REMARKS ON VECTOR-VALUED BMOA
AND VECTOR-VALUED MULTIPLIERS.

OsCAR Brasco

ABSTRACT. In this paper we consider the vector-valued interpretation of the space
BMOA defined in terms of Carleson measures and analyze the relationship with
the one defined in terms of oscillation. We study the space of multipliers between
HP and BMOA in the vector-valued setting. This leads us to the consideration of
some geometric properties depending upon the validity of certain inequalities due to
Littlewood and Paley on the g-function for vector-valued functions.

INTRODUCTION.

In [B1, B2] the author considered the vector-valued situation of the result by M.
Mateljevich and M. Pavlovic ([MP]) which establishes that the space of multipiers
between H' and BMOA can be identified with the space of Bloch functions, i.e.
(H', BMOA) = Bloch. For such a purpose it was introduced the notion of pairs
(X,Y) having the (H', BMO)-property for those where the space of multipliers
(HY(X),BMOA(Y)), with its natural definition (see Section 3), coincides with
Bloch(L(X,Y)) .

It was observed there that the validity of (H'(X), BMOA(Y)) = Bloch(L(X,Y))
depends on the fact that X and Y satisfy the vector-valued formulation of some
inequalites due to Hardy and Littlewood (see [HL]) in the scalar-valued case.

In this paper we consider the vector-valued interpretation of the space BMOA
defined in terms of Carleson measures (see Definition 1.2 below) instead of the one
considered in [B1] and analyze the relationship with the previous one, studying the
result on vector-valued multipliers for this formulation of BMOA.

This leads us to the consideration of some other geometric properties coming
from other inequalities due to Littlewood and Paley on the g-function which have
been already considered in [B3] and more recently in [Bl1, BI2, X].

Throughout the paper all spaces are assumed to be complex Banach spaces,
D stands for the unit disc and T for its boundary. Given 1 < p < oo, we shall
denote by LP(X) the space of X-valued Bochner p-integrable functions on the
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1

( Ozﬁ ||F(7‘e“)||pg—;) " for an X-valued analytic function F on D. We shall write

H?(X) (respec. HF(X)) for the vector-valued Hardy spaces, i.e. space of functions
in LP(X) whose negative (respec. non positive) Fourier coefficients vanish. Of
course Hardy spaces HP (X)) (respec. Hf (X)) can be regarded as spaces of analytic
functions on the disc. Actually they coincide with the closure of the X-valued
polynomials, denoted by P(X) (respec. those which vanish at z = 0, denoted by
Po(X)) under the norm given by supyc,«; Mp x (f,r).

The paper is divided into three sections. In the first one we consider the vector
valued version of BMOA in terms of Carleson measures, giving the connection with
the standard notion considered in [B1]. It is shown that both notions only coincide
for Hilbert spaces and also a proof of the extension of Kahane’s inequalities to
vector-valued BM O is provided. Section 2 is devoted to the consideration of vector-
valued multipliers between H' and BMOA and some properties that will play an
important role in this setting. Finally in section 3 we mention some elementary
facts on vector valued Bloch functions and apply the previous theorems to get
some applications.

As usual p’ is the conjugate exponent of p when 1 < p < oo, i.e. =1 and

+ L=
Ty

*til’—‘

C stands for a constant that may vary from line to line.

1.- VECTOR-VALUED BMOA

Definition 1.1. Let X be a complex Banach space. BMOA(X) stands for the
space of functions f € L'(X) with f(n) = 0 for n < 0 such that

1 i dt
x=swn o [ 11 = filige < .

where the supremum is taken over all intervals I € [0,2m), |I| stands for the nor-
malized Lebesgue measure of I and f; = ‘—}‘ J; flet)dL,

