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Bergman and Bloch spaces of vector-valued functions
By Josk Luis ARREGUI of Zaragoza, OSCAR BLASCO of Valencia

(Received )

Abstract. We investigate Bergman and Bloch spaces of analytic vector-valued functions in the
unit disc. We show how the Bergman projection from the Bochner-Lebesgue space Ly(D, X) onto
the Bergman space Bp(X) extends boundedly to the space of vector-valued measures of bounded
p-variation V},(X), using this fact to prove that the dual of B, (X) is Bp(X™*) for any complex Banach
space X and 1 < p < co. As for p = 1 the dual is the Bloch space B(X*). Furthermore we relate these
spaces (via the Bergman kernel) with the classes of p-summing and positive p-summing operators,
and we show in the same framework that B, (X) is always complemented in £, (X).

1. Introduction.

Throughout the paper X will be a complex Banach space, 1 < p < oo, H(ID, X)
(respect. P(X)) denotes the space of analytic functions (respect. polynomials) on
the unit disc D taking values in X and L,(m, X) stands for the Bochner-Lebesgue p-
integrable functions on D where m is the normalized Borel-Lebesgue measure on D. We
write Hy(X) and B,(X) for the Hardy and Bergman spaces of vector-valued analytic
functions respectively, which, using the notation M, (f,r) = (& [" | f(re’)||Pdt)'/?,
consist of those functions in H (D, X) where supg,; Mp(f,7) = ||f|la,x) < oo and

(Jo ME(f.r)rdr)' ' = || f]l 3, x) < 0.

A limiting case in the scale of Bergman spaces, which is useful for many pur-
poses, is the Bloch space B(X), its elements being all functions in H(D, X) such
that sup|, <, (1 — [2[*)[lf"(2)] < oo.

For X = C the reader is referred to [3], [15] and [22] for the scalar-valued theory
on these spaces, to [8], [9] or [10] for several properties of Bloch functions and their
connection with multipliers between H; and BMOA in the vector-valued setting, and
finally to the paper [4] for properties on Taylor coefficient of functions in B, (X) and
different results on multipliers between vector-valued Bergman spaces.
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In this paper we shall study questions such as the boundedness of Bergman pro-
jection, the duality or the atomic decomposition in the vector-valued setting. The
relationship between vector-valued analytic functions, vector measures and operators
is also considered.

The paper is divided into four sections. In the first one we prove some elementary
facts on the spaces B,(X) and B(X), showing that the norm of a function in B, (X)
can be described in terms of its derivatives, in particular that f € B,(X) if and only
it (1 —12)|If'(2)|| € Lp(m), which makes natural to introduce B(X) in the scale as a
limiting case.

The second section is devoted to analyze the Bergman projection in the vector-
valued setting. We see that the Bergman projection is bounded not only on L,(m, X)
but even on the space of vector measures of bounded p-variation V,(m,X). This
allows us, as in the scalar-valued case, to get the duality (B,(X))* = B, (X*) without
conditions on the space X. It is also shown that the Bergman projection is bounded
from Voo (m, X)) onto B(X), and a projection from the space of vector-valued measures
of bounded variation M (X) onto By (X) is also presented. Then we prove that By (X)
coincides with the projective tensor product B;®X and that B(X) can be identified
with £(B1,X). As a consequence the duality (B;(X))* = B(X™) is obtained.

Next section is devoted to relate vector-valued analytic functions and operators.
For any £(X,Y)-valued analytic function F(z) = >~ T,2" we can associate two
linear operators, Tr(z) = F, where F,(z) = Y > T,(x)2" which maps elements in
X into Y-valued analytic functions and Sp(g) = > ., T’;L(ff) for any g € P(X) such
that g(z) = >, Tn2", which maps X-valued polynomials into vectors in Y. Under
these identifications it is shown that B(L(X,Y’)) can be regarded either as £(X, B(Y))
or as L(B1(X),Y). Of course if F € B,(L(X,Y)) then Tr € L(X,B,(Y)) and
Sr € L(By(X),Y) but the converse does not hold true in general. Some connections
with the theory of p-summing and positive p-summing operators are provided. It is
observed that B, (II,,(X,Y")) is continuosly embedded into II,(X, B,(Y")) but again the
converse is false. As a final result of our considerations we see that if T' € L(B,, X)
and fr(z) = T(K,), where K, stands for the Bergman kernel, then fr belongs to
B,(X) if and only if the composition with the Bergman projection TP gives a positive
p-summing operator from L, (m) into X.

Finally, in the last section we show that B,(X) is always isomorphic to a comple-
mented subspace of £,(X).

We write £L(X,Y) (resp. K(X,Y)) for the space of bounded (resp. compact) linear
operators between the spaces X and Y, we denote z*x the duality pairing in (X*, X),
un(z) = 2™ for n > 0 and any f € P(X) is written f = 22;0 Up @ T, for some N € IN
where (¢ @ x)(2) = ¢(2)x for ¢ € H(D,C) and x € X. As usual we use p’ for the
conjugate exponent, i.e. 1/p+1/p’ =1, and C denotes a constant that may vary from
line to line.

2. Preliminaries

Definition 2.1. Let 1 < p < co and let X be a complex Banach space. B,(X) is
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defined as the space of X-valued analytic functions on the unit disc D such that

1115, x /w YPdm ()" < oo

As in the scalar-valued case one gets the following facts, whose proofs are left to the
reader.

