CARLESON’S COUNTEREXAMPLE AND A SCALE OF
LORENTZ-BMO SPACES ON THE BITORUS

OSCAR BLASCO AND SANDRA POTT

ABSTRACT. We introduce a scale of Lorentz-BMO spaces BMOpp.q on the
bidisk, and show that these spaces do not coincide for different values of p.
Our main tool is a detailed analysis of Carleson’s construction in [C].

1. INTRODUCTION AND NOTATION

L. Carleson showed in [C] in an ingenious geometric construction that for each
N € N, there exists a finite collection ®y of dyadic rectangles in [0, 1]? such that
1. the total area of all rectangles is 1, i. e. Y pcq  [R| =1
2. the rectangles “intersect heavily”, |Ugeca, R| < C1 %
3. the rectangles are evenly distributed over the unit square in the sense that
a localized version of (1) holds, i. e. for each dyadic rectangle R, we have

ZR’E@N,R’QR |R'| < G| R

Here, C'; and C5 are absolute constants independent from V.

This construction was originally devised to show that the naive generalization of
the Carleson Embedding Theorem to two variables is not true. However, it contains
much more information. R. Fefferman used the construction to show that the dual
of the Hardy space H'(T?) does not coincide with the so-called rectangular BMO
space in two variables [Fef]. C. Sadosky and the second author used the Carleson
construction to give a new proof of the fact that the Carleson Embedding theorem
also does not extend to operator-valued measures (first proved in [NTV]), and to
show that Bonsall’s Theorem does not hold for little Hankel operators on the bidisk
[PS].

In this note, we introduce a scale of BMO-Lorentz spaces on the bitorus and
distinguish the spaces in this scale by a detailed analysis of the Carleson counterex-
ample.

This provides also a proof of the fact that for 1 < p; < ps < oo, the spaces
Bl\/IO‘riCC,57p . and BMOS,, ,, are different (for an alternative proof, see [BP]).

Throughout the paper D denotes the set of dyadic intervals in the unit circle T.
We write R = D x D for the dyadic rectangles in the bitorus T2, |I| for the length
of I and |R| for the area of R. (hr)rep stands for the Haar basis in L?(T) and
(hr)rer for the product Haar basis of L?(T?).

Here h;(t) = \12\+ﬂ (xr+(t) — x1- (t)) for each dyadic interval I € D, where I~

denotes the left half of I, and It denotes the right half of I. For each dyadic
rectangle R =1 x J € R, hg is defined by hgr(s,t) = hr(s)h(t).
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For any f € L2(T?), we use the notation fr = (f,hg) for the Haar coeffi-
cients of f, and myf(s) = ﬁfl f(t,s)dt, myf(s) = ﬁf(] f(t,s)ds and mpf(t) =
ﬁ / r f(t, s)dtds for the averages in the first, second and both variables respectively.
We will use “~” to denote equivalence of expressions.

Given a complex-valued measurable function f € L2(T?), let u; denote the
distribution function of f. Here, puf(\) = |E)| for A > 0, where E\ = {w € T? :
[f(w)] > A}

Furthermore, let f*(t) = inf{\ : ps(A) <t} be the nonincreasing rearrangement
of f, and let f**(t) = 1 [ f*(s)ds.

Now, given a measurable set Q C T? and 0 < p, ¢ < oo, the Lorentz space L% =
LP9(Q, pg), where pg(A) = % is the normalized Lebesgue measure, consists of
those measurable functions f supported in Q such that || f ||z§72q < 00, where

1
L 1
q AN
(g/ th*(t)q—) , 0<p<oo, 0<qg< o0,
. P Jo t

© Wl =

supt%f*(t) 0<p<oo, g=o0.
>0
We write L7 for the Lorentz space over Li:.
The reader should be aware that [|f[|7,. is in general not a norm on Lg9.
Q
Nevertheless, replacing f* by f** in (1) and writing || f||zze = [[f**[|7p« . one
Q
gets a norm on LY for 1 < p < 00, 1 < ¢ < oo, which is equivalent to ||f||*L,;2q (see
e. g. [SW]). The space LE?, for which we will write LF), is then the ordinary L?
space LP(£2, puq).