The norm in the space is given by

Tt
1fllBaocy =11 [ FE) oI+ 11F Il x-

The same technique as in the scalar-valued case allows us to replace the average
over intervals by convolution with the Poisson kernel. According to this and the
previous formulation one has that

o it ity 4t
X A sup 1£(e7) = FIP(e™) 5~
|z|<1J0 u
where P, is the Poisson Kernel P,(w) = % and f(z) = 2” flet)P,(e7 )L,

Recall now that in the vector valued setting, although Khintchine’s inequalites do
not generally remain valid, at least one still has the so called Kahane’s inequalities,
i.e. for any 0 < p < oo there exist constants C7,Cs > 0 such that for any n € N

% 2 n 2m n ok dt%
c(/ 1Y e it ) <[ e 1“||—<02(/0 I e s )

k=0 k=0 k=0
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There exists an extension of Kahane-Khintchine inequalities to vector valued
BMO which is part of the folklore. Let us present a proof based upon the following
lemma.

Lemma A. (see [Pe, Pil]) Let X be a Banach space. Let \;, € RT such that
’\’;\—:1 >(C >1 and 1?612 Ak+1 — A, = d > 0. Then there exist constants K1, Ko > 0,

depending only on C' and d, such that for any xg,x1, %2, ..., Tn € X
RS 2k At SR iAt RS j2ke) At
K ' — < Ak <K ' —
1/0 ||k§:0$k€ 15 7/0 | § Tie || 2/ ||k§:0$k€ 15

Theorem 1.1. Let X be a Banach space. Then there exist constants Cy,Cs > 0
such that for any xg,x1,%2,...,Tn € X

K kg At - okt K ok At
C e t|l— < xie’ <C / e’ —.
o 1 o™iz S oe™ e <G [ 13- ez,

Proof. Let us write f(et) = S27_ xe2"t . Given an interval, say J = {e

|t —t;| < 2m|J|}, then consider n(J) € N such that |J[|2"()) < 1 < [J|2n(/)+1
Now, assuming n > n(J), we split f = g + h where g(e?’) = ZZ(:‘Q rpei't,
Note that

n(J) ty+2m|J|
; 1 1 J ok ok dS
(g_gJ)(ezt):_ Tp— (ez2 t_612 s)_.
2 ,;O [T Ji)—2n| ) 2
Hence )
J
1 1 t‘]+27'r‘J‘ dS
(g — 95) ()] < [N 2kt — s|—.
2 kzo || Je,—2r) 2m
Now if e € J then
_ n(J)
g — 9.0 < C > llakl25]7|
k=0

n(J)
< ClfIh (D 25)1]
k=0

< O\ f 2P|
<O fllx-

For the function h we have that

27
ok dt
7,t h zt -9 )7,2’“(|J|t) )
|J‘/llh hJH |J|/|| ||— / Y ke 15

k=n(J)+1
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Now applying Lemma A for A\, = 2F|.J| > 1 we get

1 : dt ’r
— h(e™) — hy||=— < 2K.
5 [ = polig <2 [

Now, making use of the contraction principle, we can say that

2 n ok dt
(2
> =z < .
/0 I Tre ||27T <|f 1,X

k=n(J)+1

n

kg dt
§ xkezQ t||2_
™

k=n(J)+1

Adding both inequalities and taking now the supremum over J we get the direct
inequality.
The converse inequality is trivial and the proof is finished. [

Let us now recall the formulation of functions in BMOA in terms of Carleson
measures (see [G, Z]) that we shall use later on.

k

Definition 1.2. Given an analytic function f(z) =Y, z,2" we define

1

1lle.x = sup ([ (1= Pl ()PP @)dA(w)

|z|<1

where P, is the Poisson Kernel P,(w) = %
We shall denote BMOA¢(X) the space of functions such that || f||c.x < oo.

BMOA¢(X) becomes a Banach space endowed with the norm

c.X

IfllBroaccxy = IO + /]

Let us now recall the notions of type and cotype of a Banach space. Although
they are usually defined in terms of the Rademacher functions we shall replace them
by lacunary sequences ¢?2"*, which gives an equivalent definition ([MP4i, Pi]).

