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Abstract

Let X,Y be Banach spaces and denote by £;(X,Y), £,(X,Y) and
£,(X,Y’) the spaces of sequences of operators (73,) from X into Y such

that sup|jy=1,jy«(j=1 2_ | < Tn(2),y" > | < 00, sup|jy=1 2. [|Tn(@)]] <
oo and Y ||T,|| < oo, respectively. Given Banach spaces X,Y, Z and
W, we introduce and study the classes of bounded linear operators
@ L(X,Y) — L(Z,W) such that (T,) — (®(T},)) maps £,(X,Y)
into £,(Z, W), £,(X,Y) into £;(Z, W) and £;(X,Y) into £3(Z, W).

1 Introduction

Throughout this paper X, Y, Z, W will stand for Banach spaces, £L(X,Y)
for the space of bounded linear operators from X into Y and X* for the dual
of X. As usual By denotes the closed unit ball of X.

For 1 < p < oo we write £,(X) for the Banach space of all absolutely
p-summable sequences (z,)%°; in X, i.e., the space of sequences such that
(@) e,y = Oy ||:vn||§()% < oo and £;'(X) for the space of all weakly
p-summable sequences in X, i.e., the space of sequences (z,)5; such that
((x*,xn))0, € L, for every x* € X*, which becomes a Banach space with
respect to the norm ||(z,,)|lew(x) = sup,ep,. O _ney (27 xn)|p)%

Recall that the space of p-summing operators IL,(X,Y’) consists in those
bounded linear operators T € £(X,Y) such that T((z,)2%,) = (T(z,))>>,
defines a bounded linear operator from ¢}'(X) into £,(Y). The reader is
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referred to [2], (3], [7], [11], [12] or [14] for definitions and results about these
classes and their applications in Banach space theory.

We shall simply recall here two related notions which are the main moti-
vations for our future considerations.

The first one appears when analyzing operators acting on spaces of vector-
valued continuous functions 7' : C (€2, X)) — Y, where (2 is a compact Hauss-
dorf space. An operator is called p-dominated operator (see [4], I11.19.3) if
there exist a constant C' > 0 and a probability measure g on €2 such that

TP < C / 1F(®)Pdu()

for all f € C(2,X). The connection between p-summing and p-dominated
operators was first given by A. Pietsch, who showed that for finite dimen-
sional Banach spaces X both notions are the same. For infinite dimensional
Banach spaces C. Swartz (see [13]) showed that operators in IT; (C(Q2, X),Y)
are always 1-dominated but the space of 1-dominated operators from C'(2, X)
into Y coincides with II;(C'(€2, X),Y) if and only if X is finite dimensional.

Later S. Kislyakov introduced (see [6], Def. 1.1.5) the following notion in
the setting of injective tensor products: Given 1 < p < oo and three Banach
spaces E, X and Y, an operator T from the injective tensor product X®@FE
into Y is said to be (p, E)-summing if there exists a constant C' > 0 such
that for all N € N and uy, us, ...,uy € X ® E we have

N N
DTy <€ sup Y flun(F)|
Pt Fe€Bx« =3
where ug(F) = 2?21<F, zjpye;r for uy = 2?21 T ® ej for some e € E
and z;, € X. The space of such operators is denoted by Hf(X@E, Y).
Theorem 1.1.6 of [6] gives an analogue to Pietsch’s domination theorem
for (p, X)-summing operators. This result actually enables us to get the p-
dominated operators in a very similar fashion to the p-summing ones. Since
C(Q)®X = C(Q, X) then the class of p-dominated operators actually coin-
cides with ILY(C(Q)®X,Y).



Given two Banach spaces X and Y we shall be denoting by ¢,(X,Y") and
£(X,Y) the spaces £,(L(X,Y)) and £;)(L(X,Y)) respectively.
Recall that if (e,) is a sequence in a Banach space F then

len g = sup |32 anen|
p/ N=
Hence one easily gets that

p
(L.1) (T gy = sup sup. (Z| v, Tua)] )

The fact that we have the strong operator topology at our disposal al-
lows to consider the following intermediate space of sequences of operators.
We shall use the notation £5(X,Y’) for the space of strongly p-summable
sequences of operators (77,), that is sup,c 5 (> e, | Toz||})? < .

