(p,q)-SUMMING SEQUENCES OF OPERATORS.

JOSE Luis ARREGUI AND OSCAR BLASCO

ABSTRACT. A sequence (u;),;cn of operators in £(X,Y) is a (p, ¢)-summing multi-
plier (or (p,q)-summing sequence of operators), in short (u;) € £r, ,(X,Y), if there
exists a constant C' > 0 such that, for any finite collection of vectors x1,x2,... Ty in
X, it holds that

" 1/p n 1/q
(Z ||uj:vj||p) < Csup{(z |a:*:vj|q) ;xt e BX*},
Jj=1 j=1

Some examples of these operators, inclussions between the spaces and connections
with spaces of multipliers are presented.

§1 INTRODUCTION.

Let X and Y be two real or complex Banach spaces and let F(X) and F(Y') be
two Banach spaces whose elements are defined by sequences of vectors in X and
Y (containing any eventually null sequence in X or Y). A sequence of operators
(upn) € L(X,Y) is called a multiplier sequence from E(X) to F(Y) if there exists
a constant C > 0 such that

H(ujxj)?leF(Y) < C”("EJ);L:lHE(X)

for all finite families x1,..., 2z, in X.

The set of all of multiplier sequences is denoted by (E(X), F(Y)).

For the study of such multipliers for the cases of E(X) and F(Y') corresponding to
vector-valued Hardy spaces, vector-valued Bergman spaces, vector-valued BMOA
or spaces of vector valued Bloch functions the reader is referred to [AB1, Bl1, BI2,
BI3, Bl4).

Given a real or complex Banach space X and 1 < p < oo, we denote by £,(X),
£ (X) and £,(X) the Banach spaces of sequences in X with norms [|(z;)l|¢, (x) =
[(lz51D Ml > [1(@5)]ew (x) = SUPe-e . [[(@@;)[le, and [[(25)le, (x) = sup{l[(z]2;)lle, :
||(:ch)*||£;, (x+) = 1} respectively. The space £,(X) was first introduced in [C] and

recently it has been described in different ways (see [AB]| for a description as the
space of integral operators from /¢, into X or [BD] and [FR] for the identification
with the projective tensor product £,&X).

1991 Mathematics Subject Classification. 47B10.

Key words and phrases. summing operators, vector-valued multipliers.
Partially supported by Proyecto BMF2002-04013

Typeset by ApS-TEX



2 J.L. ARREGUI, O. BLASCO

The aim of this paper is to consider the cases where E(X) or F(X) correspond
to the spaces £,(X), £;)(X) or £,(X). The study of such multipliers was iniciated
in [B] for the case E(X) = (;(X), and F(Y) = {,(Y) where several examples
and results were achieved. The particular case E(X) = £;)(X) and F(Y) = £,(K)
corresponds to the notion of (p,q)-summing sequences studied in [AB], and the
case u; = A;I, where I stands for the identity operator on a Banach space, was
considered in [AF| and [FR].

If 1 <p<q< oo, the space II,, ,(X,Y) of (p,q)-summing operators is formed by
those operators u : X — Y mapping sequences in £;’(X) into sequences in £,(Y),
in other words u € II,, , if there exists C' such that

[(uz;)le, vy < Cll(@i)llew(x)

for any finite family of vectors z; in X, and the least of such C' is the (p, ¢)-summing
norm of u, denoted by 7, 4(u). This, in our terminology, means that (u;) belongs
to (65 (X),£,(Y)) if u; = u for all n.

If we set u; = A\ju then (u;) € (£7(X),£1(Y)) for all ();) € £, where (1/p) +
(1/p') =1, if and only if u € II,, , (X, Y"). These facts suggest the use of the notation
lr, (X, Y) instead of (¢ (X),£,(Y)) and £, (X,Y) for ¢ = p.