Proposition 2.2. Let 1 < p < 0o and let X be a complex Banach space.
(i) Bp(X) is a Banach space.

(i) If f € By(X) then lim, 1 [|f — fr|lB,(x) = 0, where f.(z) = f(rz).
(i11) The space of X -valued analytic polynomials P(X) is dense in B,(X).

Remark 2.3. If H is a complex Hilbert space, then Bo(H) is also a Hilbert space
under the scalar product given by

<MM=AU@AWWW)UyHMM)

where (-, ) denotes the scalar product on H.

For any f € Bo(H) such that f(z) = ZZOZO Zp2" we have

- Jlzall? )2

2.1
(21) Iflman = (32 5 7)

This shows that By (H) is isometrically isomorphic to ¢5(H). Actually, if H is separable
with an orthonormal basis (e, )r>0 then (v/n + lu, @ ex)n x>0 is an orthonormal basis
of B2 (H)

Let us mention that (2.1) is no longer true for Banach spaces, as follows from the
next easy example.

Example 2.4. Let 2 < p < oo and let (e,) be the canonical basis of ¢,. If

f(z) =300 genz™ = (2")0%, then f € By(£,) but Z L‘j:_”l

The reader is referred to [4] for further results on Taylor coefficients of functions in
vector valued Bergman spaces and for connections with geometry of Banach spaces.

Let us point out that, as in the scalar-valued case, we have that for f € H(D, X),
0<r<landl1<q< oo, the following inequalities hold true:

(2.2) r? M(f',r%) < 7]‘?(_]8’7“’”).
(2.3) Mwwsﬂw+[mm@w

These facts can be used to get an equivalent norm in B,(X) by looking at the
derivatives of the function rather than the function itself.
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Theorem 2.5. (see [22]) Let f € H(D,X), n€ N, 1 <p < oco. Then f € B,(X) if
and only if the function z +— (1 —|z|?)"f(")(2) € L,(m, X).

Proof. Let us show that for any g € H(ID, X) and k > 0, the function (1—|z|?)*g(2)
belongs to L,(m,X) if and only if (1 — |2]?)**1¢/(2) also does. Then a recurrence
argument gives the statement.

Note that (1 — [2]2)**1¢/(2) € L,y(m, X) if and only if
[ = prerzg () pamz) < o
D
Let us denote h(z) = z¢'(z) = >, _ Ona:nz”, and observe that for each r < 1 one

has that h,2 = g, * )\r, where \,(e?) = re?? (1 — re??) 2.
Since Mi(A,r) = 155 and M(h,r?) < Mi(A, 7“) »(g,7), one gets that

1
/}D (1= |22)47|| g/ (2)|Pdim(z) / 4r3(1 — PR NP (1) dr

IN

1
[ s =g,
0
= 0 [ =Pl Pdm(e)
Conversely, let us take g such that (1 — r2)**1M,(¢',r) € L,((0,1),dr). We may

assume that fol(l — r)E+FDPAIE (g r)dr =1 and also that g(0) = 0.
Thanks to (2.3) we have

/O1 2r(1 — 1) M2 (g, r)dr
/2r(1—r )P ( / M,(g', s)ds)"dr

C/ r)kp(/o M,(g', s)ds)"dr.
C/l(l - r)k(/OT M (g, s)ds)dr

C/ $)EFIM, (¢, s)ds = C.

/D (1= |212) g(2)|Pdm(2)

IN

IN

For p =1 we get

IN

/}D (1~ 2%)* lg(2) | dm(=)

For p > 1, we write for each ¢ € (0,1)
I, :/ (1—71) kp / M,(q', s)ds)pdr
0

1
(1 —r)PET1 and o / M,(d,s ds

pk+1

Let u(r) = —
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Since u(t)v(t) < 0 and v(0) = 0, we have
I, = /Ot o (r)v(r)dr < — /Otu(r)v’(r)dr
That is

t T
p —1
I, < pk—|—1/0 (l—r)pkHMp(g',r)(/o Mp(g’,s)ds)p dr

t T
_ p k+1 ’ (p—1)k / / p—1
= 1— My(g',r)(1 — M,(g', s)d dr.
g [ = =i ar

Then the assumption and Hélder’s inequality show that I; < CIt1 /p /. Hence I; < C
for all ¢ and the proof is finished. o

Taking the formulation in terms of the first derivative, it makes sense to look at the
extreme case p = oo of Bergman spaces as functions in H(ID, X') such that the function
(1 —|2)2f'(2) belongs to Loo(m, X).

Definition 2.6. The Bloch space B(X) is defined as the set of all functions in
H(D, X) for which sup,cp (1 — |2]?) | f/(2)|| < co. Under the norm

I£lscx) = 1O +sup (1= |2*) [Lf(2)]
zeD

it becomes a Banach space.
The little Bloch space By(X) is the subspace of B(X) given by those functions for
which

lim (1 — r*) Moo (f',r) = 0.

r—1

Remark 2.7. f € B(X) if and only if z*f € B for all * € X*.
And, interchanging the suprema, we have that

(2.4) 1fllsex) = s 2" f15

where z* f(2) = (f(2), z*).

Proposition 2.8. If f € B(X) then || f|lzx) = lim,—1 || fr]|5(x)-
Proof. Note that
A= [P =@ = [P ()] < @ = lrzP) I (r2)]]

what implies that || f-||zx) < ||fllsx) for all 0 <7 < 1.