We write S[f] for the dyadic square function of an integrable function f, S[f] =
(> rer "%‘UR\Q)UQ. It is well-known that ||S[f]|l, = ||f]l, for 1 < p < co. Using
interpolation, one has also ||S[f]||ze.« = || f||Le.e for 1 < p,q < 0.

For each measurable set Q C T2, let P, be the orthogonal projection on the

subspace spanned by the Haar functions hg, R’ € R, R’ C Q. In particular, for
cach dyadic rectangle R € R and for f = cr hr frr € L*(T?), one has

Paf= Y  hefr.

R'€R,R'CR
It is easy to see that for R=1 x J € R,
(2) Prf=(f—=mif —msf+mixsf)xixs.
For 1 < p < oo, a function ¢ € L?(T?) is said to belong to BMOZ,,, . if

l@llrect,p = sup HPRSO”L% < Q.
RER

In contrast to the one-dimensional situation, functions in these spaces are not
necessarily in the so-called product BMO space BMOﬁrod7 the dual of the dyadic
Hardy space H}(T?), H) = {f € L'(T?): S[f] € L}(T?)}.

For p = 2, a continuous version of this fact was shown in [Fef]. In [BP], this was
shown for all 1 < p < oo. (For an overview of the theory of BMO spaces in two
variables and characterizations of the duals of H}(T?) and H'(T?) in terms of the
projections Pq, see [Be], [Ch], [ChFefl], [ChFef2].)
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It was also shown in [BP] that the spaces BM Oyect,p, and BMOycct,p,, again in
contrast to the one-dimensional situation, are different for different values of p1, po
(for p1 = 2 and py = 4, this is contained in [Fef]).

Here we improve the results given in [BP] by considering the BM O spaces de-
fined by Lorentz space norms. We also give a new proof for the inequality of the
BMOY spaces.

rect,p
Now we introduce our scale of Lorentz-BMO spaces. Let BMOp».a be the space

of all ¢ € L?(T?) such that

lollBrioLs.a = sup [|[Pre| e < oo.
ReR )

Certainly BMOprr.a C LP9(T?), since m;(f) = mi(Prxrf) and my(f) =

mr(Prx.f).
Note that for f > 0 and supp(f) C Q1 C Qo,

2]\
3) Il = (ip) M 0ege

It is well-known that for 1 < p; < po < oo and 1 < ¢,¢q2 < o0, we have
LP2%2 C [P%  and the embedding is continuous.
Therefore for f > 0, supp(f) C Qand 1 <p; <py <00, 1< qq,q2 < 00,

(4) 1 llzrrar < Cpy g aa [P P2 fl L2 aa
Hence, we have for all R € R and 1 < p; < py <00, 1 < q1,q2 < oo that

||PRf||L%1’q1 < ||PRf||L%2>(12.

This shows that BMOprrs.02 € BMOpp.a;.

The aim of this note is to show that if 2 < p; < py < 0o and 1 < ¢q1,¢s < o0,
then BMOpps.a2 # BMOpri.a1 (see [Fef] and [BP] for the cases p; = g1 = 2 and
P2 = g2 = 4 and p; = ¢1 < pa = g2 respectively). Namely we prove the following;:

Theorem 1.1. Let 1 <p; < p2 <00, and 1 < q1,q2 < oo.
Then BMOLPLIH g Lp2’q2 (T2)
In particular, BMOppri.a1 # BMOpp2.02.

As in the proof in [Fef], our proof here will be based on Carleson’s counterexample
in [C] and provide concrete counterexamples. We shall show that the functions
arising from Carleson’s counterexample have BMOpp.q-norm equivalent to LP9-
norm which easily leads to the desired result.