A sequence (u;);jen of operators in £(X,Y) is a (p, q)-summing multiplier, in
short (uj) € £r, ,(X,Y), if there exists a constant C' > 0 such that, for any finite
collection of vectors x1,xs, ...z, in X, it holds that

- 1/p n 1/q
(D twsslir) ™ < s { (D laaslt) s @7 € By}
j=1

j=1

The basic theory of p-summing and (p, ¢)-summing operators can be found, for
example, in the books [DJT], [DF], [J], [TJ], [Pi] or [W].

The reader is referred to [AF] for the particular case p = ¢, X =Y and u; = o I.
A scalar sequence («;) is there defined to be a p-summing multiplier if u; = «a; 1
belongs to £, (X,Y).

In [AB] it was considered the case Y = K, what lead to define a new family of
spaces of vector valued sequences, not only for dual spaces, that were called spaces
of (p, q¢)-summing sequences in X.

For any Banach space X, it was defined the space ¢,  (X) as the set of all
sequences (x;) in X such that there exists a constant C' > 0 for which

n 1/p n 1/q
(Z]:c;xj\p> §Csup{<2|xjx!q> ; :cGBX}
i=1 =1

for any finite collection of vectors z7,...,x; in X*. The reader should notice that
lp(X) = Ly, ,(X) and that a sequence (z;) € {r, (X), considered as operators in
L(X*,K) , corresponds to a (p, q)-summing multiplier. The main objective of such
a notion was to describe some classical aspects of the theory of geometry of Banach
spaces and operator ideals, from the point of view of those sequence spaces.

The aim of the paper is to get some descriptions for particular cases of multipliers,
to deal with the special case of (p,q)-summing multipliers and to get inclusions
between them. These objectives are done in sections 2, 3 and 4 respectively.
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Notation is fairly standard. We follow the usual terms L£(X,Y") for the space
of bounded linear operators between Banach spaces, Bx and Sx for the unit ball
and sphere in X, X ~ Y if two Banach spaces are isomorphic and X ~ Y if they
are isometrically isomorphic. We write the action of an operator or functional on
x merely as ux and x*z, though we prefer to use x*(z) or (z*,z) sometimes; p’
denotes the conjugate exponent of p, 7 = max{z,0} and K denotes R or C if no
difference is relevant.

§2 IDENTIFICATIONS OF SOME SPACES OF MULTIPLIERS.

In [BS] it was considered another intermediate space of sequences of operators,
by using the strong operator topology.
Let us define for 1 < p < oo the space £, (L(X,Y)) as

{(uj) 1 u;: X — Y linear and bounded,z |luj(z)||P < oo for z € X}.

J

We endow it with the norm ||(u;)
Of course we have

5(L(X,Y)) = SUP||x||:1(Zj ||Uj($)||p)1/p-

G(L(X,Y)) C (L(X,Y)) C L2 (L(X,Y)).

We shall see that these spaces of operators actually correspond to certain spaces
of multipliers.

Proposition 2.1. Let X and Y be Banach spaces, and 1 < p,q < oo. For 1/r =
((1/p) — (1/q))" we have that

(£g(X), 6,(Y)) = £ (L(X,Y)).

Proof. Any multiplier sequence (u;) must be in /o (L£(X,Y")), as we see by taking
sequences in X of the form (0,...,0,2;,0,0,...). If ¢ < p it is plain that the
converse is true.

Let ¢ > pand 1/p = (1/r) + (1/q). By Holder’s inequality,

O g7 < (3 o Py )27 < (3 g )7 (3 s 142

Conversely, given n we note that the £, /,-norm of (||u;(|?)?_; equals, by duality, the
norm of (A;|u;[|?) in ¢1 for some 0 < A; such that )\g/p =1. Let 8; = )\}/p and
z; € Sx such that [[u;x;| is arbitrarily close to |[lu;|; then (3_; | (Bjz;)||P)H/P
approximates (3 Huijﬁf)l/p, and hence (Z HujHT)l/r is bounded by a constant

j=1
independent of n. [J

We recall the following crucial description of £,(X) to be used in the sequel.