Now, given ¢ > 0 take zg € D such that (1 — [20/%)||f"(20)l| > I|fll5x) — €/2 and
take 7o verifying that r(1 — |z0|?)||f'(r20)|| > (1 — |20|*)|lf"(20)|| — /2 for any r > ro.
Hence

1 frlls) > 1 fllsx) — €
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Theorem 2.9. Let f € B(X). The following are equivalent.
(i) f € Bo(X).

(i) imy—1 || f = frliBx) = 0.

(iii) f belongs to the closure of P(X).

Proof. (i)=(ii) Assume that lim,_1(1 — s?)M.(f’,s) = 0. Note that for all 0 <
s < 1 we have

sup (1= [2)1f'(2) = rf'(rz)ll < 2 sup (1 — |2|*) Moo (', [2]) + sup [If'(2) = f1(2)]]-

|z]<1 |z|>s |z|<s

Hence, given € > 0 choose sg < 1 such that sup ., (1 — |22 )Mo (f', ]2]) < §
and then use that f/. converges uniformly on compact sets to get rg < 1 such that
SUp|. <s, [1f/(2) = f1(2)]| < § for 7 > rg. Then [|f — fr|5x) < & for r > ro.

(if)=-(iii) Assume now that, for each ¢ > 0, there exists ro < 1 such that ||f —
frollB(x) < /2. Now we can take a Taylor polynomial of f., Py = Py(f,) such that

| fro — Pnllm..(x) < €/2. Therefore
If = Pn(frollsexy < If = frollae) + 1fre = Prlla.x) <e.
(iii)=(i) Note that P(X) C By(X), because if P € P(X) then
(1) Mec(P'y7) 21 = 1) max [P
IS

Since By(X) is closed the result is proved. a

3. Bergman kernels and projections.
Let us write K(z,w) = m and K,(w) = K(z,w) for z,w € D. That is

oo
K, = Z(n + Duyz™.
n=0

Since |lun |, =1, |unllp, ~n~/P and |lu,||s ~ e~! we have that, for each |z < 1,
the series Y.~ ((n + 1)u,z" is absolutely convergent considered as a B, H, or B,-
valued function. This allows us to consider K : D — X given by K(z) = K, as an
X-valued analytic function where X is either B, H, or B, for 1 <p < oo.

We will call K(z,w) the Bergman kernel, and the map K : D — X the Bergman
function. Of course (n + 1)u, are its Taylor coeflicients, and its derivative is given by
K'(z) =307 (n+ Dnu, 2"~ 1, with K'(2)(w) = 722

(1—zw)3 "

In order to estimate the norms of K in different spaces we simply need the following
lemmas.

Lemma 3.1. (see [15], page 65) Let J,(r) = fol U—?El% for a > 0. Then
(i) Juo(r) is bounded in (0,1) for a <1,
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(i) Ju(r) ~ log —

(#i) Jo (1) ~ W asr — 1 fora>1.

asr — 1 fora=1, and
,

Lemma 3.2. (see [22] 4.2.2.]) Let I,3(r) = [, |11 IZL‘% dm(w) for > 0 and
a > —1. Then
(i) I g(r) is bounded in (0,1) for f —a < 2,

. 1
(i1) 1o 5(r) ~ log -

(111) Lo g(r) ~

asr — 1 for B —a=2, and
,
1

W(LST*>1fOTﬂ*O[>2.
—r a—

From these lemmas we get the next estimates as |z| — 1:

1 1
(3.1) 1K (=)l B, ~ 10g1_—|z| and || K(2)| B, ~ A= for p > 1,
1
(3.2) 1K (=), ~ W for p > 1,
(3.3) 1K' ()15, ~ o and K (2), ~ e
| SR T U= e
(3.4) 15 (2)] L and |K'(2)] !
. 2)||p ~ ——F5 an 2~ —z-
SEE TSEE

Proposition 3.3. Let 1 < p,q < oo. Let X € {By,H;,8,1 < g < o0o}.

(i) The Bergman function K € B,(X) if and only if X = B, and 2p < ¢'.
(i) The Bergman function K € B(X) if and only if X = By.

(i1i) The Bergman function K ¢ Hy(X).

Definition 3.4. (see [14] or [12]) For any Banach space X, we denote by M(X)
the Banach space of vector (X-valued) measures of bounded variation defined on the
Borel subsets of D, with norm given by ||G||; = |G|(D).

For 1 < p < co. A measure G is said to have bounded p-variation, G € V,(m, X), if

G P
|G||p—sup<z ” ”) < o,

where the supremum is taken over all finite partitions 7 of D into Borel sets of positive
measure.

For p = co we have that G € V. (m, X) if there exists a constant C > 0 such that
IG(A)]] < Cm(A) for any Borel set A, and its norm is given by

{IIG(A)II

[Glloe = “m(A) :m(A) > 0}.
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Remark 3.5. Given an X-valued simple measurable function f =Y ;_; zxxa, and
a X *-valued measure G we denote by

(f,G) =" wiay
k=1

where 7} = G(Ay) and Ay = {z € D: z € A;}.

It is not difficult to see that if G € V,(m, X*) this extends to a linear functional
in Ly (m,X) and actually we have the duality (L, (m,X))* = V,(m, X*) under this
pairing (see [14]).

If G is an X-valued measure of bounded variation, and ¢ = 22:1 o XE, is a simple
function then we define

/ ¢dG = " aG(Ey).
D k=1

Since || [, #dG|| < ||G||1]|¢]loc, using the density of simple functions we extend the
definition of [}, #dG for any bounded function ¢.