We first need to look at Carleson’s construction in some detail. In [C], for each
N € N, a collection of dyadic rectangles &5 C R is constructed such that

L. ZR@»N |R‘ =1

2. |Ugeay Rl < C1 4

3. Foreach RER, > pica, pcrll| < Co|R|.
Here, Cy and Cy are absolute constants independent from N. Let, as in [C], ¢y =
Y Redn hr|R|'/?. Here comes our key result, which makes use of a ”localization
property” of ¢n.
Theorem 1.2. Let 1 < p < oo and 1 < q < oo. Then there exists a constant A,
such that

lonllzrs < lonllBrros.. < Ap max  léw]rra

for all N € N.
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Corollary 1.3. Let 1 <p < oo and 1 < q < oco. There exists a constant A; such
that

[on Nz <lloNlBMOLr.a < ALllON Lo
for all N € N.

Proof. of Theorem 1.1. Let Qn = Urea, R. Since p1 < p2 and ¢ is supported on
Qn, one has

pnllzrrar < Cpy povgr e [N [P 7HP2] |Gy || Lo2as

by (4). Therefore, Corollary 1.3 yields

[N |[Lr2az 2 017_11;P2>417QZH¢NHLP1'{11

-1 1/p2—1/p1 A71/p1—1
2 A;? CP17P2,(117(1201 : lN /e /p2H¢NHBMOLm‘P2'

‘QN‘l/m—l/m

Since [[¢n|pr2a2 < ||@N||BMO,ps.as» it also follows from this inequality that
BMOLP1:Q1 2 BMOLPQ,(Q. D

2. THE CARLESON CONSTRUCTION

Before we can turn to the proofs of Theorem 1.2 and Corollary 1.3, we need
some more details of the construction of @ in [C]. (For a nice description of the
Carleson Counterexample, see also [T].) ®y is obtained by the following process.
We first identify T? with the unit square [0, 1]?. Take a sufficiently fast decreasing
N + 1-tuple (Apn,...,Ag) (for our purposes, we want to assume that this is the
tuple 2(2N)7 2(2N71)7 ey 2(20)). Now cut the unit square into Ay vertical rectangles
with sides parallel to the axis, of sidelength A;VI x 1. Discard every second of
these rectangles, and denote the collection of the remaining rectangles by (IDS\I,)y
Then cut the unit square into Ay horizontal rectangles with sides parallel to the
axis, of sidelength 1 x A&l. Discard every second of these rectangles, and denote

the remaining collection by @g\})m . The collection of the thus kept horizontal and
vertical rectangles, (I)E\})z U @S\l,)y, is denoted by @5\1,).

Now we repeat the process and slice each rectangle in @S\l,) vertically and hori-
zontally into Ax_; rectangles with sides parallel to the boundary and again discard

)

every second of them to obtain the collection @53 . This process is iterated, until we

get Oy = @S\J,\H_l). Since the tuple (An, ..., Ag) decreases very fast, each rectangle
in ®n has a unique “history” in the sense that it is generated from the unit square
by a unique sequence of vertical and horizontal slicings. In paricular, writing ®n .
for the collection of those R € ®y which are generated from a rectangle in @5\1,)96,
and @y , for the collection of those R € ®x which are generated from a rectanéle
in @g\l,)y, we find that &y, NPy, = & and of course Py, U Py, = Py.

Mo7reover7 for R € ®y, we have that R € ®y, if and only if there exists
R € @%)m with R € R’. One direction of this equivalence is clear, since each
R € dy, is generated from some R’ € @g\})x and therefore contained in this R’.
Conversely, if R € ®y,, then its width in y-direction is greater or equal than
A;,l_l . ~-A51 > AX,l. Therefore, R cannot be contained in any R’ € (DS\PT A
corresponding statement holds for @y .
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Another property of the construction we shall frequently use is that for each
R e @g\}), the collection {R € &y : R C R’} is up to translation and dilation equal
to the collection ®pn_;.