Lemma 2.1. (see [BD|,[FR]) Let X be a Banach space, and 1 < p < oco. Then
0,(X) = £, (X) = G,EX.



4 J.L. ARREGUI, O. BLASCO

Proposition 2.2. Let X and Y be Banach spaces, and 1 < p,q < co. For 1/r =
((1/p) — (1/q))" we have that

(£4(X), 6, (Y)) = £ (L(X,Y)).

Proof. Only the case p < g needs a proof. Let 1/p = (1/r) + (1/q). Observe first
that (u;) € £¥(L£(X,Y)) if and only if

Z|u] "< 0.

llzll= 1Hy I=15=1

Let (u;) € ¢¥(L(X,Y)) and let z; = A\jz where ()\;) € ¢, and z € X . To show
that u;(z;) € £, (Y) let us take y* € Y*. By Holder’s inequality

(O s,y ) )M < (0 s,y DAY < (3 s ™) A

Now use Lemma 2.1 to extend to ¢,(X) by continuity.

For the converse, assume (u;) € (£4(X),£,)(Y)). Since for any [z = 1 and
Iyl =1
(D 1u (@), y )Y = sup{ (D Wuga, y*) PP = 1(A)llg = 13,
J=1 J

we obtain, by writing z; = A;x, where ()\;) € ¢, and x € X, which belongs to
¢,(X) by Lemma 2.1, that

Z| uj(x W< @) ey e 00y supdll @) e, ) 2 A lg = 1} < C.

D

Proposition 2.3. Let X,Y be Banach spaces, 1 < p,q < oo and 1/r = ((1/p) —
(1/q))*. Then
(£4(X), 6,(Y)) = £2(L(X,Y)).

Proof. Observe that (£4(X),£,(Y)) C (£4(X),£,(Y)). Hence we may assume again
p < qand (u;) € ({4(X),€,(Y)). For each z € X

ZH% I = sup{( ZHU; PN [|(A)lg = 13,

and then we obtain, writing z; = /\jx, where (\;) € £,, which belongs to £,(X) by
Lemma 2.1,

Z ot @Y™ < i) g x),, 00) SUPL @) ey ) = 1A llg = 1} < Clle].

Conversely, if (uj) € £2(L(X,Y)) and z; = A\jz with (\;) € {;, and € X, then
Z g () |[P) /P < ( Z g ()P 17)7 < (Y M| 7)) -

J

Now use Lemma 2.1 to extend to ¢,(X) by continuity. O

There is still another case that is rather simple to describe.
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Proposition 2.4. Let X and Y be Banach spaces, u; € L(X,Y) for j € N,

1<p,g<ooandl/r=((1/p)—(1/q))".
Then (u;) € (L4(X), €, (Y)) if and only if (u}) € L2 (L(Y™, X7)).

Proof. The case p > ¢ is rather direct. Let us assume p < g, (u;) € (£4(X), £, (Y))
and y* € Y*. Then

(Z s (y )M = sup{ (Y [, () P) 7 (Z ;1 )1/¢ = 1}

J

= Sup{(z (g (), ") P)P (Z lz;]19)1/¢ = 1} < Clly*|.

J J

Assume (u}) € £(L(Y™, X*)). By Holder’s inequality

J

(O sy, y M7 = (3 Vg D7 < (3 s (I (3 g 172

O

§3 (P,Q)-SUMMING SEQUENCES OF OPERATORS.

