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POSITIVE p-SUMMING OPERATORS, VECTOR MEASURES
AND TENSOR PRODUCTS

by OSCAR BLASCO
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Introduction

In this paper we shall introduce a certain class of operators from a Banach lattice X
into a Banach space B (see Definition 1} which is closely related to p-absolutely
summing operators defined by Pietsch [8].

These operators, called positive p-summing, have already been considered in [9] in
the case p=1 (there they are called cone absolutely summing, c.a.s) and in [1] by the
author who found this space to be the space of boundary values of harmonic B-valued
functions in A% D).

Here we shall use these spaces and the space of majorizing operators to characterize
the space of bounded p-variation measures ¥4 and to endow the tensor product 7@ B
with a norm in order to get I(B} as its completion in this norm.

Some definitions and previous results
Throughout this paper X will denole a Banach lattice and B a Banach space. Given
1 <p= oo we shall always write p’ for such a number that (1/p}-+{1/pH=1.

Definition 1. An operator T belonging to L(X, B} is called positive p-summing
{1=p< oo} if there exists a constant € >0 such that for all positive glements x,, x,,..., x,
in X we have

noo 1/p ) ijp
(_; 7l sc s (3¢ x,-w) | (1

We shall denote by AX, B) the space of such operators and the infimum of the
constants will be the norm on it,
A duality argument allows us to write the following equivalent formulation of {1

<i ) HTx,-HE)Wg c Sup{

Obviously the space of p-absolutely summing operators Ii(X. B} is included in
A (X, B) and the same techniques as for p-absolutely summing eperators lead us to see
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that for pSg, A(X, BiSALX, By and
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for all T in A,(X, B). B )

P

Definition 2 (see [9]). An operator T belonging to L(B, X) is called majorizing if
there exists a constant C >0 such that for every X1, X350, X, in B

sup |Tx,|

1=isn

<C- sup [|xills. {3)
X 1<isn

We shall denote by M(B,X) the space of such operators and we shall set the
following norm on it:

tmlen Hx‘-HBgl}.

| 7], =sup {

sup | Tx,]
15ign

If we consider A® B as a subspace of L{4* B), that is u=73"_, a,®b, represents the
operator T, defined by T(&)=37_,{(fa) b, then it is easy to see that A®B is
included in A, (4% B) and M(A4* B). Let us denote by APB and A®,B the
completion of the space A® B endowed with the norms induced by A (A% B) and
M{A*, B} respectively.

Applications to tensor products and vector measures

Let (£, 4, 1) be a finite measure space and 1< p<oo. We shall denote by Iy, B) the
space of measurable functions such that || f1l, = (o]l F(8)|]P d)¥» < + c0.
The following result can be found in [4].

B ® B=HuB) 1sp<co. 4
This fact can be extended in the following way:
Theorem 1. Let [ <p<co, then for all 1 Ersp
() &, B=12(u, B).
Preof. Let 1<r<p. Since simple functions are dense in Iy, B), it suffices to show
that for each s=3 7. x;° i, we have that the operator T,() = [, s(¢) y(t) dufz) satisfies

T, = sl |
Sinco [, =T, and [T, |1

A, Z| T4, then it is enough to prove that Hsi]pgi‘i;]AF.
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We can give another representation of Ap(ﬂ’“(u), B) in terms of vector measures.
Let us recall a space of B-valued measures, introduced by Bochner [2] in the scalar-
valued case, which is a good substitute for IP(y, B} in several cases, for example for the
duality (I, B)* = V%, or for boundary values of functions in h§(D) [1].

Definition 3. A finitely additive vector measure G:% B is said to have bounded p-
variation if

!G E) P\ 1/p
]Gfpzs?tpKZl(Ep”l <+ (l<p<oo) (5)
where the “sup” is taken over all finite partitions of £2 and
E
szsup{“i(( ;” EE%’}< + 0 {(p=c0). (5"

We shali denote by ¥§ the space of such measures and its norm is given by (8) or (3)
provided | <p<o0 or p=co.
Lot us recall some properties of this space.

{a) Every measure in V§ is countably additive, g-continuous and with bounded
variation.

(b} I, B) 15 sometrically embedded in Vi

Dinculeanu [{4] characterized the space V% in terms of Z{I¥(y), B), the space of
operators in L{I¥(y}, B) such that

]
zai,m g]}<+oo.
i=1 F i

li7il=sup4 £ o [l

The author proved in [1] that LIy}, B) = A (IP'(n), B}, hence we have the following:

Theorem 2. For 1<p=co, A (I (n), By=V4.

Now we shall characterize V§ by means of the space of certain majorizing operators.
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Theorem 3. For 1 <p<ooc, M(B, IF{y))= V.

Proof. Let G be a measure of V& and take xe B with ||x|lz=1. Consider now the
measure G (E)=<{G(E), x) for all measurable set E and the positive measure |G|. Both
measures are countably additive, p-continuous and with bounded variation. So, by the
Radon-Nikodym theorem, there exist f, and g=0 in L'(p) such that

GAE)=1 fAr)dp(t) for all Ec %, )
\Gi(E)={g(r)dul(t) forall EeZ. )

It is not difficult to show, since G belongs to V§, that f, and g belong to P(y) and
moreover ||gl|,=|Gl, (see the argument in [1, Proposition 3]).
Due to (6) and (7) we have that

ti[(E):i | fldpny = \G{(E}:ig(z) dtt)
and from this we obtain
4ol Eletn)] e (8)
Let us define T:B— I%(s1)
v T =[3le Sisiiy

From (8) it is easy to show that Te M(B, ().
Indeed, if X,, Xo,..., x, belong to B and ||x||z=1 then

sup [Tl < llella=|Gl
1=£ign LP

Conversely, given T in M(B, I7(y)) and denoting by f; the function Tx, we can define
the measure G:%—B* by

(GLE}, X>mlfsfx(f) dplt). (9)

Now, let © be a partition of (. Given &0, for each Een there exists bge B with
Hbgllz=1 such that

JE) 1| GURY| S Gl B) 17 - GUE), b+ s/m™ . (10)

From (10) the triangle inequality in /7 implies

lip

iip
(EE (ﬂ(E)“”""HG(E)Ii)"> =(EX |Cu(E) 7 GLE), bg>]"> +e.
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Now by using {9) we can write

iy

(2000 (3 e o)

= 0 13 [0 e o} e

Eag=1 Een

< sup. {;} (SUP lfng(tﬂ) (EE og w(E) 17 x;;(ﬂ) d#{f)} +e

Ee
}m&g
L

Taking & arbitrarily small and the “sup” over the partitions we obtain |G|, <|T],,
completing the proof.

=

Z g u{E} e XE
Een

sup|T(bg||l - sup {
Eexm e Zak =1

SiT|ate

This theorem aliows us to prove the following result of {51
Corollary. B®,1#{x)=1#(u, B} for each 1 <p< .

Proof. Given a simple function s=Y/_ x;* ¥, Where x; belongs to B, we notice that
s clearly belongs to IP{u, B**) and therefore the measure GS(E)=§E s{t) duft) belongs to
Vie=M(B¥, (). So, denoting by T, the operator associated with s we have ||s]], =
|G|, =|T.|,.. Finally the density of simple functions in the space I(y, B) gives us the
corollary. l
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