫∫

T (Q)

|φt ∗ f(y)|dy dt
t

then for any j ∈ Z

(1.11)


 ∑
l(Q)=2j

|sQ(f)|p



1/p

≤
∫ 2j

2j−1
||φt ∗ f ||p

dt

t

Proof. Assume p < ∞ (the case p = ∞ is similar)


 ∑
l(Q)=2j

|sQ(f)|p



1
p

= sup∑
βp′

Q =1

∣∣∣∣∣∣
∑

l(Q)=2j

βQsQ(f)

∣∣∣∣∣∣
= sup∑

βp′
Q =1

∣∣∣∣∣∣
∫ 2j

2j−1

∫
Rn


 ∑
l(Q)=2j

βQ|Q|−1/p′χQ


 |φt ∗ f(y)|dy dt

t

∣∣∣∣∣∣
≤ sup∑

βp′
Q =1

∫ 2j

2j−1

∥∥∥∥∥∥
∑

l(Q)=2j

βQ|Q|−1/p′χQ

∥∥∥∥∥∥
p′

||φt ∗ f ||p
dt

t

≤
∫ 2j

2j−1
||φt ∗ f ||p

dt

t
. �

Lemma 1.4. Let 1 ≤ p ≤ ∞, A > 0, {αQ}Q∈D ⊆ C, and {aQ}Q∈D verifying (1.8)
and (1.10) for A and p. Then for t > 0 and j ∈ Z

(1.12)

∥∥∥∥∥∥
∑

l(Q)=2j

αQaQ

∥∥∥∥∥∥
p

≤ C


 ∑
l(Q)=2j

|αQ|p



1/p

.

(1.13)

∥∥∥∥∥∥
∑

l(Q)=2j

αQ(φt ∗ aQ)

∥∥∥∥∥∥
p

≤ C min
(

t

2j
, 1

) 
 ∑
l(Q)=2j

|αQ|p



1/p

.

Proof.
First observe that

∑
l(Q)=2j

sQaQ has only a finite number of non-zero terms since

there are a finite number of overlapping cubes of the form {3Q}. Hence∥∥∥∥∥∥
∑

l(Q)=2j

αQaQ

∥∥∥∥∥∥
p

≤ A

∥∥∥∥∥∥
∑

l(Q)=2j

|αQ||Q|−1/pχ3Q

∥∥∥∥∥∥
p

≤ C


 ∑
l(Q)=2j

|αQ|p



1/p

.
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Use the previous estimate (1.12) and Young’s inequality to get∥∥∥∥∥∥
∑

l(Q)=2j

αQ(φt ∗ aQ)

∥∥∥∥∥∥
p

≤ ‖φt‖1

∥∥∥∥∥∥
∑

l(Q)=2j

αQaQ

∥∥∥∥∥∥
p

≤ ‖φ‖1


 ∑
l(Q)=2j

|αQ|p



1/p

.

On the other hand, assume l(Q) = 2j and t < 2j . Note that x /∈ 5Q and

y ∈ 3Q implies
∣∣∣∣x− y

t

∣∣∣∣ > 1 and so φ

(
x− y

t

)
aQ(y) = 0. Hence supp φt ∗aQ ⊆ 5Q.

Moreover

|aQ(y) − aQ(x)| ≤ C sup
ξ∈[x,y]

|�aQ(ξ)| |x− y| ≤ CA|x− y|
l(Q)

n
p +1

.

Therefore, using that
∫
φt = 0,

|φt ∗ aQ(x)| =
∣∣∣∣
∫

φt(x− y)(aQ(y) − aQ(x))dy
∣∣∣∣

≤ CA

l(Q)
n
p +1

∫
|φt(x− y)||x− y|dy

= CA
t

l(Q)
n
p +1

∫
|φ(z)||z|dz.