The study of multiplier sequences between £;’(X) and £,(Y) is far more com-
plicated. For the reason explained in the introduction, we find more convenient to
change the notation from (¢;’(X),£,(Y")) to the following:

Definition 3.1. Let X and Y be Banach spaces, and let p, ¢ > 1. A sequence
(uj)jen of operators in L(X,Y) is a (p,q)-summing multiplier if there exists a
constant C > 0 such that, for any finite collection of vectors x1,x2,...x, in X, it
holds that

- 1/p n 1/q
(X gt < oo { (S leagtr) s o € B}
j=1 j=1

We use £, (X,Y) to denote the set of (p, ¢)-summing multipliers, and 7, 4 [u;] is
the least constant C' for which (u;) verifies the inequality in the definition. In order
to avoid ambiguities, sometimes we shall use mp 4[u;; X,Y]. Of course if p = ¢ we
simply say that the sequence (u;) is a p-summing multiplier and write £, (X,Y),
mplitgs X, Y] (see [BI)

Remarks 3.1.
1. The obvious modifications for p = oo or ¢ = oo make sense, but then
br, (X,Y) =L,(L(X,Y)) and £ (X,Y) = lo(L(X,Y)).
2. Let u # 0 be a bounded linear operator between two Banach spaces X and
Y. If u maps sequences (z;) € £,(X) into sequences (ux;) € £,(Y) then necessarily

q < p (for ¢ > p one can take z; = (1/§)!/Pz, where = ¢ Ker(u), to get a
contradiction).
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This example shows that II, ,(X,Y) = {0}ifp < ¢, but in our setting if
coo(L(X,Y)) stands for all sequences of operators with a finite number of non-zero
elements, then, for any 1 < p,q < oo, one gets

Coo(E(X, Y)) c/ (X, Y)

Actually, if u; = 0 for all j > N then 7, ,[u;] < N'/? Hia]ffHUJH
j

3. For any Banach space X, and the usual identification between X and L(K, X),
it follows from Proposition 2.1 that if 1/r = ((1/p) — (1/q))" then

0 (K, X) = £,.(X).

Tp,q

4. For any couple of Banach spaces X and Y, 1 < p,q < oo and u; € L(X,Y),
we clearly have

(uj) € lr, ,(X,Y) if and only if (A\ju;) € £, (X,Y) for all (A;) € £,.

Moreover
Tpglti; X, Y] = sup{my g[Ajus; X, Y] < [|Ajlle, =1}

5. Note that if X,Y are Banach spaces and u; € £(X,Y) then

7TJo,q[uj] = | Sl|1|p . Tp, q[yg Ujs X,
21

Let us mention that the characterization of the absolutely summing operators in
terms of unconditional series can be generalized as follows, with the same standard
proof (see [DJT)):

Proposition 3.2. A sequence (u;) is in {r, (X,Y) if and only if it holds that for
any unconditionally convergent series Y x; in X we have (ujz;); € £,(Y).

The subspace of L(£(X),£,(Y)) formed by (p, g)-summing sequences of opera-
tors is closed, and then the summing norm m, , is complete:

Proposition 3.3. For any X and Y Banach spaces, and for any 1 < p,q < o0,
(b, (X,Y),mpq) is a Banach space.

Tp,q

Easy examples can be constructed by tensoring some elements in classical spaces.

Examples 3.1. Let X and Y be Banach spaces, and 1 < p,q < 00.
(1) br, (X, K)QU(Y) C by, ,(X,Y) for - =1+ 1.
(2) €@, o(X,Y) C lr, (X,Y) for 5 =1+ 3.
In particular £,@X C Uy, (X)) = 6,(X).
(3) Ls(Y)®X* C Ewp’q(X,’Y) forp < q and 1 = % + 1

Proof. (1) Take u; = 7 ® y; where (z}) € lr, (X,K) and (y;) € £(Y). If
(z;) € €3 (X) then ((z},2;5)) € £r(K). Hence (u;(z;)) = ({z7, 2;)y;) € £,(Y).

(2) Take uj; = Aju where u € I, (X, Y’) and ( j) € £s(K). If (z;) € £;(X) then
(u(z;)) € £:(Y). Hence (uj (7)) = (Ajulz;)) € fp( )-

(3) Take u; = z* ® y; where z* € X* and (y;) € £5(Y). If (z;) € £;/(X) then
({27, 25)) € £4(K). Hence (u;(z;)) = ((z*, 25)y;) € £,(Y). O

j)
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Theorem 3.1. Let X,Y be Banach spaces and 1 < p. Then
GL(X,Y)) Cly,  (X,Y).

