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Dyadic BMO, paraproducts and Haar multipliers
Oscar Blasco

ABSTRACT. Some new proofs on the boundedness of dyadic paraproducts for
functions in dyadic BMO are given.

1. Introduction

Let D denote the collection of dyadic intervals of the real line R, say D =
UgezDk, where Dy, stands for the family of dyadic intervals in the k-generation, that
is [I| = 27%. Let (hr)7ep be the Haar basis of L%(R), i.e. hy = m%ﬂ(xﬁ - X1-)
where I and I~ stand for the right and left halves of I and set x; the center of I.
For I € D and ¢ € L*(R), let ¢; denote the Haar coefficient,

o1 = (6, hr) = / o()hrdt

and mj¢ the average of ¢ over I,

e Xy o L
mro = (0.3 = 7 [ oo

Observe that

(1.1) mr(hy) = <|><71|,hJ> =0, JCI, JIeD
(12) mI(hJ):hJ(I]):hJ(t), I1¢J JIeD,tel.
We say that ¢ € L?(R) belongs to dyadic BMO, written ¢ € BMOY(R), if
1
(1.3) sup (= / lp(t) — myo|?dt)/? < .
rep |1 Jr

For each I € D we write
Pi(¢) = ¢shu,
JCI
which, due to (1.1) and (1.2), coincides with

Pr(¢) = (¢ —mio)xr-
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Therefore b € BMOY(R) if and only if
1
1.4 —= || P,
( ) ?lelg |I|1/2H I(¢)||L2 <OO7

which, due to orthogonality of the Haar system, can be described by the Carleson
condition

1 1/2
(1.5) sup (m Z \¢J|2) < 00.
1eD JeD,JCI
Due to John-Nirenberg’s lemma, one can replace the L?(R) norm in (1.3) and
(1.4) by any LP-norm. That is, for 1 < p < oo, we have ¢ € BMOY(R) if and only
if

(16)  sup(— / 16(8) — mrlPdt) /P = sup
1rep || J; IeD

1

WHPI(@”LP < o0.

Another equivalent formulation comes from the duality (see [G, M])
(1.7) BMOY(R) = (Hg(R))",
where H}(R) consists of those functions ¢ € L'(R) such that S(¢) € L*(R), where

S(8) = (X lonl* i)
IeD
stands for the dyadic square function.

Let us recall that Littlewood-Paley theory gives that ¢ € LP(R) implies that
S(¢) € LP(R) for 1 < p < oo and that H} is the correct replacement in the limiting
case p = 1.

Other equivalent characterization of H}(R) are given in terms of dyadic atoms
or maximal dyadic functions. The reader is referred to [M] or [G] for the results
concerning dyadic H' and BMO.

The reader is referred to [M, Per, G, Ch] for the basic notions on dyadic
Harmonic Analysis.

Let Ej stand for the conditional expectation over the filtration generated by
dyadic intervals in Dy, that is

Be(f)= > (mif)xs
=2
and Ay = Epy1 — Ey, that is
Apf= Y fihr
=2~

From this one has
Ey(f)= > fihr
[I|>2—k
Now the ”dyadic paraproduct” is defined by the formula
Wb(f) = ZEkakb = Z b[(m[f)h[.
kEeZ IeD
For real-valued functions b the adjoint of this operator becomes

Ay(f) = ZAkakb = Z beI&

kEZ 1eD |I| .
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We shall give new proofs of the following known result (whose proof is usually
based on Carleson’s lemma).

THEOREM 1.1. (see [M, pag 273], or [Per2]) Let ¢ € L*(R). The following
are equivalent:

(i) ¢ € BMOY(R)

(ii) 7o (f) = > 1ep d1(mif)hr defines a bounded linear operator on L*(R).

(i) Dp(f) = rep ¢If1|XTI| defines a bounded operator on L*(R).

The objective of this note is to get some new proofs of the characterization of
dyadic BMO in terms of dyadic ”paraproducts” which makes use of the notions of
Haar multipliers, interpolation and Lorentz spaces. Some ideas to be considered
later on were used in the work by S. Pott and the author in [BP1, BP2] (see also
[Bl]) when analyzing the boundedness of dyadic paraproducts in the bidisc or in
the operator valued case where the classical tools were not valid any longer.

Recall (see [Per]) that a sequence of functions (®;)rep is said to be a Haar
multiplier, if there exists C' > 0 such that

1> @rfrhillz@) < Cllfllea for all f € L*(R).
IeD
We write T(g,) for the operator
T, (f) = Z Orfrhr.
IeD

Is is clear that for ®;(t) = aj for I € D one has || T(¢,)|| = supsep |ar|. In
general, using the Haar functions as test functions, one gets that if (®;)rep is a
Haar multiplier then

o 1120
rep  [|Y/2
Given b € L%(R), we define the "dyadic sweep” of b, to be denoted Sy, by

Sy =8b)° = (b)) = > Wﬁ.
IeD

(1.8) <N Twpll-

Hence b € L?(R) implies S, € LP(R) for 1 < p < oo and ||Sp|rr < C|[b]|%2,.
Let us include now the proof of the following known fact.