We have proved that |φt ∗ aQ(x)| ≤ C
t

l(Q)
n
p +1

χ5Q. Hence

∥∥∥∑
sQφt ∗ aQ

∥∥∥
p
≤ C

t

2j

∥∥∥∥∥∥
∑

l(Q)=2j

|αQ||Q|−1/pχ5Q

∥∥∥∥∥∥
p

≤ C
t

2j


 ∑
l(Q)=2j

|αQ|p



1/p

. �

Lemma 1.5. Let 1 ≤ p ≤ ∞, {αQ}Q∈D ⊆ C, {aQ}Q∈D (A, p)−smooth atoms.
There exist {cQ}Q∈D ⊆ C with cQ �= 0 for finitely many Q ∈ D such that we have
for p < ∞ and p = ∞ respectively

(1.14)
∫

Rn

∣∣∣∑l(Q)=2j αQ(aQ − cQ)
∣∣∣

(1 + |x|)n+1
dx ≤ C min

(
1, 2−j

) 
 ∑
l(Q)=2j

|αQ|p



1/p

(1.14
′
)

∫
Rn

∣∣∣∑l(Q)=2j αQ(aQ − cQ)
∣∣∣

(1 + |x|)n+1
dx ≤ C min

(
1,

|j|
2j

)
sup

l(Q)=2j

|αQ|
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Proof. Let

cQ =
{

aQ(0) if l(Q) ≥ 1 and 3Q ∩B(0, l(Q)) �= ∅
0 otherwise.

For j < 0 we have cQ = 0 and then we simply use the estimate∣∣∣∣∣∣
∑

l(Q)=2j

αQ(aQ(x) − cQ)

∣∣∣∣∣∣ ≤ A
∑

l(Q)=2j

|αQ||Q|
−1
p χ3Q(x)

Hölder’s inequality gives

∫
Rn

∣∣∣∑l(Q)=2j αQ(aQ − cQ)
∣∣∣

(1 + |x|)n+1
dx ≤ C


 ∑
l(Q)=2j

|αQ|p



1/p

.

For j ≥ 0 we argue as follows:
Note that, for fixed j, there exist a finite number, independent of j, of dyadic

cubes of length 2j such that 3Q∩B(0, l(Q)) �= ∅. Call such a family Fj and denote
by Ej = ∪Q∈Fj

3Q.
In the same way as in the case j < 0 we have

∫
Rn

∣∣∣∑Q/∈Fj
αQ(aQ − cQ)

∣∣∣
(1 + |x|)n+1

dx

≤


∫ ∣∣∣∣∣∣

∑
Q/∈Fj

αQaQ

∣∣∣∣∣∣
p


1
p (∫

|x|≥2j

(1 + |x|)−(n+1)p′dx

) 1
p′

≤ C2−j(1+n/p)


 ∑
Q/∈Fj

|αQ|p



1/p

.

Para Q ∈ Fj y x /∈ Ej we use the simple estimate |aQ(x) − CQ| ≤ 2A2−jn/p.

∫
Rn\Ej

∣∣∣∑Q∈Fj
αQ(aQ(x) − cQ)

∣∣∣
(1 + |x|)n+1

≤ C2−jn/p
∫
|x|≥2j

dx

(1 + |x|)(n+1)

∑
Q∈Fj

|αQ|

≤ C2−jn/p
∫ ∞

2j

t−2dt
∑
Q∈Fj

|αQ|

= C2−j(1+n/p)
∑
Q∈Fj

|αQ|

≤ C2−j(1+n/p)


 ∑
Q∈Fj

|αQ|p



1
p

.
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Finally, we observe that it follows from the mean value theorem and (1.10) that
there exists C ′ > 0 such that

|aQ(x) − cQ| ≤ C ′ |x|
l(Q)

n
p +1

(x ∈ Ej , Q ∈ Fj).

It is clear that if x ∈ Ej then there exist K, independent of j, such that |x| ≤
K2j . Therefore

∫
Ej

∣∣∣∑Q∈Fj
αQ(aQ − cQ)

∣∣∣
(1 + |x|)n+1

dx ≤ A2−
jn
p −1

∫
|x|≤K2j

|x|
(1 + |x|)n+1

dx
∑
Q∈Fj

|αQ|

≤ A2−
jn
p −1

(∫ K2j

0

tn

(1 + t)n+1
dt

) ∑
Q∈Fj

|αQ|

≤ C2−
jn
p −1

(
1 + log(2j)

) ∑
Q∈Fj

|αQ|

≤ C2−
jn
p −1|j|

∑
Q∈Fj

|αQ|.

≤ C2−
jn
p −1|j|


 ∑
Q∈Fj

|αQ|p



1
p

.