Proof. Let uq,...,u, € L(X,Y) and 1, ..., 2, € {¥(X). Then

S g ()P = supd] S (s ), )] Zuyj I =
Jj=1 j=1
1 n n n
— sup{] / S a0, Y Wi e )] Sy =1
0 j=1 j=1 j=1
1 n n
< Nap)lles x supd / 1S ) @llde 3 | =1
=1 =1

< Nl (@5)llep x) sup{[( Zu yj)ri(t leyjllp Lzl =1,¢ € [0,1]}

7j=1

< [1(5)lleg (x) sup{] Z (@ Z ly; IIP" =1, lall = 1,2 € [0,1]}

< [1Cz5) l[ew (x) sup{( Z () [P)VP < ] = 1}
71=1
U

We finish this section with a result on multipliers in (&rm(X ) KP(Y)), showing
that these spaces coincide for any 1 < p < ¢:

Theorem 3.2. Let X,Y be Banach spaces and 1 < p < q. Then
(gﬂpyq (X)’ EP(Y)) = f; (E(Xv Y))

Proof. Assume first that (u;) € (¢x, (X),€,(Y)); let r such that 1/p = (1/r) +
(1/q). Given z € X, we may write

[(uj )]l = Il (uje; )l

for some numbers (o) such that |[(e;)]|, = 1. Now the assumption and (2) in
Examples 3.1 give

Iws@)llg < 1Cui)llen, , )00 Talsz] = [(uj)llen, , o0l

Conversely, let u; € £;(L(X,Y)) and (z;) such that m) 4[x;] < 1. Then

(i)l = Nl (yj (i ))llp = 1 ((wGy5)25)llp
for some y; € Y with [ly;[| =1, so
Iz lp < mpqlas]ll(WGy7) ey (x-) < ||Sl||1£1||((U§y§)fE)||q
= sup [(yj(wz)lle < sup ()l D

llz]l< llzll<1
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Remark 3.2. It is known and easy (see [BS|, Proposition 2.5) that £3(L(X,Y) ~
L(X,£,(Y)). If 1< p < q then

<£”p,q (X)7EP(Y)) = ,C(X, EQ(Y))
The isometry is given by mapping (u;) € (Cr, (X),0,(Y)) to the bounded linear
operator U : X — £,(Y) defined by U(x) = (ujx).

Remark 3.3. Let X,Y be Banach spaces and 1 < q. If UC(Y) stands for the
space of unconditionally convergent series, also identified with the space of compact
operators K(cg,Y) then (see [FR], Theorem 3.13)

(6(X), UC(Y)) = L(£4(X),Y).

The isometry is given by mapping (u;) € ((o(X),UC(Y)) to the bounded linear
operator defined by T, (x5) = > ; uj(x;).

§4 INCLUSIONS AMONG THE SPACES £ (X).

Let us point out first some elementary embeddings among these spaces.

Proposition 4.1. Let1 < r,s <oo, 1 <p;1 <pg, 1 < g1 < g and 1 <p <gq.
Then
l

(X,Y)Cv/¢ (X,Y),

Tp1,s Tpy,s

EWT‘,CH (X7 Y) g Eﬂ'r‘,ql (X7 Y) I
0 (X,Y) C Uy (X,Y)

with continuous inclusions of norm 1.
In particular, for 1 < p,q < oo,

Uy J(X,Y) C U (X,Y) C Ul (X,Y) Ty (X,Y).