Given 1 < p <2 < ¢ < oo. A Banach space has cotype ¢ (respectively type p) if
there exists a constant C' > 0 such that for all N € N and for all zg, 21, 22, ...cx € X
one has

N % N .
(znw) < IS e x,
k=0 k=0

(respectively

N ) N %
I3 et wul,xgc(znw) )
k=0 k=0

Recall also the well-known result by S. Kwapien ([Kw]), which establishes that
X has type 2 and cotype 2 if and only if X is isomorphic to a Hilbert space.
First of all let us establish the connection between BMOA(X) and BMOA¢:(X).
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Theorem 1.2. Let X be a complex Banach space.
(i) If there exists a constant C' > 0 such that

[1£le,

for any f € Py(X) then X has cotype 2.
(ii) If there exists a constant C' > 0 such that

1l x < Cliflle,x
for any f € Py(X) then X has type 2.

Proof.

(i) Let us take f(z) = Sp_, w22
Note, that choosing z = 0, we have

1
/0 (1= $)MZ (', 8)ds < |Iflle.x < CIIF]]1.x.

Since 2" ||x,|[r?"~ < My x(f’,7) for n € N then we can write

([ ) (Z/

>C<Z|Iwzk| )2 21))

Using now the fact that (1 — 27%)2" > Ce~1 one gets the cotype 2 condition

<Z|Iwzkll2> < Ollflhx-
k=0

ii) Assume now that ||f||.. x < C||f||c.x. Therefore, if f(z) = > 7_ mkzzk then
(i) : : ; k=0

A1 x < ClIfIE x < ngg/D(l = w2kl |[w]* 1) P.(w)dA(w).
? k=0

#, X -

N

1—o—(k+1)

(1- r)22k|xk||2r2(2k_1)dr>

(NI

From the Cauchy-Schwarz inequality

n k n k n k
(D 2" [faxll[w]* 1) < (Z2k|lwk\l2|w\2 ’1)(Z2k|w\2 )
k=0

Z2k el Pl ) (;—):

IwP

This gives that

IR x < C/DZ?’“\IS%IIQ\MI2 ~P.(w)dA(w)

Z2k\|xk||2 2= 1dr—cZ||w|| O

0 k=0

As a consequence we get the following characterization of Hilbert spaces which
is part of the folklore.
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Corollary 1.1. Let X be a complex Banach space. BMOA(X) = BMOA¢(X)
(with equivalent norms) if and only if X is isomorphic to a Hilbert space.

Proof. Recall that the classical proof (|G, Theorem 3.4]) can be reproduced in the
case of Hilbert spaces because it merely relies upon Plancherel’s theorem.
The converse follows by combining Theorem 1.1 with Kwapien’s theorem. [

Let us give some easy sufficient conditions to get functions in BMOA¢(X). We
need the following

Lemma B.
Let 0 < p < ¢ < o0 and g an X-valued analytic function. Then

(1.1) Mq’X(g,TZ) <C(1- r)éf% ».x(g,7) (see [D, page 84))

Let v > 1 then

(12 | =t = 0= D' (see D, page 05)
Let v < (3 then
L] _ -1
(1.3) /0 %dr =0((1- s)”fﬁ) (see [SW, Lemma 6])

Next theorem, with BMOA¢(X) replaced by BMOA(X), corresponds to The-
orem 2.1 in [B1].

Theorem 1.3. Let f be a X-valued analytic function. If there exists 0 < p < oo
such that

M@ﬂfﬂ)zO(u_rva>
then f € BMOA¢(X).

Proof. Notice that (1.1) implies that if there exists 0 < pg < oo such that M, x(f',r) =
O ((1 - r)*l/Po/) then the same property holds for any p > pg. Therefore it suffices
to prove the result assuming 2 < p < co.