Combining the previous estimates we have (1.14) and (1.14’) �

Observe that a net {φi}i∈Λ converges to φ in S ′
0 if there exist {ci}i∈Λ ⊂ C such

that φi − ci converges to φ in S′. Using this it is elementary to show the following
lemma.

Lemma 1.6. Let {fj}j∈Z be measurable functions defined in R
n such that there

exist {cj}j∈Z real numbers with∫
Rn

∑
j∈Z

|fj − cj |
1 + |x|n+1

dx < ∞

Then
∑
j∈Z

fj converge in S ′
0 to some function f ∈ L1

(
R
n,

dx

1 + |x|n+1

)
.

§2. Atomic Decompositions for Bp,qφ,w for 1 ≤ p < ∞ and 1 < q < ∞.

Let us first state a version of Schur Lemma that will be useful for our purposes
and whose proof follows easily from Holder’s inequality.

Lemma B. Let 1 < q < ∞ and 1
q + 1

q′ = 1. Let (Ω1,Σ1, µ1) and (Ω2,Σ2, µ2) be

two σ-finite measure spaces and let K : Ω1 × Ω2 → R
+ be a measurable function

and write TK(f) for

TK(f)(w2) =
∫

Ω1

K(w1, w2)f(w1)dµ1(w1).
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If there exist C > 0 and measurable functions hi : Ωi → R
+ (i = 1, 2) such that

(2.1)
∫

Ω1

K(w1, w2)h
q′

1 (w1)dµ1(w1) ≤ Chq
′

2 (w2) µ2 − a.e.

(2.2)
∫

Ω2

K(w1, w2)h
q
2(w2)dµ2(w2) ≤ Chq1(w1) µ1 − a.e.

Then TK defines a bounded operator from Lq(Ω1, µ1) into Lq(Ω2, µ2).

Theorem 2.1. Let 1 ≤ p < ∞,1 < q < ∞, φ ∈ A1, w(t) = λ1/q′(t)µ−1/q(t−1)

where λ, µ ∈ W0,1. Denoting wQ =

(∫ l(Q)

l(Q)
2

wq
′
(t)

dt

t

)1/q′

we have f ∈ Bp,qw,φ if and

only if there exist A > 0, {sQ}Q∈D ⊆ C, {aQ}Q∈D (A, p)−smooth atoms such that

f =
∑
Q∈D

sQaQ in S ′
0 and

(2.3)
j=∞∑
j=−∞


 ∑
l(Q)=2j

( |sQ|
wQ

)p
q/p

< ∞.

Moreover

‖f‖Bp,q
w,φ

≈ inf





 j=∞∑
j=−∞


 ∑
l(Q)=2j

( |sQ|
wQ

)p
q/p




1/q

; f =
∑
Q∈D

sQaQ


 .

Proof. Assume f ∈ Bp,qw,φ and write wj =

(∫ 2j

2j−1
wq

′
(t)

dt

t

)1/q′

. The atomic de-

composition is obtained from Lemma A. The only thing to prove is the estimate
(2.3). Using (1.11) we have

 ∑
l(Q)=2j

(
sQ
wQ

)p
1/p

≤
∫ ∞

0

w(t)
wj

χ(2j−1,2j)(t)
‖φt ∗ f‖p

w(t)
dt

t
.

Hence from duality and Hölder’s inequality


 ∞∑
j=−∞


 ∑
l(Q)=2j

(
sQ
wQ

)p
q
p




1
q

= sup∑
βq′

j =1

∫ ∞

0


 ∞∑
j=−∞

βj
wj

w(t)χ(2j−1,2j)(t)


‖φt ∗ f‖p

w(t)
dt

t

≤ sup∑
βq′

j =1

∥∥∥∥∥∥
∞∑

j=−∞
βj

w(t)
wj

χ(2j−1,2j)(t)

∥∥∥∥∥∥
q′

‖f‖Bp,q
w,φ

= ‖f‖Bp,q
w,φ

.
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Conversely, let us assume that f =
∑
Q∈D

sQaQ where {sQ}Q∈D satisfies (2.3). We

use now (1.14) in Lemma 1.5 and Lemma 1.6 to prove that
∑
Q∈D

sQaQ converges in S ′
0

to a function f ∈ L1

(
R
n,

dx

(1 + |x|)n+1

)
. It suffices to prove that wj min

(
1, 2−j

)
∈

lq′(Z).