T1,q

Proof. The proofs of the two first embeddings are straighforward.
To see the last one, take (uj) € £, (X,Y), (x;) € £(X) and ();) € £, where
(1/r)+ (1/q) = (1/p). Then

O INu (@) )Y < mplug) |\l ew ) < ol @) e 0 1) e, -
j=1

Taking the supremum over the unit ball of /,. we get the result. [J

We can actually get a general formulation which cover all the cases above and
many more ones. Similar proof was given in [AB], but we include here the modifi-
ciation for sequences of operators for the sake of completeness.
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Theorem 4.1. Let X and Y be Banach spaces, 1 <p <r, 1 <gq,s and (1/q) +
(1/r) < (/p) + (1/s). Then £y, (X,Y) C Ly, (X,Y), with continuous inclusion
of norm 1.
Proof. The case s < ¢ follows from the norm 1 inclusions £’(X*) C £(X*) and
lp(X) C 4, (X). For ¢ < s and either r = 0o or s = oo Proposition 2.1 and Remarks
3.1 give the result. So we assume that ¢ < s and that both r,s < oco. Then
1 <r/p,s/q < oo; let a and b their conjugate numbers, that is 1 = (1/a) + (p/r) =
(1/0) + (a/s).

If 7y qlu;] < C, for any finite set of vectors x; in X we have, for appropiate
scalars aj > 0 such that ) af =1, that

Znumn VW= (3 fug(al/ Py |P) P < € sup Zaq/p|x 2]
J .

lz*[[<1

From our assumptions we have that ap < bq, so that Z a;-’ <1, and for any z*

j
we get, by Holder’s inequality, (Zj a?/p|x*xj|q)1/q < (Zj |:L'*xj|5)1/5 . This shows
that 7, s[u;] < C. O
Note that, in the scalar-valued case, for (1/p) — (1/q) = (1/r) — (1/s) we have
(bp, Lq) = (€r, L)
To find cases where £, (X,Y) = {, (X,Y) for (1/q) + (1/r) = (1/p) + (1/s)
we need the following lemma:

Lemma 4.1. (see Lemma 3, [AB]) Let X be a Banach space and 1 < r < 0.
Then 07 (X) = 6,05 (X) if and only if L(co, X) = I, (co, X).

Proposition 4.2. Let X be a Banach space such that L(co, X) = g (co, X) for
some 1 < s <oo. Then by (X,Y)Cl, (X,Y) for1<p,q,r s < oo such that
(1/p)—(1/q) = (1)r) — (1/3) and for any " Banach space Y.

Proof. Let us take (u;) € £r, (X,Y)and (x;) € £;(X). Toshow that (u;(x;)) € £,
it suffices to see that for any (a;) € £y we get (aju;(x;)) € £, where (1/p)+(1/¢") =
1/u. Given now a sequence (o) € £, we have that (a;z;) € £{(X). Using Lemma
4.1 we have that there exists (3;) € ¢y and (y;) € £¥(X) so that ajz; = Bjy;.
Therefore (ajuj(z;)) = (Biu;(y;)) € €oly = £, because 1/u = (1/p) + (1/¢') =
(1/s"Y+(1/r). O

Combining Theorem 4.1 and Proposition 4.2 we get the main result of this sec-
tion:

Theorem 4.2. Let X be a Banach space such that L(cy, X) =
1 < s < oo andletY be any Banach space. Then { (X,Y
1<p,q,r,s<o0 such that 1 <p<r and (1/p)—(1/q) = (1/r

Hsz(co, X) for some
) = Llr, (X,Y) for
)= (1/s).
Corollary 4.1. (see [Bl],Theorem 3.8 ) If X has cotype 2 and Y is any Banach
space then Uy (X,Y) =Ly ,(X,Y) foranyp <r and1/q= (1/p)—(1/r)+(1/2).
In particular £ (X,Y) = {,(X,)Y) and U, (X,Y) = {l; ,(X,Y) for 1/r =
(1/¢") + (1/2).
Proof. Use Lemma 4.1 and the fact that L(co,Y) = Ila(co, Y) for any Y of cotype
2. U
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