Set then ¢ = § and take z € D. Then using Holder’s inequality and (1.2) w

have
/ /277 — s (1 — |z f (se™)])? ﬂds
‘1 — zse—t[2 2m

27 1 d %
/<1fs><1f||> Z,x<f’75>(/0 m% *

1_ pll_
<C/ 5) |Z|)ds
(1~ |zls)?

Applying now (1.3) for vy = 2 and § =1+ 2 one gets

1o _ 1—5
/ ( ) 3 —ds < ¢ .
0 (1—|z|s)* @ 1— 2|
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This gives then that f belongs BMOA:(X). O

EXAMPLE 1.1. Let (o) > 0 such that > >, a? < oo for some 1 < p < o0
and let s, be an increasing sequence in (0,1) with lim, ... s, = 1. If f.(2) =
log(m) and f(z) = (fn(z))neN then f € BMOA(IP) " BMOA¢(IP).

It suffices to see that M, ;»(f',r) = O((1 — 7’)_%). Now using (1.2) we get

plP 7 ZMP n7
S / e
B " |1 — s,re=®)|P 27

Z (1 —s,r) P <C(1—r) P,

A simple and useful sufficient condition for a function to belong to BMOA¢(X)
is given in the following proposition.

Proposition 1.1. Let f be a X-valued analytic function. If
1
[ a=rsw lif @R < oc
0 |z|=r
then f € BMOA¢(X).
Proof. For any z € D one has

= )= [P @I gy
D

|1 — wz|?

§2/01(1—7”) sup |f/(w)||g((/027r ﬂﬁ)dr

|w|=r |1 —re=—#z|2 21

1
—o / (1= ) sup |If(w)]%dr.

[w|=r

Therefore

1 3
||f||c,x§0</ (1 =) sup [|f'(w )||§(d7”> <oco. D

[w|=r

o0

n=0’

It was proved in [B1] Example 3.1 that if X = [' and f(z) =
then

(rrogtry?")

1
[ =) sw lif @I dr <o
0 z|=r
but f ¢ H(I1).
This example shows that the condition in Proposition 1.1 is not enough to get
functions in BMOA(X) for general Banach spaces and gives sense to the following
definition.
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Definition 1.3. (see [B1]) A complex Banach space X is said to have the (HL)*-
property if there exists a constant C' > 0 such that

; }
||f||*7X§C< / (1—r)su_p|f’(Z)|2dr> .

The reader is referred to [B1] to find spaces having and failing such a property.

for any f € P(X).

2.- VECTOR VALUED MULTIPLIERS AND SOME GEOMETRIC PROPERTIES

Let us mention first some notions introduced in other papers.

Definition 2.1. (see [B1]) Let X,Y be complex Banach spaces. If F(z) =Y T, 2"
is an L(X,Y)-valued analytic function and f(z) = Y.~ jx,2" is an X-valued an-
alytic function then we can define the Y -valued analytic function

dt

o0 27 ” i
z):nz:%Tn(xn)z :/O F(ze') (f(e ))%.

Definition 2.2. (see [AB]) Let 1 < p < 0co. A complex Banach space X is said to
have property (H),, to be denoted X € (H),, if there exists a constant C' > 0 such
that

1
([0 e (g gy <l
0

for any polynomial f € P(X).

Remark 2.1. The property (H); was already defined and studied in [B1], denoted
there by (HL) and then again in [AB].

Remark 2.2. The property (H)o would mean

MOO,X(f’ 7‘)

M )<
OO7X(faT)_C 1_r )

which holds true for any Banach space.

Remark 2.3. Observe that

1 T
/ (1—pymastp2t=tpprar{p2)(f dr—z / 1 pymastp2)- MR
0

for rj, = 1—27% and then, since M,, x(f,r) is increasing, the properties (HL)* and
(H), can be replaced by

1

X <C<Z2 % sup ||f'(= )IIQ)

k=0 [2]="%

(2.1) |11
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and

1
0 max{p,2}
(2.2) (Z 2m‘”{’””’“M;?s?W}(fcm) < Ol fllp.x-

k=0

Hence X has the (H),-property if and only if the operator f — (27" f'(rje'))
is bounded from HJ(X) into ima={r2} (LP(X)).