∑
j∈Z

wq
′

j min
(
1, 2−j

)q′

≤ C
∑
j∈Z

∫ 2j

2j−1
wq

′
(t) min

(
1,

1
t

)q′
dt

t

≤ C

∫ ∞

0

wq
′
(t) min

(
1,

1
t

)q′
dt

t

≤ C

(∫ 1

0

λ(t)µ−q′/q(t−1)
dt

t
+

∫ ∞

1

λ(t)µ−q′/q(t−1)
(

1
t

)q′
dt

t

)
.

Using (1.5) we have µ(s) ≥ min(1, s). Hence

∑
j∈Z

wq
′

j min
(
1, 2−j

)q′ ≤ C

(∫ 1

0

λ(t)
dt

t
+

∫ ∞

1

λ(t)tq
′−1t−q

′ dt

t

)

≤ C

(∫ 1

0

λ(t)
dt

t
+

∫ ∞

1

λ(t)
dt

t2

)
< ∞.

Since ‖φt ∗ f‖p ≤
∑
j∈Z

‖
∑
l(Q)=2j sQ(φt ∗ aQ)‖p we can use (1.13) in Lemma

1.4 to get

‖φt ∗ f‖p
w(t)

≤ C

∞∑
j=−∞

wj
w(t)

min
(

t

2j
, 1

) 
 ∑
l(Q)=2j

( |sQ|
wQ

)p
1/p

.

Let us write (Ω1,Σ1, µ1) = (N,P(N), dν) where ν denote the counting measure

and (Ω2,Σ2, µ2) =
(

(0,+∞),B((0,+∞)),
dt

t

)
and consider the following kernel

K(j, t) =
wj
w(t)

min
(

t

2j
, 1

)
.

Take

αj =

(∫ 2j

2j−1
λ(t)

dt

t

) 1
qq′ [

inf
2−j<t≤2−j+1

µ(t)
]1/qq′

and take
g(t) = λ

1
qq′ (t)µ

1
qq′ (t−1).
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Clearly we have

(2.4) gq(t) = w(t)µ(t−1), gq
′
(t)w(t) = λ(t).

On the other hand wj ≤
(∫ 2j

2j−1 λ(t)dtt
) 1

q′ (
inf2−j<t≤2−j+1 µ(t)

)−1
q . This implies

(2.5) wj inf
2−j<t≤2−j+1

µ(t) ≤ αqj , wjα
q′

j ≤
∫ 2j

2j−1
λ(t)

dt

t
.

Hence from (2.4), Corollary 1.1 and (2.5)∫ ∞

0

K(j, t)gq(t)
dt

t
= wj

∫ ∞

0

µ(t−1) min
(

t

2j
, 1

)
dt

t

= wj

∫ ∞

0

µ(s) min
(

2−j

s
, 1

)
ds

s

≤ Cwj inf
2−j<t≤2−j+1

µ(t) ≤ Cαqj .

On the other hand, applying (2.4) and (2.5)

∞∑
j=−∞

K(j, t)αq
′

j ≤ C

w(t)

∞∑
j=−∞

min
(

t

2j
, 1

)
wjα

q′

j

≤ C

w(t)

∞∑
j=−∞

min
(

t

2j
, 1

) ∫ 2j

2j−1
λ(s)

ds

s

≤ C

w(t)

∫ ∞

0

min
(
t

s
, 1

)
λ(s)

ds

s

≤ C
λ(t)
w(t)

= Cg(t)q′.