Let ® : L(X,Y) — L(Z,W) be a bounded operator. The correspon-
dence

D (T,), — (O(T,))°

n=1 n=1

always induces a linear bounded operator from ¢,(X,Y) to (,(Z,W), as
well as from £;(X,Y) to £;(Z,W). Recall that ® is p-summing if ® maps
(X, Y) to £,(Z,W).

In this paper we study several questions concerning the class of operators
® such that this vector-valued extension ® produces a bounded linear oper-
ator either from £;(X,Y) to £,(Z, W), from £(X,Y) to (5(Z, W), or from
(°(X,Y) to £5(2,W).

In particular we study operators ® from £(X,Y) into Z such that ¢
defines a bounded linear operator from £5(X,Y") into £,(Z). These operators
will be called (£3, £,)-summing and denoted by s 4,)(L£(X,Y), Z).

Since X®F is a subspace of L(X*, E) we easily get that if & : L(X*, E) —
Y is (£5,4,)-summing then its restriction to X®F is (p, E')-summing. Also,
the theory can be applied, among other things, to operators acting on weakly
p-summable sequences (}/(X) = L({y,X) or Pettis-p-integrable functions
which are subspaces of £(LF'(11), X).



The paper is divided into five sections. In Section 2 the notions of (£;, £,)-
summing, (£, ¢;)-summing and (3, {;)-summing operators are introduced

and studied. It is shown that the classes of (£}, £ )-summing and ({3, ¢;)-

summing operators can be easily described in terms of the classes II, or
[(4s ¢,y (see Theorems 2.13 and 2.16 below).
( P p)

In section 3 several characterizations of the class s 4,) (£(X,Y), Z) are
achieved and several examples are exhibited.

In Section 4 some results about the coincidence of classes are shown, in
particular an analogue of Maurey’s theorem is presented.

Finally we pose two open problems in Section 5.

2 Definitions and preliminaries

Definition 2.1 Let 1 < p < oo and X, Y be Banach spaces. A sequence of
operators (T,,)02, C L(X,Y) is said to be strongly p-summable in £(X,Y)
if the vector-valued sequence (T,x)%, belongs to £,(Y) for every x € X.

We shall use the notation £3(X, Y') for the space of all strongly p-summable
sequences. The norm in £5(X,Y) is given by

I(T5)

oo 1
ho = sup (3 I1Tly) "
z€ Bx n=1

It is rather easy to see that (£;(X,Y), || - |les(x,y)) is a Banach space for any
1 <p< oo
Easy examples of sequences in £3(X,Y’) are given in the next propositions,

whose proofs are left to the reader.

Proposition 2.2 Let X, Y be Banach spaces and 1 < ri,r9,p < o0 with
% + % = %- If (p)5ly € 65(X7) and (yn)ily € 0, (Y), then (27, @ yn )72, €

6(X,Y).

Proposition 2.3 Let X, Y and Z be Banach spaces and 1 < p < oo. If
(Ta)pey € 6(X,Y) and S € TL(Y, Z), then (ST,);e, € 6,(X, Z).

n=1
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As mentioned in the introduction ¢,(X,Y") stands for ¢,(£(X,Y)) and
(X,Y) for £)(L(X,Y)). Let us first notice the inclusions appearing be-
tween these spaces and the new one.

Note that (3(K,Y) = £,(K,Y) = (,(Y) and £(X,K) = £J(X,K) =
£7(X*). Observe also that for every bounded sequence (7,,) in £(X,Y) we
have

sup [Ty = sup sup [Tozlly = sup sup sup |y, Toa)].

r€Bx n r€ Bx y*€ Byx n

Hence for p = 00, {o(X,Y) =02 (X,Y) =2 (X,Y).

Proposition 2.4 Let X, Y be Banach spaces and 1 < p < oo. Then
(X,Y) CO(X,Y) CL(X,Y).

Moreover, each of the inclusions is strict in general.

PROOF. We shall only show the last statement, since the inclusions are
immediate by definitions.

Let (e,); be the usual basis in £, (or ¢q for p = 1) and consider (e, ®
en)nzy as operators from £, into £. Since (e,) € £} (£y) and (e,) € loo(loo),
by Proposition 2.2 we get that (e, ® e,) € £;({p,ls). On the other hand,
len ® enllen, = lealley lenlles = 1 thus (n @ ea) & by ).