Definition 3.6. Let G € M(X). We define the Bergman projection of the measure
G as the analytic function in the disc given by

PG(2) = /]D K. (#)dG(w) € X.

Since sup,¢ep [|[Kz(w)]| < W then PG(z) is well defined. Actually since the

series K, = Y7 ((n+1)u,z™ is absolutely convergent in Lo (m) for each |z| < 1 then
for z € D we have

PG(z2) = Z Tpz2",
n=0
where z, = (n +1) [, @"dG(w).

Remark 3.7. If f € Li(m,X) then Pf(z) = [ f(w)K.(w)dm(w).
In particular we have that Pf = f for f € By (X).
Indeed, if f(z) = >, "  xpz" then

1

(n+1) /D F)a dm(w) = (n+1) A 2 (o j F(re®)em0 dg) dr

1
= (n+ 1)(/ 22"t dr) e, = x,,.
0

This shows that the Taylor coefficients of f and Pf coincide.

Theorem 3.8. Let X be a compler Banach space and 1 < p < oco. Then the
Bergman projection P is bounded from V,(m, X) onto B,(X).
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Proof. Since G € V,(m, X) there exists a nonnegative ¢ in L,(m) such that d|G| =
gdm and |8, = |Glly (see [14], page 243).
Now, for each z € D we have

IPGE) = | /D K. (@)dG(w)|
< /D K. ()| |G| (w)
- / |2 ()| 6 (w)dm(w),
D

Now to finish the proof, let us recall that if P*(f)(z) = [p, |K(z,@)|f(w)dm(w) then
P*: L,(m) — Ly(m) defines a bounded operator for any 1 < p < oo (see for instance
[22] for a proof).

Therefore |[PG||p,x) < [[P*(9)llL, < CldlL, = ClIGI,. o

This allows, as in the scalar valued case, to get the duality result for vector-valued
Bergman spaces.

Theorem 3.9. Let X be a complex Banach space and 1 < p < co. Then (Bp(X))*
is isometrically isomorphic to By (X*).

Proof. Let us define the linear operator J: By (X*) — (B,(X))* given by

(I9)(0) = | o)),
It follows from Holder’s inequatity that J is bounded. Let us see that it is injective.

If g verifies that Jg = 0, then for each n € IN and « € X we have

(T9)(f) = ( / g(2)2"dm(z))z = 0,

D

1
where f, = u, ® x. This shows that / g(2)z"dm(z) = g™ (0) = 0 for all

n € IN and hence g = 0.

Let us now show that J is surjective. ~

Given ¢ € (B,(X))*, the Hahn-Banach theorem gives an extension & € (L,(m, X))*
with the same norm. Using duality (see Remark 3.5) there exists a vector valued
measure G € V,y(m, X*), with p’—variation equal to ||£||, for which fp = f]D pdG for
every ¢ € L,(m, X).

Let G. be the measure defined by G.(E) = G(E) for each measurable set £ C D.
Clearly G, has the same p’—variation as G, and

[ 16 = [ wiice).

for any simple function . Define g = PG.. From Theorem 3.8 we get g € By (X*).
Let us see that Jg = &:
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For any f € P(X) we can write

(o) = [ PGf(im //Kwda ) ()dm(2)

/ /K )AG (w / /K dm(=))dG(w)
/D(/DKw(z)f(z)d /

/D f(w)dG(w) = £(f).

Proposition 3.10. P is not bounded neither on M(X) nor on Ve (m, X).

Proof. Assume that P is bounded on V,(m, X). Using measures dG = (¢ @ z)dm
for ¢ € Loo(m) and x € X we also have that the corresponding Bergman projection
is bounded on Lo, (m). In such case

sup | /}D K. (w)p(w)dm(w)| < C|lé]

|z|<1
for all ¢ € Loo(m). Hence sup, 1 [|K:[|L,(m) < C, but we have previously noticed

that [[ KL, (m) = [K(2)ll5, ~ log as [z — 1.

1—|z|
The case p = 1 follows now looking at the adjoint operator. o

Theorem 3.11. The Bergman projection P defines a bounded operator from
Voo (m, X) onto B(X).

Proof. Let G belong to Voo (m, X). Therefore there exists C' > 0 such that
|G[(A) < Cm(A)
for all measurable sets A. Now from the Radon-Nikodym theorem there exists ¢ €
Loo(m) such that d|G| = ¢dm and ||d]|L.. = ||G]|co-

On the other hand PG(z) = Y ", xn2"™, where z,, = (n + 1)/ zZ"dG(z).
D
Since (PG)'(z) = / 27@6176'(11)) we have

2 Il
! <[ ——— < C—==,
PGy @ < | T d(wdm(u) < 1Ak
Let us prove the surjectivity. Let f € B(X) with f(0) = f/(0) = 0.
If f(2) = .2 o an2™, let g be given by
(=2 f"(2)

9(z) = .
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We have that g € Loo(m, X) since f € B(X) and f'(0) = 0. Now write Pg(z) =
> o Yn2" and take n > 1

Yn = (n+ 1)/1Dg(z)éndm(z) =(n+ 1)/]])(1 - |z|2)f'(z)2"71dm(z)

(n+1) /]D f(2)2" tdm(z) — (n+1) /]D 2f(2)2"dm(z) = x,.

Also yo = 0. That is PG = f for dG = gdm.