PROPOSITION 1.2. Let b € L?(R). Then b € BMOY(R) if and only if S, €
BMOY(R).

PrOOF. Note that Pr(xs) =0 for I C J. This shows that
Pr(Sp) = Pr(Sp;b)-
Therefore

1 1
§1€1gWIIPI(Sb)IIL2<R) - §1€15W||PI(SPI,7)HL2(R)

IN

1
i’lelg W”SPIbHLZ(]R)

2
1
= sup | ——||Pb
?‘é%<|f|l/4' ' '“@“)



4 OSCAR BLASCO

From John-Nirenberg’s Lemma one has

1 : 1
g (et e )

C sup — || Prbl|?
Ieg |I| || 1 HLZ(]R)
1
= Csup— Y [bsf?
rep || ng

= C”bHQBMOd'

IN

Hence ||y garos < ClIbl|I%0a-
Conversely, let I € D and ¢; = Z[C[‘bﬂzﬁ' Note that (S — cr)xz =

doucr \bJ|2|X7J|. Hence

ST = 1S —enxrlloie

JCI
< (Ss = enxrll @l < CullSsll Baroal -

Hence [|b]|% 1,04 < C1lSsll Brroa-
O

Note that only the implication b € BMOY(R) implies S, € BMOY(R) makes
use of John-Nirenberg’s lemma. We shall give another approach later independent
of it.

We start mentioning the following formula:

(1.9) m(f) = Y [Pre (b) + Pr- (b)] frhi.
IeD
Indeed,
m(f) = > by(myfhy
JED
= > b myha) fr)hy
JeD  JCI
= Y (Y bshs+ > bshy)fiha
IeD JCr+ JCI-
= Z[PH (0) + Pr-(b)] frhi-
IeD
Therefore
(1.10) (mo+ Q) (f) = D Pi(b) frh.

1D

Therefore 7, + Ay being bounded in L?(R) is the same as (P;b)ep being a
Haar multiplier. Hence from (1.8) one has the estimate ||b]| gprod < |7 + Qs

This means that only (i) = (44) in Theorem 1.1 needs a proof. Note that,
using that 7 = Ay one sees that (ii) <= (i74). Hence (i¢) in Theorem 1.1 implies
mp + Ay is bounded and, due to the previous remark, (¢) holds.

We shall present a proof the following list of equivalent formulations.

THEOREM 1.3. Let b € L?(R)be real-valued. The following are equivalent:
(1) m(1) = b € BMOY(R)
(2) mp is bounded on L?(R).
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3) mp is bounded on LP(R) for some (or for all) 1 < p < oc.

4) Ay is bounded on L*(R).

5) Ay is bounded on LP(R) for some (or for all) 1 < p < oo.

6) 7 + Ay is bounded on L?(R).

7) m + Ay is bounded on LP(R) for some (or for all) 1 < p < co.
8) (Prb)rep is a Haar multiplier.

9) (b[h[)[eD 1s a Haar multiplier.

0) Sp = Ay(b) € BMOU(R).

2. First proof of Theorem 1.1

We shall need the following lemma which is essentially contained in [Per,
Lemma 2.10] and whose modification is included here.

LEMMA 2.1. Let 1 < p < oo and let T be a linear (or sublinear) operator of

weak type (p,p) such that
supp T'(hr) € 1
for all I € D. Then T is strong type (q,q) for 1 < q < p.

PROOF. If suffices to see that T is weak type (1,1) and then use interpolation.
Assume f € L*(R) and let A > 0. Apply Calderén-Zygmund decomposition (see
[GR] or [Per, Lemma 2.7]) to decompose f = g + b where g € L™(R), [|g]lcc < A,
lglls < 2[|fll1, b=>_,;b; where b; = (f —my, f)x1;, = Pr, f and {I;} form a disjoint

sequence of dyadic intervals such that > y || < % Now, as usual,
KITHI > A < KIT(9)] > A/2} + KIT(b)] > A/2}].
Note that
) > 22y < 28 <o AW s
On the other hand, since supp T(b ) C I,

{IT®)] > A/2}] < U, ;| < ||f||1

O

(i) = (ii): Let us show that b € BMOY(R) implies 7, is bounded on L?(R).
Our first step is to see that b € BMOY(R) implies that there exists C' > 0 such
that
(2.1) s (xa)ll 2y < CJAIY2

for any open set A C T.
Given an open set A we write Ps(f) = >_;c 4 frhr. Note that condition (1.5)
gives B
61> < |1bll rroal I, J € D
and also that, since A is a disjoint union of dyadic intervals, one has
1PAblI 72y = Y [b1l® < bl 3004l Al
ICA
The first observation is that

m(xa) =Pad)+ > by
1AnJ]<|J]

AN J|
7]

hy.
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Then
|An J|?
Imcaliem = I1PA®7e@ + D>, Ibsf Bk
|ANJ|<|J|
< [l mordal+ Clsup ) S jany
|[ANJ|<|J|
< C||b||ZBMOd|A"

Now (2.1) implies (see [SW]) that m, : L>!(R) — L?(R) where L*!(R) is the
corresponding Lorentz space. This shows that the adjoint operator A, : L2(R) —
L?*°(R) is bounded.