EXAMPLE 2.1. Let X = ¢y fails to have (H),-property for any 1 < p < co.

k

Indeed, take fn(z) = 27]2,21 enz™. On the one hand supnyenl|fn|lp,e, = 1 and

on the other hand M, ., (fx,7%) = sup nry~'. Hence M, ., (f,7i) > C2F for

1<n<N
N > 2k, Therefore
log2(N)
Z 27maz{p,2}kM;7,LClJ;${P,2}(fJ/V, rg) > Clog(N).
k=0

This completes the proof, using (2.2). O

Regarding properties (H), the reader is referred to [AB, B4] for different results
and examples.

Let us introduce other property which appears from the consideration of Hardy
spaces in terms of the g-function. The reader is referred to [B3] for some related
properties and to [X] for similar formulations on the Lusin area function for vector-
valued Lebesgue spaces.

Definition 2.3. A complex Banach space X is said to have property (g), in short
X € (g), if there exists a constant C > 0 such that

2m 1 ) .
[ ([ a=niswenpantao < ciifx
0 0

for any f € P(X).

Theorem 2.1. Let X,Y be Banach spaces and X € (g). If f € HY(X) and
F:D — L(X,Y) is an analytic function satisfying that

1,1
/ / (1—7)(1— s)MfoﬁL(XVY)(g”, rs)drds < oo
o Jo

then .
/0 (1 —7) sup ||(F * f)(2)|]Pdr < cc.

|z|=r
In particular F x f € BMOA¢(Y).
Proof. Let us write F(z) =Y .2 T,,2" and f(z) = >0, xn2".

n=0
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We have that

(Fx f)(z) = ZnTn(a:n)z"71
n=1

1 [ee)
= 2/ (1—s?) Z n?(n — )T, (z,)2" ts?3ds
0

n=1

1 27 00 00
. ) dt .
= 2/ / (1 _ s2)(§ :n(n _ 1)Tnzn—28n—2€z(n—2)t)( § :nxnsn—le—z(n—l)t)_zeztds
0 0 ne1

2w
n=1

1 2m
= 2/0 /0 (1— 52)F”(zse“)(f’(se*“))ze“;i—tds.

T
Therefore, using that X € (g), we have
2 1 1
« £ 2 1 epiON12 70\ 5 2 1" i0V[12 70\ 5

I(F % ) <z>\|s2|z|/0 </O (1— $2)|[f(s¢™)]°ds) </0 (1— 82)|| " (sz)|[2ds)* b

1 27 1
<2 1— $2)M2(F", s|z|)ds)? 1— $2)||f (s™)||2ds) = do
< 'Z‘(/o( §2) M2 (", 5||)ds) / </0< $2)||(s¢®) | ds)

1
< CJ2( / (1— M2 (F", s|2])ds) ¥ [ fll.x.

Hence
1
sup I(F = f) (2)]]? < C(/O (1= s)MZL(F", s|z)ds)| fII} x-
Now

1 1 1
/ (1-r) sup ||(F+£)(2)|dr < C / / (1-8)(1-r) M2 (F", sr)dsdr| f|2 . O
0 0 0

Z|=r

Let us now give a result which improves the previous theorem as well as Theorem
3.2 in [BI].