The general case follows by writting f = f(0) +u; ® f'(0) + f1 where f; is as above.
So if Pgy = fi then P(f(0) + w1 ® f'(0) + ¢g1) = f. o

Let us recall that the Riesz projection R: L,(T) — Hp(T) defined by R(f) =
Y >0 f(n)un gives, as happens for the Bergman projection on L,(m), a bounded op-
erator only for 1 < p < co. Nevertheless H (T) is not isomorphic to any complemented
subspace of L1 (T, so we cannot define any bounded projection from L, (T) to Hy(T),
while we can define several bounded projections from Lq(m) to By (see [22]). Let us
extend this also to the vector valued setting.

Definition 3.12. For any G € M (X), we can also define

PG(z) = /]D K. (w)dG(w),

o0

= > (n+1)(n + 2)v,(w)z" and v,(w) =
n=0

- 2(1 — |w?
where the kernel K,(w) = %
—wz

(1 = [w)w™.

Hence P(G)(z) = 300, w,2" where @, = (n+ 1)(n +2) [;,(1 — |w|?)@"dG(w).

Theorem 3.13. P defines a bounded projection from M(X) onto Bi(X).

Proof. Let us first see that By (X) is left invariant under P.
Let dG(w) = f(w)dm(w) for some f(z) = > o7 x,z" in Bi(X). Let us show that
the Taylor coefficients of f and P(f) coincide.

/D (1~ [w]?)&"dG (w) /}D (1~ Juwl)a" f (w)dm(w)

1 b
/ 2r" (1 — 7ﬂ2)(i f(rew)e_medﬁ)dr
0 27 -7

= 1 r2n 1 — ) dr)a,
= ([ 2t
(n+1)(n+2)
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Given now G € M(X) we can write

/||PG )||dm(z) /H/K )dG (w)||dm(z)
< [ (] IR-@ai6Iw)dm(:
= [ ([ 1@ dmeaciw)

Using Lemma 3.2 for @ = 0 and § = 3 we have

_ w2
/ | K, (w)|dm(z) :/ Mdm(z) <C
D D

1 —wzl3

and then | PG| p,(x) < C|G|(D). O

Theorem 3.14. B, (X) is isometrically isomorphic to Bi®X .

Proof. Let P and Px the respective projections from Li(m) and L;(m, X) onto B,
and B;(X) given above. By the properties of the projective tensor product, P®idy is a
projection from L;(m)®X onto B;®X. Then the usual isometry J between Li(m)®X
and L;(m, X) restricts to an operator J from B;®X such that J(P ®idx) = PxJ,
and .J is an isometry between B;®X and B;(X). a

Remark 3.15. The Bloch space was first shown to be a dual space in [1]. In fact
one has that (By)* = B and (Bp)* = By (see [22]) under the pairing

- / F(@)g()dm(z),
D

which is well defined for polynomials and then extends by density for functions in Bj.

That it is well defined and bounded is seen as the first part in the following propo-
sition:

Proposition 3.16.

(i) If T € L(B1,X) then fr(z) =T(K,) € B(X).

(i) If f € B(X), the linear operator defined by Ty(¢) = [, f(2)p(2)dm(z) for each
polynomial ¢ extends to a bounded operator in L(By,X).

(ii3) B(X) is isomorphic to L(By,X).

Proof. (i) Let g(z) = (1_2#)3

1/(1 — |z|). This shows that fr € B(X).

One easily sees that fr(z) = T(g,) and ||gz]]1 ~
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(ii) From Remark 2.7 z*f € B and then 2*Ty € (B;)* for all ¥ € X*. Since
|T¢(9)|| = supjjz =1 [2*T¢(¢)], we have that T is bounded. Moreover

1Tl = S 12" T || (B1)= =~ S 2" flls ~ 1 fll5x)-
(iii) follows easily from (i) and (ii). a

We will explore further this interplay between functions and operators in section 4.

Corollary 3.17. (see [7]) B(X*) is isomorphic to (B1(X))*.

Proof. Since (X®Y)* = L(X,Y™*), Proposition 3.16 and Theorem 3.14 give the
result. a

4. Vector-valued functions and operators.

Given two complex Banach spaces X and Y there are two natural ways of looking at
amap F : D x X — Y: it can be regarded as a map from X into Y'P or, alternatively,
from D into Y (and vice-versa). More precisely, given F': D x X — Y, we can define
F.,:D—Yand F,: X —Y by

for any x € X and z € D.

Proposition 4.1. Let F: D x X — Y be a continuous map such that F, is linear
for all z € D. Then F, € L(X,Y) for all z, and the norm ||F,|| is locally bounded.

Proof. First statement is immediate. To see the second one, let us assume there
exists a compact set K C D where {||F;||; z € K} is not bounded. By the Banach-
Steinhaus theorem the set A = {z € X; sup,cx ||F(2,)|ly = oo} will be dense in
X. Then we can take two sequences (z;) C X and (z;) C K such that z; — 0 and
[|F(zj,2;)|| > j. By the compactness of K, passing to a subsequence we see that we
can assume that (z;) converges to certain zp € K. But (z;,z;) tends to (20,0) and
F(20,0) =0, so F' cannot be continuous. a

Theorem 4.2. Let F': D x X — Y be continuous, such that F, is linear for all
z € D and F, is analytic for all x € X. Then

(i) The map z — F, is an L(X,Y)-valued analytic function.

