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Abstraet. It is proved that [H},D, o=t s, for i/q = 1—8+8/p

§ 0. Introduction. In this paper we are concerned with interpolation
between Hardy spaces and I7-spaces of vector-valued functions. Following
the notation in [1] we write [Ag, 4,]p and {4y, 4)y, for the interpolation
spaces by the complex method {2] and the real method [137 respectively,
Throughout this paper (B, ||-||s) stands for a Banach space and By, B, will
be an interpolation pair of Banach spaces.

The Hardy space we shall deal with will be the following.[7]:

Hy = {feIL(RY: [supllP = f(x)llpdx < + oo},

>

P, being the Poisson kernel on R”, and the main result of the paper is:

i o
[‘{{30’1 L%;}ﬁ - L?BQ’BI}U’

where 0 <@ <1, | <p <o, and Yg=1-6+0/p

For the case B, = B, = R, this is the classical result of Feflerman and
Stein [7]. They proved it using the duality (H'Y* = BMO, and consider-
ing the “sharp” maximal function. Their technique works also in-the case
B, = B, = B, but for the general case we shall use a different approach based
on the atomic decomposition of functions in ;. The ideas we shail use later
have been considered by different authors. (see [97, [8], [117}.

Recently several authors have extended Fefferman-Stein’s complex inter-
polation result in the sense of replacing If on the right side by L* and BMO,
ie for /g = 1-9,

[HY, 1=, = [I!, BMO], = [H', BMO], = I%.

The reader is referred to [97, [12], [15] for different approaches to this
result.

There are also interpolation resulis for H? for 0 <p <1 {see [3], [6],
[91) but we restrict ourselves to the case p = 1.

We shall denote by (15, [|{l,.5) the space I (R") with its usual norm, for
1 < p < o0, and since we are not going to use 1) let us denote by (||l z the
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norm in HL. As we have already said we shall consider Hj defined in terms
of atoms (see [10], [41, [5]). The reader can realize that the classical proofs
also work for vector-valued functions on merely replacing the absolute value
by the norm, so for each f in HL we write

Wl = inf Dbl f =) Ay, @ are B-atoms .
& Eoo3

As usual, C will denote a constant but not necessarily the same at each
OCCUrTence,

1 am very grateful to J. L. Rubio, who conjectured this result, for his
valuable comments and helpful conversations; also, { would like to thank G.
Weiss who referred me to [8], [11].

§ 1. The theorem and its corollaries. Let us formulate here a lemma
which is essentially based on the Calderén-Zygmund decomposition and
some arguments involved in Coifman’s proof [4] for the atomic decomposi-
tion. The details are left to the reader.

LeniMa. Given a B-valued simple junction f. there exist a family of cubes
{04 and a family of simple functions Sk} such that each dj is supporied in Q%

Y oand
{1} {di{xydx =0,
(2) f=3d,
k.j
(3} lids (0lls < Co 2;‘}(@?(%) for all j,
@ 0= @ = b M (> 2,

where M{ stands for the Hardy-Littlewood maximal function of 1.

Turorem A. Let 1 <p < oo, 0<0 <1 and 1/q=1-6-+08/p. Then

(5) [H};(}’ ‘!—5110 = %ga Whe?“e BG - E:B()s B]]Q'
Proof. Since Hj, & L%O the classical results about interpoiation ob-
[Hi, 15,00 S [ng Uy Jo = Lhy
Consider now a Bp-valued simple function f. Using the lemma write
f=Yat where g is also a B,-valued simple function which can be |
expressed as '

a{j,k}
k Lk .,
d= 3 XK e
m

m= 1

the x/* being elements in By and U, Ebk = QF,
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O el . :
A Le} kQ = {2 eC: 0 <Rez < 1}. Given £ > 0 we choose continuous func-
tions fi*: @ — By~ B,, holomorphic in £ and satisfying

FIRO) = xSRI, < (18 X,
WAPE (1 +inllp, = (1+a}|xhilly, for all R,
Defining

.k

FR Z) Z fm y}Jk

m=1

we gel continuous functions Fi 0 L5 @49+ Lg (0 which are holomor-
phic in € and satisfy 1

(6) Fo ) = o,
(7 WF (i) (s, < (1 +e)fia; (3, for all xeQf, 1eR,
(8 AL+ i) (s, < (1+£)Ha_’;(x}i158 for all x<Qf, teR.

