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ABSTRACT. We consider general weighted Lipschitz spaces defined by a Banach space. Under
certain assumptions on the weight and the space, we find a Littlewood-Paley type formulation
for such spaces. This allows us to give a formulation for the predual space as a generalized
Besov space. We also prove that operators acting on certain weighted Besov spaces corre-
sponds to vector valued functions in a natural way.

INTRODUCTION.

It is well known that the use of Calderon’s reproducing formula allows to give a Littlewood-
Paley formulation of many functions spaces (see [FJW]).

The aim of this paper is to show that this method can be used also in the general setting
of weighted Lipschitz spaces and then to give some applications to duality results and to
characterize the bounded operators acting on certain weighted Besov classes.

In [J], S. Janson considered the spaces Lip(p, E') defined by distributions whose moduli
of continuity in the Banach space E are dominated by a function p which grows arbitraryly
slowly. He also considered spaces B(p, E) defined using convolution with test functions
such that [1) # 0. These spaces give a unified approach to certain Besov and Lipschitz
classes. We shall define some closely related Banach spaces, but for a bit more general
weight functions and under slightly different assumptions on the space E. The main dif-
ference from the spaces in [J] comes from the fact that our test functions will be of mean
Z€ro.

Let us start by recalling some definitions on the weights and the Banach space that will
be the setting for our results.

Definition 1. A weight w will be a measurable function w : R™ — R such that w > 0
a.e.. We shall say that w satisties Dini condition if

/S @dt < Cw(s)
. ¢
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and w is called a bi-weight if

/OO wt) 4 < o)
s t2 N .

S

Remarks 1. This type of weights have been used by different authors (see [J, B1, BS, BIS])
and they turned out to be the natural setting for certain weighted versions of classical
results.

The main examples are w(t) = t*(1 + |logt|)? for 0 < a < 1.

As usual S denote the Schwartz class of test functions on R™ and S’ the space of
tempered distributions. We denote by Sy the set of functions in & with mean zero, and
S’y its topological dual.

We prefer working with measurable functions rather than distributions. Our Banach

spaces will be formed by measurable functions satistying fR” %dm < 00.

Definition 2. Let (E,|.||g) be a Banach space included in L*(R", Mi%) E is said
bounded under translations space if
(i) § C E C S’ (with continuity)
(i) If ,,(f)(y) = f(z+y) forz € R™, then x — 7,(f) is an E-valued bounded measurable
function, that is sup ||7.(f)||g < Col|fllE-
zER™

Remark 2. A bounded under translations space E is a Banach L' —module, that is
if feLl,ge Ethen fxge€ E and || f *gllg < CollfllillgllEe-
Indeed, given f € L' and g € E then y — f(—y)7,(g) € L*(R™, E). Therefore, since

fxg= fRn f(=y)7y(g9)dy, we have

If *glle < Collfllillglle (0.1)

Definition 3. Given a weight w, a function ¢ € Sy and a bounded under traslations
Banach space E we define

dx
AE =4S € LR, o ) 1A s < Cllal) = € )
dx
B,y ={f e L'R", W) e * flle < Cw(t),t > 0}
B _ 1/n dx . 1 dt
B, ,={fel (R ,W) tgexfEL (w(t)7>E)}

where Ay f(y) = f(z +y) — f(y) and ¢y(x) = = p(%).

They are complete spaces under the following seminorms

[fllaz = inf{C>0:|Azflle < Cw(lz])}
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£l g = inf{C >0 ll6y = fll < Cw(t)}

dt
ey = [ loes flsw®F
@ 0
Remarks 3.
Note that the assumptlon fRn %dw < oo gives sense to the convolutlon T
Observe also that fo 4 < o0 implies that F embeds into Bw e
Note that fR" x)dr = 0 1mphes that constant functions have seminorm equal zero in
w ¢>

In order to av01d more notation we use the same formulation for the Banach spaces
consisting of equivalence classes coming from the kernel of the seminorms.

