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Abstract

In this paper we study spaces AP(w) consisting of harmonic func-
tions in B™ the unit ball in R and belonging to LP(w), where dw(x) =
w(1 — |z|)dr and w : (0,1] — R* will denote a continuous integrable
function. For weights satisfying certain Dini type conditions we con-
struct families of projections of LP(w) onto AP(w). We use this to get
for 1 < p < oo and % + 1% = 1, a duality AP(w)* = AP'(w'), where w’
depends on p and w.

1. Introduction and preliminaries. Let us denote by AP(w) the
spaces consisting of harmonic functions in B™ the unit ball in R™ and belong-
ing to LP(w) = LP(w(1 — |z|)dx), where w : (0,1] — R* will denote a contin-
uous integrable function. The case w(t) = t* was studied in [5, 8, 10, 12, 13]
for a > —1. Projections of LP((1 — |z|)’dx) onto AP(t9) for different values
B > —1, were defined in [5, 8, 12]. In particular, in [8], families of continuous
projections are constructed for every > —1 and p > 1.

In this paper we use the integral operators P, with kernels b, (x, y) related
to the measure (1 — |z|)*dz, a > —1, defined originally in [5] for @ € N and
we give conditions (Dini type) on the weight function w related to a and
p > 1, that make P, a continuous projection of LP(w) onto AP(w). We use
this to get for 1 < p < 0o and % + 1% = 1, a duality AP(w)* = AP (w'), where
w’ depends on p and w.

We shall be using the following notation: for x,y € B™, we will write
x=Rx', y=ry, with R=|2/| and r = |¢/|.

We denote by P(z,y) the Poisson kernel in B,
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1—(rR)?

P(x, = Cp
(:9) (1 —2rRa’ -y + r2R2)"/?
= ;(Rr)kﬂk(ﬁ/mk(y'),
J

being {Y]k } the real orthonormal basis on S™"~! of spherical harmonics of
J

degree k. Hence, any harmonic function on B™ can be written as
f=> ak,jyjk
k?j
where a;,; € C and the convergence is uniform on compacts in B".
We define for a > 0 and z,y € B"
['(2k+n+a)

bl 9) = 2 T )2k 1 )

(Rr)'Y ()Y () (1)
and the corresponding integral operator

Paf (@) = [ (1= Iyl b, 5) ().

which is well-defined for functions in L*(¢t*~1).
We shall be using the operators of fractional differentiation D defined
by

t pm+1) (-
Do) = [

if a =m+3,meNU{0} and 0 <8< 1;and D%(t) = ¢\ (t) if a € N.

Throughout this paper we shall denote €(z) = (1 — |z|), for any = € R™
or z € R and we adopt the convention that C' will denote a generic positive
constant that may change in each occurrence.

2. Reproducing kernels and Projectors.

Definition 1 Let v,q > 0, and w a weight.function.



1. We shall say that w is a d,-weight (w € d,) if

/twds <o)
o S7 t7

1

2. w is said to be a b,-weight (w € b,), provided

/1 Mds < Cw(t).

a1

3. We say that w € C, if t*w(t) is non-decreasing, for some a > 0.

The reader is referred to [1, 3, 4, 11] for some properties and uses of these
type of weights functions.

Let us first mention some procedures to get examples of such weights
whose elementary proofs are left to the reader.

Proposition 1 Let v,q > 0, and w be a weight function.
(i) If t*w(t) is non-increasing for some b > q — 1 then w € b,.
(ii) If t*w(t) is non-decreasing for some a <1 —~ then w € d, .
(iii) If w(ts) < Cw(t)w(s) and % € Ll[O, 1] then w € d,.
Next we give some basic but useful properties of the weights above.
Proposition 2 Let v,q > 0, and w be a weight.function.

(i) If w € by, then for some C' >0
1
w(t) > thfllog;, t € (0,1]. (2)

(ii) Ifw € d,Nb, then g > .
(iii) Let w € CN b, for some ¢ > 0. Then there exists C' > 0 such that
w(2t) < Cw(t). (3)

provided 0 < t < % .