Hence, by Lemma B,

∥∥∥∥‖φt ∗ f‖p
w(t)

∥∥∥∥
Lq( dt

t )

≤ C

∥∥∥∥∥∥∥TK




 ∑
l(Q)=2j

( |sQ|
wQ

)p
1/p




∥∥∥∥∥∥∥
Lq( dt

t )

≤ C

∥∥∥∥∥∥∥

 ∑
l(Q)=2j

( |sQ|
wQ

)p
1/p

∥∥∥∥∥∥∥
lq

< ∞. �

§3. Atomic Decompositions for B∞,q
φ,w , Bp,∞φ,w and Bp,1φ,w

Theorem 3.1. Let 1 ≤ p < ∞, w ∈ W0,1, φ ∈ A1. Then f ∈ Bp,∞w,φ if and only

if there exist A > 0, {sQ}Q∈D ⊆ C, {aQ}Q∈D (A, p)−smooth atoms such that

f =
∑
Q∈D

sQaQ
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in S ′
0 and

(3.1)


 ∑
l(Q)=2j

|sQ|p



1/p

≤ C

∫ 2j

2j−1
w(t)

dt

t
.

Moreover

‖f‖Bp,∞
w,φ

≈ inf


sup
j∈Z

(∑
l(Q)=2j |sQ|p

)1/p

∫ 2j

2j−1 w(t)dtt
; f =

∑
Q∈D

sQaQ


 .

Proof. Assume f ∈ Bp,∞w,φ . Apply Lemma A and Lemma 1.3 to obtain (3.1).
Conversely assume {sQ}Q∈D safisfies (3.1). Invoking Lemmas 1.5 and 1.6 we can

see that
∑
Q∈D

sQ(aQ−cQ) converge in S ′
0 to a function f ∈ L1

(
R
n,

dx

(1 + |x|)n+1

)
as

soon as we notice that min
(
1, 2−j

) ∫ 2j

2j−1
w(t)

dt

t
∈ l1(Z).

∑
j∈Z

min
(
1, 2−j

) ∫ 2j

2j−1
w(t)

dt

t
≤ C

∫
R

w(t) min
(
1, t−1

) dt

t

≤ C

∫ 1

0

w(t)
dt

t
+

∫ ∞

1

w(t)
dt

t2
.

Note that φt ∗ f =
∞∑

j=−∞

∑
l(Q)=2j

sQ(φt ∗ aQ) in S ′
0. Hence

(3.2) ‖φt ∗ f‖p ≤
∞∑

j=−∞

∥∥∥∥∥∥
∑

l(Q)=2j

sQ(φt ∗ aQ)

∥∥∥∥∥∥
p

.

Applying (3.2) and (1.13) in Lemma 1.4 we have

‖φt ∗ f‖p ≤ C

∞∑
j=−∞

min
(

t

2j
, 1

) ∫ 2j

2j−1
w(s)

ds

s

≤ C

∞∑
j=−∞

∫ 2j

2j−1
min

(
t

s
, 1

)
w(s)

ds

s

≤ C

(∫ t

0

w(s)
ds

s
+ t

∫ ∞

t

w(s)
ds

s2

)
≤ Cw(t). �
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Theorem 3.2. Let 1 ≤ p < ∞, φ ∈ A1 w a weight such that w1(t) = w−1(t−1) ∈
W0,1. Let us denote wj = sup{w(t); 2j−1 < t ≤ 2j} and wQ = wl(Q). Then

f ∈ Bp,1w,φ if and only if there exist A > 0, {sQ}Q∈D ⊆ C, {aQ}Q∈D (A, p)−atoms

such that f =
∑
Q∈D

sQaQ in S ′
0 and

(3.3)
+∞∑
j=−∞


 ∑
l(Q)=2j

( |sQ|
wQ

)p
1/p

< ∞.

Moreover

‖f‖Bp,1
w,φ

≈ inf




+∞∑
j=−∞


 ∑
l(Q)=2j

( |sQ|
wQ

)p
1/p

: f =
∑
Q∈D

sQaQ


 .

Proof. Assume f ∈ Bp,1w,φ. Use one more time Lemma A and (1.11) to have
 ∑
l(Q)=2j

( |sQ|
wQ

)p
1/p

≤
∫ 2j

2j−1

‖φt ∗ f‖p
w(t)

dt

t
.

Adding them up we get

+∞∑
j=−∞


 ∑
l(Q)=2j

( |sQ|
wQ

)p
1/p

≤ ‖f‖Bp,1
w,φ

.

Conversely take {sQ}Q∈D satisfying (3.3). As in Theorem 2.1 we shall prove

that
∑
Q∈D

sQaQ converges in S′
0 to a function f ∈ L1

(
R
n,

dx

(1 + |x|)n+1

)
. Now it

suffices to prove that wj min
(
1, 2−j

)
∈ l∞(Z) which easily follows from (1.5).