Let us now find a weakly p-summable sequence which is not strongly p-
summable. Simply choose p < r < oo and take s so that 1/r+1/p' =1/s. A
direct computation, using (1.1), shows that (e, ® e,) € £;(¢,,{;). However
(en ® €n) & £5(Lr, L) as it is shown by selecting any A = (A,)52; € £, \ £,

since ||(en, A)enlle, = [An] & Cp- O

Observe that if (7,,)32; in £(X,Y) is a strongly p-summable sequence,

n=1
using the closed graph theorem, then one can associate a linear and bounded
operator S : X — (,(Y) defined by S(z) = (T,2)52,. In this way we

n=1"
get 5(X,Y) as a closed subspace of L£(X,£,(Y)). Let us see that they are

actually isometrically isomorphic.



Proposition 2.5 Let X, Y be Banach spaces and 1 < p < oo. For each
neN, let Q,: 0,(Y) =Y be the operator Q,((v:)i21) = yn. The correspon-
dence T —— (Q,T1)22, is an isometric isomorphism from L(X,¢,(Y)) onto
6(X,Y).

PROOF. Given T' € L(X,0,(Y)), the sequence T,, = Q, T, n = 1,2,...,
belongs to £;(X,Y) and

I(75)

00 1
f5(X,y) = Sup (ZH%T:UH’?/)” = sup [[Tz(le,v) = [[T]|x.0,00)-
z€ Bx n—=1 z€ Bx

Therefore, the correspondence T +—— (Q,7)52, induces an isometry. To see
the isomorphism let us take (S,) € £5(X,Y’) and note that S : X — £,(Y)
defined by S(z) = (S,2)5, gives a bounded operator and @Q,,S = S,,. O

As a consequence, we get that £(X*) is isometrically isomorphic to
L(X,1,) for any 1 < p < co and any Banach space X (see [5], Prop. 19.4.3).
Let us also recall that, for every Banach space Z, E;;’(Z ) is also isometrically
isomorphic to L(¢y,Z) if 1 < p < oo and L(¢,, Z) for p = 1. In these
last cases the isomorphims are given by associating to each operator T' the
sequence z,, = T'(e,). Of course the connection between both results goes
through the adjoint operator.

Combining both identifications we get that the strongly p-summable se-
quences in £(¢,, X) are precisely the weakly ¢g-summable sequences in £,(X).

Corollary 2.6 Let X be a Banach space, 1 <p < oo and1 < g < oo. Then

the map W : 07 (0,(X)) — 6Ly, X), defined by V((zp)r) = (Tn)n where T,

are defined by T,,(ex) = Qn(x) for alln, k € N, is an isometric isomorphism.
Similar result is true for ¢ = 1 replacing s by c,.

The concept of strongly p-summing sequence can now be used to define

new classes of p-summing type operators.

Definition 2.7 Let 1 <p < oo. Let X, Y, Z and W be Banach spaces.



An operator ® : L(X,Y) — Z is said to be ({3, (,)-summing if there

exists a constant C' > 0 such that

(2.1) (Zucb Ak <0sup(2|\Tx||P)

reBx

for any finite family of operators Ty, ..., T, in L(X,Y).
An operator ® : X — L(Y,Z) is said to be (£, (;)-summing if there
exist a constant C' > 0 such that

(2.2) sup (Z | (z)( ||p> < C sup <Z| x*,x;) )

y€ By T*€ Bxx i=1

1

for every choice of elements x1,... ,x, in X.
An operator ® : L(X,Y) — L(Z,W) is said to be ({3, (;)-summing if

there exist a constant C > 0 such that

(2.3) sup (Z 12(T3) (=) |15 > <C sup (Z HT:ch)

z€ By z€ Bx

for every choice of operators Ty, ..., T, in L(X,Y).

The least constants in (2.1), (2.2) and (2.3) are denoted by s 4,)(P),
Tew e5)(P) and mes o5)(P) respectively.

We shall denote by s 0, (L(X,Y), Z) the space of all (£}, L,)-summing
operators from L(X,Y) to Z, by Wgw 45)(X, L(Y, Z)) the space of all (€}, £;)-
summing operators from X to L(Y, Z) and by W ¢)(L(X,Y), L(Z,W)) the
space of all strongly (£;, (,)-summing operators from L(X,Y) to L(Z,W).

H(ff}vfp) (L(X,Y), 2), H(Z}”»ff))(X> L(Y,Z)) and H(ff}:ff;) (L(X.Y), L(Z,W))
become Banach spaces with the norms s ¢,)(+), m(ewes)() 7(es,e5)(+), respec-
tively.

The corresponding definitions for p = oo would simply lead to the space
of bounded operators in all cases.