Lei us consider

9) Giz) = Fia—(Qj " $F“ (@) {x1dx) 1,

i

Setting #(z) = q{l —z+z/p)—1 we define
(10) Flzy =) (279 Gi(2).

k.j

From (2) and (6) we clearly have F(8) = f Now we wanl 1o prove' that

sup HF Ul g IF (14D, S ClL g g

To check the norm ||F{1+it)f, 5, we first observe that

IF (it (e, < CZ?‘(‘”” PHGH(L + i (3,

and according to (8) and (3} we can write

IF (1 +it (s, < CU +8),}§_ 24021 ({1 (0L, + 11051l .14 g (X))
s I

C(1+e)}y 2kar Zg (-

ki i
Hence we get

IF (L4, < CO1+8)72 24|05 < C(1+8)szq!9kl
k. ¥

< Ci+e)IMfll, < C+8) LS lly.ny
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To compute {F ()l g, et us write 25 = Co(l+e2"1 QY and b}
= (A5} Gitir). From (9), (7), and (3) the b4 are By-atoms and we have

Fiy =y 2800 2k ph

ho
[

therefore

NGOl g, < CY, 2% DPH = C(148) Y 24|04
kJj k.j

and the above computation shows that HE(ION L8, < CO+8) iS5,

Since ¢ can be chosen arbitrarily small we have just proved that for any
simple function ||/, < Cliflign, and the proof is completed by a simple
density argument.

Now we wan! to deduce some interpolation result for BMGy,, and some
minor conditions have to be imposed on the Banach spaces B, and B,
in order to be able to apply duality interpolation results [1]:

(%) By B, is dense in both B, and By,
{(#=}  B¥ ~B¥ is dense in both B% and B}
CoroLrary 1. Suppose By and B, satisfy () and {(x+) and let 0 < 6 < |,
| <p<w and /g =(1—0)p. Then
(11 [L5y BMOg 15 = s 5,
Prooll Since 135 & BMOy , where L3 s, is the closure of the simple
functions in Ly, we already have
qu‘a = [L%O, L%,B,}a & iiL'?;Oa BMOBI]H~
Recall now the dualities 1§ E(Lgéj*, /p+1/p' =1, and BMOy, E(H;T)*.
Applying Theorem A and the duality interpolation theorem we can write
- ! LY - 1 43 Y
[5 BMOy, 1y & [(150% (HA o = [(HL 0%, (12071,
- t 2 £ —{Jr %
- [H‘Bi, L"Bﬁj]lfﬂ . (L‘[Hi’ﬁb]l—ﬁ)
— r #
- (11[30531}%!) s
where 1jr = 1—-0+6/p, ie. r =¢.
To finish the proof it suffices to realize that if a function fin L} belongs
o (IZ)* then f has to belong to I,

Our next corollary will use Wolif’s reiteration theorem [15]; let us recall
it for the sake of clarity:

Tueorem B ([157). Let A4,, A4,, As, A, be Banach spaces such that
Ay Ay ds dense in both Ay and A, Let 0 < 8¢, 0, <1 and [4,, Agde, = A3

w
ar

{1¢

det

{17,
i if i
(8)
(19)

i aboy
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. A,. Then
8, 6,

where  p

AL =4, - '
1, A, = 42 TS0, 10,0,

sult and denoting by L% , the closure of the simple functions in Lg,
following corollary:

ARY 2, 0 fet 0<0 <t agnd 1/p=1-86. Then

[I‘IBO? O Bl ]—’iBO Bl}g

1 B, satisfy (%) and {(xx) we alse have

: [LBO’ BMOBI]S = [Hfi)’(y BMOB ]0 = LIEBG.BHEB‘

2 Proof Here we only present the proof of (13), leaving {14} as an
exercise. Consider po = p+\/“( — 1}, This value is chosen to satisfy

{15y . (po—1)p = polpo—

Take 8, = 1 —p/po, U2 = po/p’. Then it is easy to show that (15} imphes that
y in Theorem B coincides with ¢. Choosing

Ai - HBDa AZ - L;},SU’ Aj =L

Py

—_— oG
g As = LG,

where » = (1 —0,}+#8,, we can easily check all of the assumptions of Theorem B
and then we get (13}

It is very well known that once the complex interpolation is obtained then the
real interpolation can also be got by using the foliowing theorem:

THeoreMm C ([1]). Ler 0 <8, <8, <1, 0<y<],0<p=
§=(1—m0;+nl, we get
(16} {Aﬁi AI}G,[) = {[Aﬂs Ai]ols {Am Al}ﬂz)u,p'

From this last theorem and the above results it is an easy exercise to
. derive the following corollary;

< 1,

o, Then for

Coronrary 3. Ler 0 <6 t<p<sow, UYp=1-0+0/p. Then

‘ (17} {HIIE()» Bj’]ﬂl}[},q - L%B(},Bj}g’q‘

4 If By, and B\ satisfy (=} and (#%), and 0 <8 <1, 1
(18) (L BMOy oy = Lsgnpy, Ya=0-6)p,
(19) (Hp BMOy oy = Uagnyy,, Ui =16,

Remark. Finally, we would like to mention that in the case By = 8,
= B we can do real interpolation not only for a fixed value of g, as in the
above corolary, but for all values 6 <r < oo, and it can be shown, either by

< p < oo, then




210 ' 0. Blasco

using similar arguments to Corollary 3 or with an analogous proof to that
given in [147, that for 1 <p <o, 0 <r< oo, and 1/g=1-8+0/p,

(gl Py JO
lh T LB)O,r = L,

where [ stands for a Lorentz space.
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