Theorem 2.2. Let 1 < p < oo and X,Y be Banach spaces with X € (H),. If
fe€HP(X)and F:D — L(X,Y) is an analytic function such that

1
1—1r

My pxy)(F'r)=0(—)  (r—1)

then .
[ =yt sup (P gy ) lar < .
0

|z|=r
In particular F x f € BMOA¢(Y) provided 1 < p < 2.
Proof. Let us write F(z) =Y .2 T,,2" and f(z) = > .0 xn2".

n=0
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Now let us observe that

2(Fx f) (%) = i nTy(x,)22" 1s?" Lds

n=1

/ Zn Tn n 22t
B 2/ 2m i T, 2" 14n—1 z(n 1)t )(Z n—1_n—1 fi(nfl)t)ﬁ d
n z nTnpz S e 27‘[‘8 S

27 ) ) dt
22/ / F'(zse™)(f(zse™"))se" —ds.
0 0 2

Therefore if ¢ = maxz{p, 2} then we have

1
JoF Y <2 [ My (s slel) My ) (B slel)ds
0

! ds i || . 3
<C(/0 W) (0 MpyX(faS)d8>

( Olzl Mg,X(f',s)ds)
(1— |27

Q=

C

IN

Hence

C " .
u Fx f) (22 —_— < M? " 8)d > .
o 1P e Y o ([ M o

Now, using the (H),-property on X, we can estimate

1
/(1—r2)q_1 sup [|(F = f)(2) ||qrdr<C/ 1—r)a2 /fo ds)dr
0

|z|=r>

:C/(l—s)q_lMZ‘iX(f s)ds < C||f|l? x. O
0

Since Bloch(L(X,Y')) corresponds to My r(x,v)(9',7) = O(li
cover the following

—) then we re-

Corollary 2.1. ([Bl]) Let X,Y be a Banach spaces such that X € (H); and
Y e (HL)".
If f € HY(X) and F € Bloch(L(X,Y)) then F x f € BMOA(Y).
3.- VECTOR VALUED BLOCH FUNCTIONS AND APPLICATIONS.

Let us now recall some results on vector valued Bloch functions.
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Definition 3.1. Given a complex Banach space E we shall use the notation
Bloch(E) for the space of E- valued analytic functions on D, say f(z) = Y " xp2",
such that

sup (1 —[2)[1f'(2)]| < oo.
|z|<1

We endow the space with the following norm

1| Boch(z) = maz{||f(0)]l, sup (1 — [z))[[f"(2)I[}-

|z|<1

Remark 3.1. Tt follows clearly from the definition that, for any Banach space E and
F(z) =30 xn2", one has that F' € Bloch (E) if and only if

oo
Fpe(2) = Z <z*,x, > 2" € Bloch

n=0

for any z* € E*. Moreover

I[Fl|Biocn(my = sup ||Fu=||loch.

l|lz=[|<1

Remark 3.2. Let E = L(X,Y), the space of bounded linear operators from X
into Y and (7,,) C L(X,Y). It is elementary to see that F(z) = >0  T,2" €
Bloch (L(X,Y)) if and only if the functions Fj 4« (2) = >0 o < Th(z),y* > 2" €
Bloch for any z € X, y* € Y* . Moreover

[ EF']| Bloch(L(x,v)) = sup || Fy.y+|| BlOCh.
[l <1,]ly*|1<1
Remark 3.3. In the case E = [*° one can identify Bloch(I*°) = [*°(Bloch). More-
over if f = (fn)

sup anHBloch = Hf||Bloch(l°°)~
neN

EXAMPLE 3.1. Let 1 < p < oo and

a

B(2) =3 nTenz",  foolz) =D 2"
n=1 n=1

where e, stands for the canonical basis in ¥ and a, = >,_,ex. Then f, €
Bloch(IP).

EXAMPLE 3.2. Let 1 < p < oo and

1 1
9p(2) = mv Joo(2) = log

1—2"

Then F,(z) = (gp). € Bloch(HP).
There are also other procedures to get X-valued Bloch functions that we state
in the following propositions, already pointed out in [B1].
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Proposition 3.1. (see [Bl], Prop. 1.2). Let X be a Banach space and T €
L(LY(D), X) where L'(D) stands for the Lebesgue space on the disc with the area
measure. Then f(z) =T(K,) is a X-valued Bloch function, where K, denotes the
Bergman Kernel K, (w)

_ 1
T (1—zw)?