Notice that

(2.2) B(hr) = brgg

and
(23) Wb(h]) = (PI+b+P]—b)h]

Due to (2.2) we can apply Lemma 2.1 to get that A, : LY(R) — LI(R) is
bounded for any 1 < ¢ < 2. Now take again the adjoint to obtain that m, :
LP(R) — LP(R) is bounded for 2 < p < oc.

Now use (2.3) and apply Lemma 2.1 again to obtain 7, : L?(R) — L2(R) is
bounded.

3. Second proof of Theorem 1.1

A fundamental tool is the following result which can be found in [BP1] or [B]
for operator valued functions.

LEMMA 3.1. Let b € L3(R). Then
Apmy = s, + Ag, — Iy,

2
where T'y(f) = > jcp %f_]h,].

Proor. Note that P;(Sy) = (S, —mSp)xs = >7c,b X— Then

1T
Apmy(f) = DD brma(f)hr

1D

= Zblm[ |I|

IeD

= ZbQZthJ|I|

IeD ICJ

= > szm frh

JED ICJ

= > Pi(Se)fshs— Y |J|thJ

JED JeD

= ﬂgb(f) + ASb(f) - Fb(f)'
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Now we first show some apparently weaker result.

LEMMA 3.2. If b € BMOY(R) then m, + Ay is bounded in L*(R).
Moreover ||m, + Ap|| < Cb|| aroa-

PROOF. For f,g € L*(R),
(mp(f) + Au(f) 9)

> [(mrf)gr + (mag) frlbr

1eD

= (0, Y _[(m1f)gr + (mrg) f1hr)

1D

Hence it suffices to see, using the duality (H'(R))* = BMO%(R), that

h="[(mrf)gr + (mrg) frlhs € H'(R)
IeD
and [[hllm < C|fll2@®ll9llL2®)-
Notice that [mfxi| < mr|flxr < f*x1 where f*(t) = supesep 1y J; 1f(t)]dt
stands for the dyadic maximal function. Therefore

S(h)y = (Y l(mif)gr + (ng)f1]2|X71|)1/ 2 < C(f*S(g) +9°S()))
IeD

what gives

ISy < CUS 2@ IS 2@y + I 2@y IS 22 ®)) < Cllflle2@)llgllz2®)-
O

(i) = (i) Since b € BMOY(R) one has invoking Lemma 1.2 that S, €
BMOY(R). Now Lemma 3.2 implies g, + Ag, is bounded in L2(R). On the other
hand the assumption b € BMOY(R) guarantees that |bs|?> < C|J| for all J € D.
Hence I, is bounded on L?(R). Finally using Lemma 3.1 one gets that T Ty, and
hence 7, is bounded on L?(R).

4. Final remarks

To get the proof of the complete list of equivalences we can use the following
two propositions.

PROPOSITION 4.1. Let b € L?(R) be real-valued. The following are equivalent:
1) m is bounded on L?(R).

2) m, is bounded on LP(R) for some (for all) 1 < p < 0.

3) Ay is bounded on L?(R).

4) Ay is bounded on LP(R) for some (for all) 1 < p < oco.

5) (brhr)rep is a Haar multiplier.

6) (Pr+b+ Pr-b)rep is a Haar multiplier.

PROOF. (1) <= (3) <= (5) < (6) and (2) <= (4) are immediate.

(1) = (2) From (2.3) and Lemma 2.1 one obtains that m; is bounded on L?(R)
for 1 < p < 2. Thus A, is bounded on L4(R) for 2 < ¢ < oco. Now again Lemma
2.1 and (2.2) gives Ay is bounded on L4(R) for 1 < ¢ < co. Finally take adjoints
to get that mp is bounded on LP(R) for 1 < p < oo.



8 OSCAR BLASCO

(2) = (1). If mp is bounded on some LP(R) for p > 2 the result follows from
(2.3) and Lemma 2.1. In the case 1 < p < 2 one can repeat the argument in the
previous implication. O

PROPOSITION 4.2. If Ay : L?(R) — L?(R) is bounded then A, : BMOY(R) —
BMOY(R) is also bounded.
In particular if b € BMOY(R) then S, = Ay(b) € BMO(R).

PrOOF. Let f € BMOY(R). Notice that P;(x;) = 0 if I C J, hence, for a
given I € D one has

Pr(Ay(f)) = PrAy(Prf).

Hence
1P (As(f)ll2®) < N1A(Prf)ll2®y < AP )|l2®) < 12| £l Baroal M2
This gives that |Ay(f)l|saros < |6l fll Brroa- 0

The reader should notice that this last argument gives a proof of the fact
b € BMO%R) implies S, € BMO%(R) with no use of John-Nirenberg’s lemma.
This idea was important in the bidisc where the equivalence between the norms for
different values of p was not at our disposal (see [BP1]).
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