(ii) The operator x — F, is linear, and continuous with respect to the topology of
the uniform convergence on compact sets on the space H(D,Y).

Proof. For each n > 0 we define

271
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Of course Fy(z) =Y o0 (Thz)2".

It is clear that T, is linear for each n € IN. By the previous proposition, there exists
C, such that ||F.|| < C, for all z € D(0,r), and then | T, z|| < Cy||z||/r™.

Now for each z € D the series ) | ., T,,2" is absolutely convergent in £(X,Y"). Hence
z 350 Tpz" defines an analytic function from D into £(X,Y).

To see (ii), note that the linearity is immediate, so it suffices to see that if ; — 0

then F,, — 0 uniformly on compact sets. If K C D(0,7) is compact and we take
s € (r,1) and C such that ||T,,|| < C/s", then for any z € K,

n r n
1, (2)lly < D ITulllaglll=l™ < Cllay) Z(g) =

n>0 n>0

C's

sS—T

2511
i

Definition 4.3. Let X, Y be two complex Banach spaces and let F/(z) = Y.°7 T, 2"

n=0

be a function in H(D, £(X,Y")). We denote by Tr : X — H(ID,Y) the linear operator
given by

oo

(Tra)(z) = (F(2))(2) = Y (Tuz)=".

n=0

Theorem 4.4.
B(L(X,Y)) is isomorphic to L(X,B(Y)) (via the map F +— Tr).

Proof. Let F € B(L(X,Y)) we have that

P 12 0)lly = [FO)](x.xv)

and also

sup sup(1 — |2[*)|| F' (2)z |y sup sup (1 —[2]*)[|F'(z)zy
lzl|=1 z€D 2€D [lz|=1

sup(1 — [2[*)[|F"(2) [ £ (x,v)-
zeD

This shows that |Tr| z(x,5(v)) = FllBcx,y))-

Now given T' € L(X,B(Y)) we can define F: D x X — Y by F(z,z) = Tz(z). Now
by Theorem 4.2 we have that z — F, belongs to H(ID,£(X,Y)). Since Tr = T the
previous identities complete the proof. O

Proposition 4.5. Let 1 < p < co. B,(L(X,Y)) C L(X,B,(Y)) (via the mapping
F—Tg). In general B,(L(X,Y)) # L(X, Bp(Y)).

Proof. Given F' € B,(L(X,Y)) we clearly have

ITralser = ( /}D | ()% dm (=)

IN

1/
Joll( [ 1Py dm(2) " = 1Pl ol
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To see that this inclusion is not surjective, let us take X = ¢; and Y = C. The
inclusion becomes B, ({s) = By (L(¢1,C)) — L({1,Bp) = £oo(Bp).

1
(1— 2)l/p

¥l N/l(i /W ;dG)drw/llog !
Bo = Jo t2m ) |1 —reif| 0 1—

Now let (¢,,) be a dense sequence in the unit circle, and define f,(z) = f(¢,z) for each

n and F(z) = (fn(z))nelN .
By the density of ({,) one gets

Let us consider the function f(z) = . Clearly

dr < .
,

1

IF ()l = s1p1fa(2)] = 500 £(Gu2)| = Mool |2 = o7

for every z € D. Then, despite (f,) obviously belongs to ¢ (B,), we get that the
vector valued function F' does not belong to B, (£ ) since

MP(F = = 00.
/o p( r)dr /0 1_rd7" 00

Let us now introduce an interesting ideal of operators that play an important role
in understanding the interpretation of vector-valued Bergman functions as operators.

Definition 4.6. Let X and Y be Banach spaces and 1 < p < oo. A linear operator
T € L(X,Y) is said to be p-summing (denoted T € II,(X,Y)) if there is a constant
C' > 0 such that for every k € IN and x1,x2,...,2; € X we have

*|P) 1/p

Mw

ZHT I <C sup

[lz* ]| x* < <1

‘ Zi, T
i=1

Its norm is given by the infimum of the constants C satisfying the previous inequality
and is denoted by 7,(T).

The reader is referred to [13], [21], [19] or [18] for results and references on these
classes of operators. We simply include the following remark to be used in the sequel.

Remark 4.7. (see for instance [21]) Let (2, X, 1) be a measure space, let f: Q@ — X
be a measurable function such that z*f € L,(n) for all * € X* and T € II,(X,Y).
Then T'f : Q@ — Y given by T f(w) = T(f(w)) belongs to L,(p,Y).

Proposition 4.8. Let 1 < p < co. Then B,(II,(X,Y)) C IL,(X, B,(Y)) (via the
mapping F +— Tr).
There exist infinite dimensional Banach spaces X and Y such that

By (I, (X, Y)) # I,(X, By(Y)).
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Proof. Let z1, s, ..., x, be elements in X. Then

S ITeal,yy = Y [ IF@algdn()
k=1 k=170
/ SO F()@)lPdm(z)
Dp—1

/]Dﬂg(F(z) sup Z| ¥, xp)|Pdm(z)

lz*1=1 =1

IN

||F||Bp (I, (X,Y)) | Su”plz x* xk)l
k=1

To see that the embedding is not surjective even for infinite dimensional Banach
space we can take p = 2, X = {; and Y = {y. It is well known (see [18]) that
Iy (¢y,H) = L(¢1,H) for any Hilbert space (actually II; C II, and Grothendieck
theorem (see [13] or [18]) even says that II;(¢1, H) = L(¢1, H)). Hence, in our situation
II(X,Y) = L(X,Y) and 11 (X, Bo(Y)) = L(X, B2(Y)). Therefore we simply need to
show that Ba(fx(f2)) is strictly contained in £y (Ba(f2)).