Alternative definition for (3, ,)-summing operators is the following one:

Remark 2.8 Let 1 < p < ooand ® € L(L(X,Y),Z). The following are

equivalent:



i) ®is (£, (,)-summing.
ii) ® maps sequences (7,,) € £5(X,Y) into sequences (®(T},)) € £,(Z).
iii) The linear operator ® : 6(X,Y) — (,(Z) defined by O((T,),) =

n=1

(®(T},))52, is continuous.

Similar equivalences are true for (£}, £5)-summing operators and ({5, £5)-

summing operators.

Remark 2.9 It is rather easy to see that, when some of the spaces is fi-
nite dimensional, the classes Il 4,)(L(X,Y), Z), g ¢5) (X, L(Y, Z)) reduce
either to bounded operators or to p-summing operators and that the class
H(g;,g;)(E(X, Y),L(Z,U)) reduces to one of the previous cases.

Remark 2.10 Recall that dimX = oo implies II,(X, X) € £(X,X) and
observe that

g 0,y (LK, X7),Y) = L(X",Y)
and
My ) (£(X,K), Y) = T (X7, V).
Therefore, for any infinite dimensional X, we have
Wies ) (LK, X7),Y) # Hes 4, (L(X,K),Y), for some Banach space Y,

H(gﬁnfp) (‘C:(X? K)7 E(Xv K)) g H(fgﬂfﬁ) (L(X7 K)a ‘C(Xa K)))
H(ﬁg’,f;)(‘c(Ka X)a E(Ka X)) g H(Zg,ip) (ﬁ(K, X)7 ‘C(Ka X))

Remark 2.11 If A and B are spaces of operator then
HP(A7 B) - H(f;’,@;) (Av B) N H(ZZ,ZP) (Aa B)7

Wiew 05) (A, B) U Tl gs 1) (A, B) C s 05) (A, B).

It is not difficult to show that the inclusions are strict in general.



Remark 2.12 (i) For each x € X, the evaluation map e, : L(X,Y) —» Y
given by e, (T) = Tz is (¢5, {1)-summing.

(ii) For each y € Y, the operator @, : X* — L(X,Y) given by ®,(z*) =
r* @y is (¢4, f3)-summing.

(iii) For each S € L(Y,Z) the operator &g : L(X,Y) — L(X,Z) given
by ®5(T") = ST is (¢35, (;)-summing. Moreover, if S € IL,(Y, Z), 1 < p < oo,

then g is (£}, £2)-summing.

We now show that actually Il ) (X, £(Y, Z)) and L(Y,IL,(X, Z)) can
be identified.

Theorem 2.13 Let & : X — L(Y,Z) be a bounded operator and let us
define ®% 1Y — L(X, Z) by ®#(y)(x) == ®(x)(y), v € X, y €Y.
The correspondence ® —— @7 is an isometric isomorphism between

gy ) (X, LY, Z)) and L(Y,11,(X, Z)).
PROOF. Take ® € Il(u ¢5)(X, L(Y, Z)) and y € Y, then
(Z 1) @IE)” < Iyl s (@) sup (3 I )"
(L’ € By i—1

for every choice of elements {xy,...,z,} in X. Thus, ®#(y) € (X, Z)
and 7m,(®#(y)) < [lylly 7oy ¢5)(®). Hence ®# € L(V,I1,(X, Z)) and || ®#|| <
W(g;u,g;)(q)).

On the other hand, if ¥ € L£(Y,I,(X, Z)) then

ap (S 1P 0E) = sp (Y161

y€ By y€ By
n 1
< swp {m ()} sup (1 wl)’
y€ By o € Bxx N
< [|@ Sup( ¥ x;) )
s (21

for every finite sequence {xy,... ,2,} in X. Hence U € I o) (X, L(Y, Z))
and 7(g ¢5) (U#) < ||| Since (U#)# = W the proof is finished. O
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Therefore, the class H(gw ¢5) inherits some properties from those in 1I,,. For
example, Grothendieck theorem (see [3], Theorem 1.13) implies the following:

Corollary 2.14 Let X be a Banach space. FEvery operator from fy into
L(X, lz) is (67, 47)-summing, i.e. W o) (b1, L(X, b)) = L({1, L(X, L))

Corollary 2.15 Let X be a Banach space, K be a compact Hausdorff space
and (2, 1) be a o-finite measure space.