Proposition 3.2. (see [B1] Prop. 1.1) Let E be a Banach space and x,, € E .

ontl 0o
(i) If sup sup Z | < x*, 2, > | < oo then Zmnz" € Bloch(E).
[lz*[|<1n20 4 Zon n=0

(ii) || 0o ©n=" || Bloch(B) = SuPyso ||2all.

It is well known (see [D, page 103]) that the space of multipliers (H', H?) can
be identified with the space of sequences (\,) such that

2n+1

sup Z I\e|? < oo

neN v

Therefore one has the following:
If f(z) = 0" gznz™ € Bloch(X) then < f(z),z* >€ (H', BMOA). In partic-
ular, since BMOA C H?, we have that < f(z),z* >€ (H', H?) and then

271+1
sup sup g | < az* 2 > |* < 0.
[lz*||=1neN 75,

We shall see that we can get better information assuming some conditions on X.

Let us recall the notion of Fourier-type introduced by J. Peetre ([Pee]). Given
1 < p <2, aBanach space X is said to have Fourier type p if there exists a constant
C > 0 such that

(Z IIf(n)Il”/> < C[[fllzr -

Typical examples of spaces of Fourier type p are the Lebesgue spaces L"(u) for
p < r < p’ or those obtained by interpolation [X, H]p between any Banach space
X and a Hilbert space H for 1/p=1—6/2.

Proposition 3.3. Let X be a Banach space with (H L)*-property and Fourier type

D.
If f(2) = 3., ey Tn2"™ € Bloch(X) then ||z, | € (H',1"").
In particular

ontt

(3.1) sup Z |lz& | < oo.

neN k—2n

Proof. Using that || f * ¢[[, x < C||f * #|lzaoacx) and Corollary 2.1 we have

If * ¢l

p.X < Ol fllBrocn(x) 9l
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for any function ¢ € H'.
Applying now the Fourier type condition

e

<Z ap, |[znl[? ) < CllfllBrochx) 1011y

neN

for any ¢(2) = > oo 2" € H.
This means that ||z, | € (H*,1”).

Choosing ¢, (z) = ﬁ we shall have

L

: A 1
(Z n? Hanp r''P > < OHf”Bloch(X)m

neN

~—

This implies

N
Do lleall” < CNP| B poenix) -
n=1

Which obviously gives (3.1) O
Let me point out now another applications.

Proposition 3.4. Let X be a Banach space with the (HL)*-property and f €
Bloch(X). Then

| frllBrroax) < Clog I f1] Bloch(x)

where f.(z) = f(rz).

Proof. Tt is a simple consequence of Corollary 2.1 and the fact

2m
1 dt 1
/ s W Nlg——. O
o [1—reit|2m 1—r

1—1r

Proposition 3.5. Let X be a Banach space with the (H),-property.
n+1
If Y2 en@nz" € HY(X) and (x},) C X* satisfies supj|,(|—; SUD,en Zi:%
xf,x > | < oo then

<

Z\<x;,xn>|2<oo.
neN

Proof. Tt follows from (i) in Proposition 3.2 that for any sequence ¢, € {0,1} we
have ) -y en®;,2" € Bloch(X™) with norm bounded by a constant independent of
the choice of €,. Then, from Corollary 2.1, since f(z) = Y, .y 2n2™ € HY(X) we
have

1> en < @i > 2"([Bmoa < C|I Y entz" || Brocncx || f1l1,x
neN neN
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This shows that for any ¢ € [0, 1]

1" ra(t) < 2,20 > 2"|lBaroa < Cllflx.
neN

Therefore

B 12
g ; db
Z|<x;“l,xn> |2 Q:/O /0 |Zrn(t)<x;,xn>6m9|dt%

neN neN
1
:/ 1Y rnlt) < @,z > 2| dt
0 neN
1
< / | Zrn<t) < Ty, Tp > 2"||Brmoadt
0 neN

< Clflhx <oo. O
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