For each R € @g\}), we write T}(QN) for the composition of the translation and
dilation which transform R into the unit square, T}(%N)(R) = [0,1] x [0,1]. Given a
dyadic rectangle Q = I xJ C R € @%), we have that TI(;’:N)(Q) is a dyadic rectangle,
and |Q| = \RHT]%N)(Q)L With this notation, our statement above means that for
each R € @5\}),

(5) {(r(Q): Qe @y, Q C R} =y,
and consequently
(6) ¢N-10© TI(;{N) = Proén|r.

3. PROOF OF 1.2 AND 1.3
Lemma 3.1. ForQ=1IxJCRE€ @5\}), we write Q' = T}(%N)(Q). Then
151PQon]llgye = [1S[Po én—1]llze-

In particular
1S[PréN]IILze = 1S[@N—1]llLr-a
for any R € @5\1,).
Proof. Observe that
{z € Q: S[Poén](z) > A} = [R|{z € Q" : S[Pydn—1](z) > A}|.
Therefore

(1) ez € Q: S[Peon](z) > A}) = no ({z € Q' : S[Porén—1](z) > A}).

This gives the result. O
Lemma 3.2. If Q € [0,1] x D, say Q = [0,1] x J, and |J| > AN, then
(8) 1S[Poénolllze =277 |[S[¢n—1]ll Lo
and
(9) 1S[Podnylllzgs = 277 )1S(Podn-1lze.
In particular
(10) 1SNy ]lLra = [STonalllzra =27 P(S[on—1]l|ra-

A corresponding statement holds for Q € D x [0,1], Q = I x [0,1] with |T| > Ay".

Proof. We write ¢n 2 = Y peay . hr|R[}? and ¢y, = > Reay, hr|R|*?. Note
that S[one] = P reay., xr)"/? and S[pn,] = (X reon, xr)'/? are supported

on the union of the disjoint collection of rectangles @S\PI and @%?y, respectively.
In the first situation, we have

SPPodna]= Y,  S’[Prénl,
Rea()) . RCQ

where the S[Pr¢n] are equimeasurable for different R and disjointly supported.
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(1)
Then we have, for any R C Q, R € Oy,

{2 € Q: S[Posn.ala) > A} = 2'|%|{x € R: S[Pronl(x) > M}

Therefore by (7), for any A > 0
1
rQ{S[Pe¢n.a] > A}) = 5 [{Slon-1] > A}l
This gives S[Podn o™ (t) = S[dn—1]**(2t). Therefore we get (8).

For the second situation we have

S?[Poén.yl = Z S*[Prnq@én];

1)
Redy),

where S%[Prng¢n] are equimeasurable for different R and disjointly supported.
Then we have, for any R € @%?y,

{z € Q:S*Paonyl(x) > NI = D Ho € RNQ: 5%[Prngon](z) > A},
Reay),

Therefore, using (7) and observing that T}(%N)(Q NR)=Q for any R € @g\l,)y we get

1
{S[Paény] > M =| D IRl | {S[Pedn-1] > A}| = S {S1Peon—1] > A},
Re®y),

This gives (9). O

Now it is easy to prove Corollary 1.3.
Proof of 1.3. Given Theorem 1.2, it suffices to prove that there exists a constant
Dy, such that ||S[¢n—1]||zr.e < Dp||S[on]| zr.a for all N € N.

Since S%[¢n] = S?[¢n 2] + S?[dnN,y], we have

ISienllzra = (S*[dn.a] + S*[ony)) /2 Lra

1S[on 2]l r.a
277)|S[pn—1]l| oo

v

by Lemma 3.2.
O
Before we can prove the main technical result Theorem 1.2, we need to collect
some more facts.

Lemma 3.3. Let1 < p < oo and 1 < g < oo . There exists Cp, > (21/p — 1)_1
such that

(11) 1S[Poén]liLeye < Cp max {[|S[gx]llLra}

1<k<N-1
for any Q € [0,1] x D.
A corresponding statement holds for Q € D x [0,1].