Every operator from C(K) into L(X, L1(Q, pn)) is (05, 05)-summing, i.e.
ey 05)(C(K), L(X, L () = LIC(K), L(X, Ly (1))

Furthermore, arguing as in Theorem 2.13 we get also the following result
whose proof is left to the interested reader.

Theorem 2.16 The correspondence ® — ®7 is an isometric isomorphism
between s o5)(L(X,Y), L(Z,W)) and L(Z, W gs 4,) (L(X,Y), W)).

We would like to point out also certain behaviour of these classes as
operator ideals and some composition results. The proof of the following

proposition is straightforward.

Proposition 2.17 Let 1 < p < oo and let X, Y, Z, W, U, Xy and Zy be
Banach spaces.

1) If @ € s, (L(X,Y),Z) and V € L(Z, Zy), then the composition VP
belongs to Tgs ¢,)(L(X,Y), Zo) with w0, (V) < (| V] 2.2, - 7(es 0,) (P). That
18, Lo H(@Is”gp) - H(g;,gp).

2) If @ € L(Xo,X) and V € I 45)(X, L(Y, Z)), then the composition VP
belongs to I pw es)(Xo, LY, Z)) with 7(gw 6) (VL) < Tew e5) (V) [| @] x0,x - That
@8, How ) © £ C Tligw ps).

3) If® € Wiy i) (L(X,Y), L(Z, W) and U € T ) (L(Z,W),U), then U €
s 0,) (L(X,Y), U) with mes 0,) (VP) < es 0,) (V) T(es.05) (). That is, Ugs 4,)0
Wes sy  iesey)-

10



4) If ® € Ugwes) (X, L(Y, Z)) and W € s p5)(L(Y, Z), LW, U)), then ¥® €
H(g;u7g§)(X,£(W U)) with W(g;uvgzs))(\lfq)) S W(fgj,f;)(\lj) (gw gs)(@) That is,
H(e;,z;,) © H(e;g,e;) - H(ng,é;)-

5) If @ € Hwes)(X,L(Y,Z)) and ¥ € Is 0, (LY, Z), W), then U €
IL, (X, W) with m,(W®) < (s 6,) (V) - 7w es)(P). That is, Wgs g,y © Mg g5) C
IL,,.

The classical theorem of Pietsch stated that if ® is g-summing and W is
p-summing then W is r-summing, with % = min{l, 113 + %} (see [3], Theorem

2.22 or [5], Theorem 19.10.3). Next we establish that when W is (£}, £7)-

summing then U is (¢¥, ¢7)-summing. The proof follows along the lines of

Theorem 2.22 in [3].

Proposition 2.18 Let & € I,(X,Y) and ¥ € I es)(Y, L(Z,W)) with
1 <p,q<oo. Definel <r < oo byt=min{l, %—l—%}. Then WO is (0¥, 07)-

summing with w (V@) < ww ps) (V) 7y (P). That is, Tigw g5y 0 Tl C Tgw gs).

PROOF. We assume first that % + % <1 then I = % + %. Let (z,) € £*(X)
be given. Applying Lemma 2.23 in [3] we get sequences (0,,) € ¢, and (y,,) €

£2(V) such that [(0,)l, < )2 1) ligor) < (@) (@)L, and
®(x,) = 0,y, for all n. By Holder’s inequality, using that W is (£¥,03)-

p’>Tp

summing and that [V ®(z,)](2) = 0,[¥(y,)(2)] for every z € Z, we get

1

sup(Dw«bxn )" < (Z|on|)5sup(2||wn )’

z€ By 2€ Bz

< )l e () sup (Dy Yn) )

Yy*EBy*

< e a5) (V) - 7g(®) - [[(2n) [l (x)

Then W® belongs to i ¢y (X, L(Z, W)).

If ]lj + % > 1 and we assume that 1 < p < ¢, then ® € IL,(X,Y) with
Ty (®) < 7m,(®) and applying the first part with p and p’ we get ¥ €
gw 5y (X, L£(Z,W)), which completes the proof. O

11



3 (£,l,)-summing operators

Let us now present several examples of such operators. The first one connects
the notion of p-summing and (45, £,)-summing operators.

Let 1 <p < ooandlet T: X — Y be a bounded operator. Denote
T:L(y,X) — £,(Y) the map given by T(S) = (T'Se,,)>2,. Recall that T
is p-summing if and only if T is bounded and (1) = 7.

We first study when 7 is (€, £p)-summing operator. The answer is given

in the following theorem.