Let us define now f,(z) = m > e, (1 —1/n)*exz* where ey is the canonical
basis of /5.

Using (2.1) one has that

allzsten = i (A= 1/mP, s
n||Ba(f2) — n+1 — k+1 :
Hence sup,, || full B, (e,) < 00
On the other hand, for all n € IN
" 1 _ 1 2k 2k 1/2
15l = D kE:j )2H]a[%)
1
C 2k\1/2
log(n +1) (;M )
1 |2|"

log(n+1) (1 — |2]2)1/2"
This shows that F' ¢ By (f2)) = Ba(Il2(X,Y)) while (f,) € foo(Ba(f2)) and
therefore Tp € IIo(X, B2(Y)). O

Definition 4.9. Let X,Y be two complex Banach spaces and let F(z) = > >/ T),2"
be a function in H(D, £(X,Y)). We denote by Sp : P(X) — Y the linear operator
given by

g9) = /H)F(z)(g(i))dm(z) =2 %

n>0
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for g = EnZO Uy, @ Tp,.

Theorem 4.10. (see [7]) B(L(X,Y)) = L(B1(X),Y) (via the map F — Sp) with
equivalent norms.

Proof. Theorem 3.14, Proposition 3.16 and £(X®Y, Z) = L(X, L(Y, Z)) imply that
L(B1®X,Y) = L(B1,L(X,Y)) = B(L(X,Y)).

It is rather clear that the mapping which gives the isomorphism is actually F' — Sp.
O

Proposition 4.11. Let 1 < p < oo and let X and Y be compler Banach spaces.
Then B,(L(X,Y)) (resp. Bo(L(X,Y)) ) is isomorphically embedded in K(By (X),Y)
(resp. K(B1(X),Y) ), via the map F — Sp.

Proof. For the case F' € Bo(L(X,Y)), Theorem 4.10 gives ||F|z(x,v)) =~ |SF]-
In the case F' € B,(L(X,Y)). Clearly

ISF(9)ll < /]D IEElg(Z)dm(z) < [[Flls,cxvyllgls, x)-

So [|Skll < C||F||B,c(x,y))- The compactness of Sp in both cases follows from the
fact that P(X) is dense in the corresponding spaces and for polynomials F' then Sg

is finite rank operator.
O

Remark 4.12. Let X,Y be two complex Banach spaces. If T : P(X) — Y is a
linear operator such that the linear operators T, : X — Y given by T),(z) = T'(u, ® x)
are bounded and limsup,_,_ [|T.]|'/" < 1 then we can define the £(X,Y)-valued
analytic function

Fr(z) = Z(n + 1)T,2".
n>0

It is worth mentioning that this is the inverse map of F' — Sp, so that Fg, = F
and Sp, =T.

Definition 4.13. Let 1 < p < oo, and let X be a complex Banach space and
T € L(By,X). We define fr € H(D, X) given by

fr(z) = T(K>).

Remark 4.14. T € £(By, X) if and only if fr € B(X) (see Proposition 3.16).
If p>2and T € L(B,, X) then fr € By(X) for 1 < ¢ < £ (use Proposition 3.3).
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We would like to find some properties of T' to get that fr € B,(X).
For that purpose we need to use the following class of operators.

Definition 4.15. (see [6] and [5]) Let E be a Banach lattice and ¥ a Banach
space. A linear operator T € L(E,Y) is said to be positive p-summing (denoted
T € Ay(E,Y)) if there is a constant C' > 0 such that for every k € IN and positive
elements e, es,...,er € E we have

k

k
(ZHT(ei)H”)””SC sup (D [{es, €))7,

llexllg«<1 3=}

Its norm is given by the infimum of the constants C satisfying the previous inequality
and denoted by A,(T).

Remark 4.16. In the case p = 1 these operators are also known as cone absolutely
summing (c.a.s) operators (see [20]).

In this case, T € A;(E,Y) if and only if there is a constant C > 0 such that for
every k € IN and positive elements e, es,..., e € E we have

k k
(4.1) DITE <Ol el
i=1 =1

It is easy to see that Ay, (E,Y) C A, (E,Y) if p1 < pa, and it was shown in [5] that,
for E = L,(n), we have A,.(E,Y) =A1(E,Y) forall 1 <r <p.

Theorem 4.17. Let 1 < p < co and X a Banach space.

(i) If T € L(By,X) and fr € By(X) then T is compact.

(ii) If T € T,(By, X) then fr € By(X).

(i11) If T € Ap(Ly (m),X) and Ty denotes its restriction to B, then fr, € By(X).

Proof. To see (i) we show that T' = S, and then (ii) in Proposition 4.11 gives the

compactness.
Indeed, since fr(z) = T(K.) =Y .- o(n+ 1)Tu,z", we have for any m € IN

St (Um) = / > (4 1)Tupz"2"dm(z) = T(um).
D p=0
To prove (ii) let us first observe that if ¢ € B,

(K(2), ) = /D K. (w)(@)dm(w) = 6(2).