Proof. We shall prove this statement by induction. It is obvious for N = 1. Assume
it holds true for N — 1.
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We first consider the case @ = [0, 1] x J, where |.J| > Ay'. Using the inequality

S[Poén] = (S*[Poén,a] + 52[PQ¢>N,y])1/2 < S[Poon.«] + S[Poén.y]

and Lemma 3.2, we obtain

1S[Peon]llLys < [IS[Poén.] + SIPoén.ylllLye
< IS[Poén alllrys + 1S[Poén ylll e
= 277(|S[pn-1]ll e + | S[Podn—1]llye)

(12) <2(C, _max (ISIelllna} + IS[@n-llLna)

<27VP(C, +1) 1S§€1"1§a]3/<_1{||5[¢k]||Lm})

< .
<Oy mas {I1S1a)leo)
In case Q = [0,1] x J and Ay, < |J| < AR', we either have Poon = 0, or
Q@ C R for some R € @g\})m and Q' = T};’:N)(Q) = [0,1] x J' with [J/| > Ay' | . Now
Lemma 3.1 and the previous case give

I51Paonllge = IS1Pon -z < Cy | max {IST6ullzal
Similarly, we get the result for any Q = [0,1] x J with |J| < Ay' and S[Pgon] #
0. O

Now we can proceed to prove our main technical result.
Proof of Theorem 1.2.

We will show that
(13) ISWPoéNl e < By | max IS[6e]lua.
for all N € N and all Q € R. Now from Littlewood-Paley theory (albeit with a
different value of the constant B),) the result will follow.

We shall use induction again. The case N =1 is trivial. Assume the statement
holds true for N — 1.

First consider the case that @) is contained in some rectangle R in @S\l,). Using
Lemma 3.1, we obtain

IStPaonlcge < By _max_ [1S[6llins.

Consider now the case that () is not contained in any R € @%).

Note that if Q = I x J, with |J| < Ay!, then Pooén = Poén ... This is due to
the fact that |J/| > Ay' for any R = I' x J' € @g\})y So either  C R for some
R e @S\}))x, or Po¢ny = 0. Similarly, one can deal with the case Q = I x J, where
1] < AV

Hence it remains to consider the case that Q = I x J, where |I|,|J| > Ay'. Let
us write

SP[Poon] = S*[Podn o] +S*[Podnyl = Y S*[Ponrdnl+ D S*[Ponrdn].

Rea(), Rea)
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Observe now that

S*[Poén,e] = > S*[Praqon],
Red)), . RNQ#D

where the S[Prng@n] are equimeasurable for different R, and disjointly supported.
Then we have

{z € Q: S*Poon.)(x) > \}| = > [{z € RNQ : S*[Prrqén](z) > A}
Rea()) . RNQ#D

Hence, for any R € @S\l,)z with RN Q # 0, we can write

{z € Q: S2[Podna)(x) > A} = %Hx € RNQ: S2[Prrodn](x) > A}.
This gives that for any A > 0,
_ RN Q] 1
1Q({S[Poén] > A}) = 2RIQ] rrnQUS[Pragén] > A}) = Srrn@({S[PRngén] > A}).

Hence S[Po¢n .]**(t) = S[Prnodn]*™*(2t), and consequently
1S[PQéN ]z = 2717 S[Ponrén]llLpa, -

RNQ

Notice that RNQ C R € @SL, and that TI(%N) (RNQ) = 1x]0,1]. Applying Lemmas

3.1 and 3.3, we have

(14) HS[PQQbN,x]Hqu = 2717 S[Ponron] || ra

RNQ
<27 VPSIProdn—llligg, , < Co2 7P max [S[8u]llzrs.

x[0,1] ™ 1<k<N-1
A similar argument shows that

p,q _l/p p,q
IStPooN e < €277 amax STl

Finally, since S[Po¢n] < S[Podn,z| + S[Poon,yl, we get
ISIPadx Iz < ISIPeéx.llins + ISIPadxgllis

= o Piq.
< GV max 1S[0w] e

Letting B, = Cp21_1/1", we finish the proof. O
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