Theorem 3.1 Let X, Y be Banach spaces, 1 < p < oo and T € L(X,Y).
Then T € s ) (L(Ly, X), £,(Y)) if and only if T € TL,(6,(X),£,(Y)) where
T : 6,(X) — 6,(Y) is given by T((2;)52,) = (T(x;))52,. Moreover m,(T) =
s )(T)-
Same result holds for p =1 with the replacement of {o, by cg.

PROOF. Assume that T' € Iz 4,)(L(Cy, X), £,(Y)). Given (z;), € £2(£,(X))
we define the operators T, : ¢, — X such that T,(e;) = Qn(x)) for all
n,k € N. Since Corollary 2.6 gives that (7,,) € £5(¢,, X) then (T(T))n =
(T'To(ex))k)n € Lp(£,(Y)). Now we have

[e.9] oo o0

IT@i)l7, vy = 1T(@n ()Y —ZHT e,

k=1 n=1 k=1
< (T (TP INT)IE
For the converse assume that 7" is p-summing and, as above, we write
p _ T p
Z IT@IE vy = STy,
k=1
(T (D)) s e, ) = TN IT) e 0, )

05(0,,X) (W(Z;,ZP)( )) H(‘/Ek>||§;’(ﬂp(X))

IN

O

Example 3.2 Let 1 < p < 0o, X, Y be Banach spaces. Assume that
T e II,(X*,Y), then the operator
O L(X, ) — (YY)

w e (Tut(e)E

12



is (€5, £y)-summing with ms r,)(Pr) = 7, (T).

PROOF. For any choice of uy,... ,uy € L(X,{,), since T : X* — Y is

p-summing we have

N
S @r)l? ) = sup{EZnTu eIy }
n=1

=1 n=1
< (m,(T))" sup sup {ZD i}
m z€Bx i=1 n=1
m N
= (mp(T))? sup sup{ZZ\ i, UnT |p}
z€Bx m i=1 n=1
< (m(D)) sup {Zuunxup}
z€ Bx

Therefore @7 is (£, {,)-summing and (s g,)(P7) < 7, (7). Therefore Or
s (£y, €p)-summing and (s 4,) (Pr) < 7rp(T). It is straightforward to get
equality of norms since m(s ¢,)(P7) > || P = 7, (T). O

Example 3.3 Let 1 < p < oo, let X be a reflexive Banach space, Y be a sep-
arable Banach space and L,(u,Y) denote the space of Bochner p-integrable
functions. If p is a finite Borel measure on the compact topological space
(Bx,0(X,X")) then the operator ©, : L(X,Y) — L,(1,Y) defined by
0,(T)(z) = T(x), v € Bx, is ({,, {y)-summing with 7 ¢,)(0,) < pu( BX) :

PROOF. We first note that x — T'(x) is weakly continuous function on By
and hence weakly measurable. Using the separability of Y we get that it is
a bounded measurable function and then in L,(x,Y"). This shows that the
operator ©, is well defined and bounded.

IfT7y,...,T, are in L(X,Y), then

Zn@ My = 22 [ IT@I5du)
<l By) sup {ZHT I }-

CBEBX
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Hence we have that ©, is (£;, £,)-summing and s ,)(©,) < M(BX)% O

Example 3.4 Let (2, ) be a o-finite measure space, X, Y be Banach
spaces, 1 < p < oo and denote by L,(u, X) the space of Bochner p-integrable
functions. For each f € L,(p, X), the operator &y : L(X,Y) — L,(1,Y)
defined by ®;(T')(w) = T(f(w)), w € ,is ({;, {;)-summing and 7(s ¢,)(Pf) <
112 )

PROOF. Observe first that the operator is well defined. Let T3,... T}, op-
erators from X into Y. If £ = {w € Q: f(w) # 0} then

STy = 2 ISt
. R
- > IR P
< 1) s (31Tl ).