Let us now recall Calderén’s formula and formplate the version to be used later on.
Let ¢ € Sy a real and radial function with [~ (p(t6))* 4 =1 for £ e R"\{0}. Ifp € S
then for £ € R™\ {0},

6O = [ @ranioT

This shows that 1. s = fj Ot * Py * w% converges to ¢ in S.

Lemma A. (sce [FJW]) Let ¢ € Sy a real and radial function with [ Eq&(tf))Q% =1 for

§ € R™\ {0}. Let f be a measurable function with [g, uﬂ(%dx < o00,0<e <4 and
write

fs,éz/ th*ﬁbt*f%

then lim f.5;=finS'.

e—0,0—00

THE THEOREMS AND THEIR PROOFS

Let us mention some properties for test funtions that are used later on.
If ¢ € S then for any € > 0, taking

C1 = maz (maz{|v(y)|: Iyl < 1} maz{lyl" =)l : |yl = 1})

one has ) e
b ()] < Clmin(t—n, W) (1.1)
Since ||Az(Y)|1 = ||A%¢||1 then taking Cy = maa:(2||1/}||1,fRn | Ima':i1 |V1/)(z)|dy>, one
z—y|<
has

180 @0lls < Comin(1, ) (1.2)
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Lemma 1. Let ¢ € §y. Then

st
166 % @5l < Cmin(5, ) (1.3)
Proof. Let us assume s < t. From the mean zero assumption we write

bi * Ps(y) = . bs(—7)Ar(9¢)(y)d
From Fubini, (1.1) for e = 2 and (1.2)

s 6.0 < [ lo.(-a)llAs@0) o

1 52

<C mzn( e ‘n+2)

Rn

<C</ |2 |dm+/ ol dm—f—/ idx)
n z]<s 15" <|:z:|<t tlz[nH || >t |z|n+2
du
< Tld _ 2 _)
- C(ts” / ut / / u3

s s21 1 S
<CO(2+2 (== <C>
_C<t+ t(s t)+2(t)> Ct

Theorem 1. Let E be a Banach space bounded under traslamons w a by —weight satisfying
Dini condition and ¢ € Sy a real radial function with fo (p(t8))* % dt — 1,(€ #0), then

AE = BE °° (with equivalent norms)

Proof. Let us take f € AE, since Jgn #(x)dx = 0 then

Gy f = - Pi(—x)Ag fd.

Using (1.1) for € = 1, we have

1 dz
(=) |||AL de < C(— w(|x|)dx w(|z|) ———
[ slsdr <0G [ wleir e [ i)

bs.. ds > ds
< (J(/0 (5) w(s)?+t/t w(s)s—g) < Cw(t).
This shows that Fy(x) = ¢:(—x)A, f belongs to L'(R", E) and moreover

|61+ flle < Cw(t).
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Conversely, let us take f € Bf 5 - Given 0 < & < we have

° dt
Ay(fes) = (Apor) * ¢y * f?
For each x € R", let us denote F, the E-valued function defined by

Fy(t) = (Asgr) * dr x f
Using (0.1) and (1.2) we have

12 (llz < CllAzgdlillor+ fllz < Cmin(, %)W(ﬂ

Note that

dt  w(t)

00 T ||
/0 min(1, %)w(zﬁ)% < C(/O w(t)7 + || . t—th) < Cw(|z|).

This allows to say that F,, € L'((0,00), %, F). This implies A, (f- 5) is a Cauchy net in
E and hence convergent in E. On the other hand, from Lemma A, f. 5 — f in &’¢ what
implies A, (fe.s) — Az(f) in §’. Combining both facts we have A, (f-s) — Az (f) in E.
Finally take limit as ¢ — 0 and § — oo in
|| dt

I8a(fa)lle <€ [ min(t Eho)F < Culla)

to show that f € AE.

Remark 4. This produces a Littlewood-Paley formulation of the Lipschitz classes A, and
AP for 0 < aw < 1 (see [FIW]).