As in Theorem 2.1 we apply (1.13) to get

‖φt ∗ f‖p ≤
∞∑

j=−∞
‖

∑
l(Q)=2j

sQ(φt ∗ aQ)‖p

≤ C

∞∑
j=−∞

min
(

t

2j−1
, 1

) 
 ∑
l(Q)=2j

|sQ|p



1/p

.

Therefore

∫
R+

‖φt ∗ f‖p
w(t)

dt

t
≤ C

∞∑
j=−∞

(∫
R+

1
w(t)

min
(

t

2j−1
, 1

)
dt

t

) 
 ∑
l(Q)=2j

|sQ|p



1/p

= C

∞∑
j=−∞


 ∑
l(Q)=2j

|sQ|p



1/p(∫ ∞

0

min
(

2−j+1

s
, 1

)
w1(s)

ds

s

)
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From Corollary 1.1 we can estimate(∫ ∞

0

min
(

2−j+1

s
, 1

)
w1(s)

ds

s

)
≤ C inf

2−j<t<2−j+1
w1(t) ≤ C

1
wj

This shows

∫
R+

‖φt ∗ f‖p
w(t)

dt

t
≤ C

∞∑
j=−∞


 ∑
l(Q)=2j

( |sQ|
wQ

)p
1/p

. �

Analyzing the previous proofs one realize that the only difficulty to extend to
the case p = ∞ comes from the failure of (1.14), which in this case can be replaced
by (1.14’ ). This problem can be overcome by using Lemma 1.2.

Theorem 3.3. Let 1 ≤ q ≤ ∞, φ ∈ A1, w(t) = λ1/q′(t)µ−1/q(t−1) where λ, µ ∈

W0,1. Denoting wQ =

(∫ l(Q)

l(Q)
2

wq
′
(t)

dt

t

)1/q′

for q > 1 or wQ = sup{w(t); l(Q)/2 <

t ≤ l(Q)} for q = 1 we have f ∈ B∞,q
w,φ if and only if there exist A > 0, {sQ}Q∈D ⊆ C,

{aQ}Q∈D (A, p)−smooth atoms such that f =
∑
Q∈D

sQaQ in S ′
0 and

(2.8)
+∞∑
j=−∞

sup
l(Q)=2j

( |sQ|
wQ

)q
< ∞.

Moreover

‖f‖B∞,q
w,φ

≈ inf





 +∞∑
j=−∞

sup
l(Q)=2j

( |sQ|
wQ

)q
1/q

; f =
∑
Q∈D

sQaQ


 .

(the obvious modifications for q = ∞).

Proof.

Denote wj =
(∫ 2j

2j−1 w
q′(t)dtt

) 1
q′

or wj = sup{w(t) : 2j−1 < t ≤ 2j}
Using Lemma 1.2 then µ, λ ∈ (bε) for some 0 < ε < 1 and this is enough to show

that wj min
(
1, |j|

2j

)
∈ lq

′
(Z).

Indeed, for q = ∞ we have w(t) = λ(t) and wj min
(
1, |j|

2j

)
≤ Cwj min

(
1, 1

2εj

)
From this

∑
j∈Z

wj min
(

1,
|j|
2j

)
≤ C

(∫ 1

0

λ(t)
dt

t
+

∫ ∞

1

λ(t)
dt

tε+1

)
< ∞.

For q = 1 we have w(t) = µ−1(t−1) and using (1.5)

wj min
(

1,
|j|
2j

)
≤ C

1
inf2−j<t<2−j+1 µ(t)

min
(

1,
1

2εj

)
≤ C < ∞,
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C independent of j.
For 1 < q < ∞ take 0 < α < 1 such that q′(1 − α) = 1 − ε and use

wj min
(

1,
|j|
2j

)
≤ Cwj min

(
1,

1
2αj

)
.

Therefore

∑
j∈Z

wq
′

j (min
(

1,
|j|
2j

)
)q

′ ≤ C

(∫ 1

0

λ(t)µ−q′/q(t−1)
dt

t
+

∫ ∞

1

λ(t)tq
′−1 dt

tαq′+1

)
< ∞.
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