O

Example 3.5 Let 1 < p < oo and let X, Y be Banach spaces. Any sequence
(1), € £,(X,Y) induces an operator

ATZ ,C(El,X) — EP(Y)
S v (TaS(en))nt

which is (£, £,)-summing with 7 ¢,) (A7) < [[(T5) e, x.v)-
PROOF. Take Sy,...,Sy € L({1,X), then

ZHAT S0P =3 S TSkl < ZHT I7) sup (Znsk ).

k=1 n=1 By Y21
This gives that m(s ¢,) (A7) < [[(T)lle,x.v)- O
To finish the section we give several equivalent formulations for the notion

of (£;,,)-summing operator.
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Note that we can write the fact (T,,)nen € £5(X,Y) using duality:

sup (ZHT:UHp) = s |3 Ty
i=1

veBx (u7) € Ber, v 3=

xX*

Proposition 3.6 Let 1 < p < oo and ® € L(L(X,Y),Z). The following

statements are equivalent:
i) P e H(g;ﬂgp)(ﬁ(X, Y), Z)
ii) There exists a constant C > 0 such that

(3.1) (chb ||p) <0 swp iT:y:X

(i) e Bz;,(y*) i—1

for every Ty, ..., T, in L(X,Y).
Moreover T ¢,)(®) = inf{C : C verifying (3.1)}.

Proposition 3.7 Let 1 < p < o0 and ® € L(L(X,Y),Z). The following

statements are equivalent:
i) S H(g;’gp)([,(X, Y), Z)
i) For each u € L(X,(,(Y)) the operator

o, L,Y)Y) — Z
T - ®(Tu)

is (€5, £y)-summing.
iti) There exist a constant ¢ such that s r,)(Pu) < cllu]| for each n € N and

each u € L(X,(;(Y)).

Moreover
Tes0,)(P) = sup{ms r,)(Pu) 1 u € LIX,,(Y), [|u]| = 1}
= inf{c: c verifies (iii)}.
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PROOF. (i)=(ii) Observe that ¥, : L({,(Y),Y) — L(X,Y), ¥ (T) =
Tu, is strongly (£, (,)-summing with 7 r)(V,) < [[ul| and @, = ®U,.
Then by (iii) in Proposition 2.17, ®, is (£, £,)-summing with s ¢,)(Py) <
T(es,0) (@) - [[u]]-

(ii)=-(iii) It follows easily from the closed graph theorem.

(iii)=(i) Let T1, ... ,T;, be operators in L(X,Y) and let S, : X — ((Y)
be defined by S, (z) = (Tiz);_;. Note that ||Sy|lx.emv) = [[(Ti)i [lesxv)-

For i = 1,... ,n we denote by Q;, the projections Q;, : {;(Y) — Y
given by Qin(y;)j=; = yi- Hence for eachn € Nandi =1,... ,n, Ti = Q; » Sy
and ®(T;) = ®(QinSn) = Ps,(Qin). By hypothesis ®g, is (£, £,)-summing
with s 4,)(®s,) < B|Snllx.emv), thus

(S iemiy) = (S @lz)’

< Blls, ||Xgny>sup{(2||@m W) £ A By}
< Bl

05(X,Y)-

Consequently, ® is ({3, £,)-summing with W(g;,gp)((b) < B. O

4 Relations between the classes
As in the case of p-summing operators we have the following inclusions.

Proposition 4.1 Let X, Y, Z and W be Banach spaces and 1 < p < q < 00.
Then

(1) Wiy 02) (X, LY, Z)) C gy ) (X, LY, Z)).

(i) e 0,) (L(X,Y), Z) C g 0, (L(X,Y), Z).

(m) H(@;,E;",) (E(X7 Y)? £<Zv W)) - H(ﬁg,éé)(L(Xv Y)v [’(Z’ W))

PROOF. (i) follows from Theorem 2.13 and IL,(X, Z) C II,(X, Z).
To see (ii) we take ® € Il 0, (L£(X,Y), Z) and T}, € L(X,Y) for k =
Loy Lot us write Y37, [|9(T0)|1* = 27, 195 T) [P where B, = | ©(T3) 7"
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Applying Holder’s inequality with conjugate indices % and ﬁ we get

SR < (g (@) sup (Zm )
k=1

z€ Bx ke
p p/a ap_ (qu)
< (Mg, (P sup (ZHTk H> (Zﬁ )
€ Bx
M
= (T30 (®))" sup (ZnTk )" (chb @)
€ By ke
This gives that
u 1/q /4
(X 2@lie) ™ < my (@) sup (3 Im@r) "
k=1 Bx Y=
(iii) now follows using Theorem 2.16 and (ii). O

Next we are going to see that, under some assumptions on the Banach
spaces, these classes coincide, at least for certain values of p and q.

Let us recall that some classical result, due to B. Maurey (see [10] or [3],
Theorem 11.13), states that if Y has cotype 2 and 2 < p < oo then

IL(X,Y) =1(X,Y).
Using Theorem 2.13 we get the following corollary.