Proof. (i):
By the continuity of w, there exists C; > 0, such that w(t) > C1t97! for
t € [3,1]. Also, if t <1/2,

! Lw(s) w(t)
< —ds < (——=.
/1/2 w(s)ds < /t @ ds < th_l

Thus, “’tEf) > % and (i) follows after integrating this expression.
(ii): Is an easy consequence of (i).
(ili) Since w € b, implies that w € b, for any p > ¢, we can assume that

t*w(t) is non-decreasing, for some a > 0 such that a+¢ > 1. Now, if t < 1/2,

then W% —1 Z W%, hence
w(t) t*w(t) u 11
pre e <Ct w(t)/t Sq+ads
1
< C/ ws) s < o).
t  s9 ta-1
that is,

o) _ el

ta—1 54

Then, for t € (0,1/4),

1 1
w(2t) < th—l/ W) g < (th—l/ W) 4o < Cu(e).
2t 89 t S84
Ift e [1/4,1/2],
w(2t) < ATz S) gy
ming ja<s<1/2W(s)

Lemma 1 a) Let 0 < 8 < 1 and w € CNd, for some v > 0. Then there
exists C' > 0 such that

/Otsvw&clx e e, (4)

(t—s)B = s



b) Let w e d,Nb, for g >~.
If0 < q <7 and g+ q > q then

1
/ _wll) gy o W)
0 tQI(s+t)q2 3(11+q2*1

c) Fory > —1 and for any ' € S, [gur il < c(7,1) 7.

Proof. a) Since w € C implies that w(t/2) < 2%w(t), for some a > 0,

/t/2 w(s) s < 2/#2 w<8)ds<0 w(t)

t—sp "W h e T T

On the other hand,

o w(s) t ds w(t) ! dt
P ds < / < / .
//2 sI(t — s5)B s < Cult)r” t/2 (t — s)Bsrte = thﬁ—l 1/2 (1 —s5)Bs7™

b) The proof follows from the estimates

/Ositql(“’(t) dt<i/08 tyﬂ g < o)

s+t)e T g® gait+gz2—1’

/ / 1 /1 w(t)dt <0 w(s)
tql S +t qz ta +q2 - SQ1+QQ*Q s 1 - 7 gnte-1’

¢) The proof is immersed in [5], we include it here for completeness: using
spherical coordinates, we parametrize S ! on a cube @ C R""! . Then

dy e de
/S’H (lz' —y/| + A"~ /Q (I () — y' () + A"

where /(&) = 2’. Since |y (§) — ¥'(€)|gn ~ [0 — &|gn-1 , then

ds <C ae <C . T
/Q (ly' (&) =y (O + A" ~ /Q (16 — &1+ A" — /R“—l (el + 4"

2

r" 1
= At = (7).



Lemma 2 Let o« =m+ (>0, withm € NU{0} and 0 < < 1, then

ba(l‘,pr/) _ C(a)pl—nDa [pn_1+ap($,p2y/>] ‘

Proof. An easy calculation shows that

P+ DTA=5) 1w

D7 = 5)

Iy —a+1) (5)

By (5), D¥pn1tet2k — (1 — B)%p"*“k. Then the proof follows
after expanding P(z, p?y’). n

Theorem 1 Let o > 0 and w € CNdy Nby.
If v+« > q, then

bl ) w(1 — ja)
f s e = by < € 1t

Proof. Write « = m + 3, with m € NU{0} and 0 < < 1. Assume that
B > 0 (the case § = 0 is similar).

Iba(:c,y>| / /
AR =1 I
/Bn 1=l ~ Iy Br  Jpm\ipn pr

Notice that Proposition 2 (i) implies that = w®) i bounded below by a

positive constant. Then, since b, (z,y) is uniformly bounded in B™ x iB”, i
is enough to estimate I. Let a > 0 such that t*w(¢) is non-decreasing, then
Proposition 2 (ii1) clearly gives w(1 —r?) < Cw(1 — r), and therefore

a(, sy) n—1j 7
o= of [ sl gy
2 1/4 Jsn—1 1—5 wl 5)s yas

wry| 2\ 77
of [ Bty
172 Jsn-1 (1 —1r?) w( r)dy'dr

\b xry\ )
P ? TN (1 — 1) difd
/1/2/5‘ﬂ1 A=y W -rdydr

By Lemma 2, this integral equals

IA



! ’LU(l B T) 1-n " am—l—l n—1l+a 2 du
C/Sn—l </1/2 (1—r) : /o ((%m“u Pz, v’y) (r —u)?

As in the begining of the proof, it suffices to estimate

1 —T T om+l 1+ du
n—lt+ap 2,1
/Sn 1 /1/2 1—r) /1/2 <8um+1u (z,w7y) (r —u)?

dr) dy'.

drdy. (6)

If we let y = # for y # 0, we have the following estimate (see [5]):
ot / ~|—n—m
‘WP(%TZ/)‘SCM—M ; (7)

for x € B™ and r > 1/2. Then by (7),

am—i—l

aum—i-l

—_n—m

u" Pz, uty)| < O ‘x — u?y

Now, using elementary geometry we have that |x — g| ~ |2/ — /| +e(x) +€(y),
uniformly for z € B™ and y € B"\1B", hence (6) is bounded by a constant
multiple of

Lo (L2 ([ =it oy et 2 ar)

(Lemma 1 (c¢))