Lemma 2. Let ¢ € Sy and w a by-weight such that wi(t) = tw(t) satisfies Dini condition.
Ift >0 and f € E then ¢y * f € BL’, and

615 Sl gz < Co®)lf 15 (1.4

Proof.

o d
608 Flpzy = [ 160 x 605 fllpwto)

* d
< [ o odlflpwo)

SC’/ min(z,f)w(s)ﬁ
0 st

S

t d o]
<Clfle(; [ S+ [T i) < s,
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Theorem 2. Let E, E* be Banach spaces bounded under traslations such that S is dense
in E. Let w be a by —weight such that w; (t) = tw(t) satisfies Dini condition and w € L' (4).

Let ¢ € Sy be a real radial function with fooo iz (tf)% =1,(£#0).
Then the dual space of Bf; is isomorphic to AL "

Proof. Let us take f € Af* and g € S.
From Calderén’s formula

> dt > dt
[ @@= [ ([ ososg@r@ie = [ [ o p@on s glayae
This implies
> d
[ t@g@nl < [ o< glsléns fle G
R 0

dt

< | Fllaee / e gll ) 2

Denoting by ®(g) = [p. f(x)g(z)dz we get

[2(9)] < [Ifllap®

9llge.1-

E,1
Hence ® exends to an operator on B b

Conversely, let us take ® € (Bf;) . It is immediate that |®(g)| < C||g||g for any

g € S. Hence ® can be extended to a functional in E*.
Therefore there exists f € E* so that

o) = | fl@gl@)de (g€ B.,)
Let us show that f € AZ".

|61 * fllze = sup{] Rn(@ * f)(@)g(z)dz] - |9l < 1}

= supf] Rn(¢t *g)(x) f(x)dz] - |9z < 1}

= sup{|®(¢ * g)| : |glle <1}
Applying the boundedness of ® and Lemma 2 one has

|pe * f|

B < Cw(t).

Remark 5. See [J] for a proof of a similar result for ¢ with [ ¢ # 0. Duality results for
E = LP where achieved in [F1, F2, T1, T2, T3]. The reader is referred to [BS]| for a proof
under same conditions on the weight but for spaces defined on the torus T and convolution
with the derivative of the Poisson kernel.
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Theorem 3. Let w be a by—weight such that wi(t) = tw(t) satisfies Dini condition and
we L' (L), Let ¢ € Sy be a real radial function with [~ ¢*(t&)% =1, (¢ # 0). Given a
Banach space (X, ||.|x) and a linear map T : S — X, define F : R — X by

F(x,t) = T(2(¢))-

The following are equivalent
1
(i) T : BL ' — X is bounded.
(ii) sup HF(JE‘ t)llx < Cuw(t)

zER™

Proof. Assume that T" is bounded. From (1.3) it follows

> d
7200l s <€ [ o o) < Cute)

Hence
[F(x, )] x < |!T||||Tx(¢t)\|BLl¢,1 < Cuw(t).

Conversely let us assume sup [|[F(z,t)||x < Cw(t) and take g € BL 1. Let 0 < e <
rzeR”
< <6
Since

190 — 2.5 5 _/ ||/ Gux bux by g /gbs e x o g ols)

<C/ / / H%*qﬁt*qﬁt*gulﬁ ()%
+/:>”¢t v ([ e *cbtnw(s)@)%
+/;>||¢t*g|| / min( (S)d;)%

This implies that

‘ 4 dt . L1
lim | e —)dirgly)dy =g (n B

e—0,6—00 J,

Which show
> dt
| s gi® =100)
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Hence

o dt
T@lx < [ [ 1Pkl ol

d
sc/o e * glhw(®)

~ =Clgllge.-

Remark 6. In [B1] a similar and more general result is established and there are several
applications of it to Carleson measures, multipliers, composition operators. Applications
of similar nature, with the analogue formulation in R", can be obtained from Theorem 3.

[B1]
[BS]
[BIS]

[FIW]
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