Corollary 4.2 Let X, Y, Z be Banach spaces and 2 < p < oo. Assume that
Z has cotype 2, then g 1) (X, LY, Z)) = Wy e5)(X, L(Y, Z)).

It is natural to ask whether there are generalizations in the framework of
(€5, £,)-summing operators. Next result is the extension of Theorem 1.2.3 in
[6] to our setting.

Theorem 4.3 Let X, Y, Z and W be Banach spaces and 2 < p < oo.
Assume that Y has type 2 and Z has cotype 2. Then

H(K;,Zp) (£<X7 Y)? Z) - H(ZEJQ)(‘C(Xu Y)J Z)
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PROOF. Let ® € H((;}gp)(,C(X’ Y),Z)and Ty, ... ,T, be a finite sequence
of operators in £(X,Y"). Using that Z has cotype 2 one has

Cotemiz)’ < e [ nwem)|,
([ Jo(S o))

Observe that y ., r;(t)T; is a simple function Z?il SjXpizt, 4y for some
2” 72”

dt

IA

operators S; and then

[ om);

dt = 27 chp N

< (Mg, (9))727" sup ZHS My
z€ Bx j=1
1 P
< (s @psup/ rth:L‘Hdt
( (ep,ep)( ) e Bx Jo 121 (t) ) v

Hence, using Kahane’s inequality and the type 2 condition on Y, it yields

(inwu%)é < ruan(®)Ca(2) sup /HZﬂ o )

IEB){
H
Y

< T30 (®)Co(Z)To(Y) K, sup (ZHT ||y)

€ Bx

< T (D)Ca(2)K, sup / Zr<t>T<x>

x€ Bx

and the proof is finished. 0

Corollary 4.4 Let2 <p < oo, X, Y, Z and W be Banach spaces. If Y has
type 2 and W has cotype 2, then

Wiese5) (L(X,Y), L(Z, W) = Weg5)(L(X,Y), L(Z, W)).

18



In particular we get the following applications to operators acting on
(X)) =L, X).

Corollary 4.5 Let X and Y be Banach spaces of type 2 and cotype 2 re-
spectively. If 2 <p < oo and 1 <r,q < oo, then

(1) Wes 0,y (62 (X),Y) = g 0,) (67 (X), Y).

(1) Wiese5) (6 (X), €5 (Y)) = Tag 5y (6 (X), €5 (Y)).

5 Open problems

Recall the domination theorem in the setting of (p,Y)-summing operators
proved by S. Kisliakov.

Theorem 5.1 (see [6] ) Let 1 < p < oo and X, Y and Z be Banach spaces.
An operator T : XQY — Z is (p,Y)-summing if and only if there are a
probability measure p on (Bx+,0(X*, X)) and a constant C' > 0 such that
forallue X ®Y one has
1T < 0”/3 [u(z*)[I§-dp(z").
X*

Moreover 7 (T) is the least of the constants verifying the previous estimate.

P
Question 1. Let 1 < p < oo and X, Y and Z be Banach spaces. Assume
T:L(X*Y)— Zis (£;,(,)-summing operator.
Does there exist a probability measure p on (Bx«,o(X™*, X)) and a con-
stant C' > 0 such that
1T ()l < C”/ [u(z™) Iy dp(z”)

By+
for all w € L(X*,Y) ?

The reader should be aware that the classical proofs can be repeated,
under certain assumptions of reflexivity and separability on the spaces X
and Y. The difficulty appears when dealing with general Banach spaces.

Now let us point out that the authors, relying upon Theorem 5.1, have
been able to show the following result about composition operators for (p, Y')-

summing operators.
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Theorem 5.2 (see [1]) Let X, Y, Z and W be Banach spaces and 1 <
p,q,s < oo where % = %—i—% <1 IfT el (X®Y,Z) and S € II,(Z,W)
then the operator ST € IIY (X®Y, W) and 7} (ST) < m4(S) - 7 (T).

p

Since we do not have at our disposal such a domination theorem in general
we do not know the answer to the following question.

Question 2. Let X, Y, Z and W be Banach spaces and 1 < p,q,r < oo
where £ =+ 1 < 1. Let T € Ts 4,)(L£(X,Y), Z) and S € T1(Z, W).

Does ST belong to s o) (L(X,Y), W) ?

Acknowledgments: We would like to thank Bernardo Cascales for pointing
out the lack of measurability of certain functions used in a preliminary version
and the referees for valuable comments.
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