IN

c/ 11__/" (/0 (e(z) + e(w) ™™ (Tfiuu)ﬁ) dr
— C’/ (/ _w:)lv(;? u)ﬁdr> (e(z) + e(u) ™ " du
= C’/ (/1 ' e(u()S)— S)Bd8> (e(z) + e(uw)) ™ du

(Lemma 1 (a))

1 _
< C’/ w(l — u) du
0



(Lemma 1 (b)) 1—|z)
= = ey

Corollary 1 If0 < p < «, then

[ )l o)y < 001~ [a)

n

Proof. Take w(t) = ¢*'. Then w € dg for every § < a and w € b, if ¢ > «v.
Hence w € d, and the proof follows from Theorem 1 taking ¢ = a + p/2.
|

Lemma 3 (see [12, Proposition 2.1] ). Let o > 0, and let f be a bounded
harmonic function in B™. Then

Fof(z) = f(2).

Theorem 2 Let1 <p < o0, 0 <y <aandw € CNdy,Nby, withq > 7.
If a > max{%%q — 7} then P, can be extended as a continuous projection
from LP(w) onto AP(w).

Proof. Using Holder’s inequality with the measure €(y)* ‘dy,

L, 1Paf @) w(1 = [e)da
< [ (L bele )l 1@ ) dy) wit = fal)do

_w ey, \PP
< [ ([ ot pletw) ¥+ ay)

= Jgn

< ([ 1bala ) L@ ey dy ) w(1 = [o])dz.
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(let p= WTPI in Corollary 1)

< ([ byl f@F )y ) elw) w1~ [a])do
= [ 1F@P ) ([ ol e@) (1 - fal)de ) dy.

Since w € CNd,Nb, and o > g —y, Theorem 1 implies that the last estimate
is bounded by

C [ 1wl —ly)dy.

Next theorem extends the results of continuity in [5, 12], (compare with
8, Theorem 7.3]):

5
Theorem 3 For 3> 0, p > 1 and § > 0 denote wss(t) = t%P~1 (log(%)) .
If B < « then P, can be extended as a continuous projection from LP(wgs)
onto AP(wg.s).

Proof. An easy calculation shows that wsgs € d, if v < Bp and wgs € b,
if ¢ > Bp. In particular, if we let 0 < ¢ < min{O‘T’ﬁ @}, v = % — ¢ and

q = Bp + ¢, the proof follows from Theorem 2.

7p/

|
Given o > 0 and a positive weight function w we can represent the dual
of LP(w) as LP’(w/), by the pairing < f,g >= [z. f(z)g(z)(1 — |£E|)O‘_1dx,

where w'(t) = fvp(;;ll)l and % + ﬁ =L

Corollary 2 Let 1 < p < oo,%—i-]% =1andw e CnNd,Nby, withq > .
Also let o > max{~, %'y, q—7} and w'(t) = t7'©@D Jw ()P 1. Then

(AP(w))* = AP (w') (with equivalent norms)

under the pairing < f,qg >= [ga f(x)g(x)(1 — |z|)*  dx.

Proof.
It is clear that if f € Ap/(w/) then ®(g) = [go f(x)g(x)(1 — |z|)* 'dx
defines a functional in (AP(w))* and ||| < || f[ 1w (-

9



Conversely, let & € (AP(w))*. Theorem 2 implies that ®; = ® o P, €
(LP(w))*. Hence there exists a function f; € L” (w) for which

®i(g) = | fil@)g(@)w(l — |z])dz

for all g € LP(w).
Since we clearly have ®,(g) = ®1(P,(g)), then

0i(g) = [ 5i@) ([ balen)gw)( =y dy) w1 — al)ds

for all g € LP(w).
In particular, if g € C.(B™) we have

ou(9) = [ ([ balwp)fi@)wt = [al)dr) gly)(1 ~ [y dy
= [ @9 -y dy.

where f(z) = [gn bo(z,y) f1(y)w(1l — |y|)dy is a well-defined harmonic func-
tion, since f; € L'(w).
Moreover, since C.(B") is dense in LP(w), and ®; € (LP(w))* then

f(yq)u((lf—l\yylf)a_l c ¥ (w), or equivalently f € LP (w'). Therefore it follows that

f € A” (w') and represents .

Finally, we need to prove that the correspondence f — ® is one to one:

Observe first that, from Theorem 2 and duality, one easily gets that P,
is also a projection from L¥ (w') into A (w').

Now assume that ® = 0 is represented by f € A" (w'), then for any
g € Ce(B"),

0= [ FPag)(1 =y = [ Flloly)(d— [y dy.

Once again the density of C.(B") in LP(w) implies that f = 0.
Finally we use the open mapping theorem to obtain that the norms ||®||
and || f|| 1 (., are equivalent.
n
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