Hence it follows that the function K: D — B, verifies, for all ¢ € (By)*, that z —
(K(z),¢) belongs to L,(m). Now Remark 4.7 gives that fr(z) =T(K,) € L,(m, X).
To see (iii) let us observe first that the measure G(E) = T'(x,) belongs to V,,(m, X).
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Indeed, for any partition m we have

Z ||G ||p Z ||T 1/p )P
AEﬂ' Aem
1 p . —
< bup{Aze;r|/ )W| gl =1}
— T sup{HZngz() xall2 : llglly = 13
Aer
< N(T)

Given z € D we get, taking G.(E) = G(E),

Fr(2) / K. (w)dG(w / K. (0)dG.(w) = PG.(2),
and then Fr = PG, € By(X) according to Theorem 3.8. ]

Theorem 4.18. Let 1 < p < oo, and let X be a complex Banach space and F e
Bi(X). Then F € B,(X) if and only if the linear operator ®p(¢) = [, F( z)dm(z)

defined on the subspace of simple functions extends to an opemtor in A ( (m),X).
Moreover ||F| g, x) ~ A\p(®F)-

Proof. Let us assume that F' € B,(X), which ensures that ®r € L(L, (m), X).
Now take positive functions ¢1, ¢2, ..., ¢, € Ly (m). We have that

S @rinlr = Z | / (2)dm(z)[?
k=1

715, i( MEEN_ 4, ey’

2y TFTs00

IN

< NFI, ) S Zwm

Yllp=1r=4

This shows that A\, (®r) < C[|F| B, (x)-
To see the converse let us observe that fs = F, where S denotes the restriction of
@ to By. Indeed, for all z € D

S(K,)=2p(K,) = / F(w)K,(w)dm(w) = F(z).
D
Now (iii) in Theorem 4.17 gives that F' € B,(X) and || F||g,(x) < CA\p(PF).

From Theorem 3.16 we have that B(X) = L£(B;1,X). The next result covers the
cases 1 < p < 0.
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Corollary 4.19. Let 1 <p < oo. Then
B,(X)={T:By — X : TP € Ay(Ly(m),X))}.
Moreover \,(TP) ~ || frl s, x)-

Proof. If TP is positive p-summing then (iii) in Theorem 4.17 gives that F' € B,(X)
for F(z) =T(K,).

To see the converse, assume that F' € B,(X). Let & as in Theorem 4.18 and let T
be its restriction to B,. Now take the vector measure defined by G(E) = T(P(xg))
and denote G.(E) = G(E) for all measurable set E. We have that

G.(FE) = T(/EK(.,E))dm(w)):T(/EK(.,w)dm(w))
= /ET(K(.,w))dm(w):/ @F(Kw)dm(w):/EF(w)dm(w).

E
Therefore dG,. = Fdm.
This obviously implies that TP(¢) = [, F(2)¢(Z)dm(z) for all ¢ € Ly (m), and, in
particular

ITP(6)] < /}D IF(2)16(2)dm(=)

for all positive ¢ € L, (m).
A simple computation using (4.1) now shows that TP is cone abolutely summing
and hence also positive p-summing. O

5. B,(X) is complemented in /,(X).

A classical result in the theory of Bergman spaces is the isomorphism between B,
and ¢, for each p > 1 (see [21]). It is enough to see that B, is isomorphic to a
complemented subspace of £, since then it is automatically isomorphic to £,. In the
vector case, Theorem 3.14 gives the isomorphism for p = 1:

Theorem 5.1. For any complex Banach space X, B1(X) is isomorphic to ¢1(X).

Proof. Bi(X) is isomorphic to Bi®X, and then to /;®X = ¢1(X). O

As for p > 1, we will show next that B,(X) is isomorphic to a complemented
subspace of £,(X). The proof follows similar ideas to the ones used to get a so-called
atomic decomposition of B, (see [22], theorem 4.4.6).

For each z € D, let ¢, the involutive Mdbius transformation fixing the unit disc and
verifying ¢.(0) = z and ¢, (z) = 0, that is
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The Bergman metric between z and w is defined by

o 1 1+|@z(w)|

Note that |@,(w)] is the hyperbolic tangent of 3(z,w).
This distance 3 is not bounded on D, and for any z € D and r > 0 the (-ball

E(z,7) ={weD; f(w,z) <r}

2 2
-5 1— 7|
———5~7 and radius ———
1 — s2|z|? 1— s2|z|2

One relevant connection between Bergman metric and Bloch spaces is the following
result:

is the euclidean disc with center s, where s = tanhr.

Theorem 5.2. (see [22], 5.1.6.) [(z,w) ~ sup{|f(z) — f(w)|; fllz < 1} (with
constants independent from z and w in D).

In particular this allows us to get the following remark.

Corollary 5.3. If F € B(X) then F : D —X is a Lipschitz map with respect to the
Bergman metric.

Proof. A look at Proposition 3.16 gives that F(z) = T'(K) for some T € L(By, X).
Hence

[1F(z) = Fw)]l < CITIK: - Kulls,
< C||T||sup (K. — Ky)|; € € Bi}
~ sup{|f(2) = f(w)|; [Ifllz =1}

2

Bz, w).
O

The key point in order to relate B,(X) to £,(X) is the use of sequences in D with
good separation properties with respect to Bergman metric. The next lemma resumes
some well known results (see for instance [22]):

Lemma 5.4. There exists a number N € N such that, for any r <1, we can take a
sequence (A,) in D and a decomposition of D into a disjoint union of measurable sets
FE,, such that

(i) E(An,7r/4) C E,, C E(\n,7) for every n,

(i) every point in D belongs to no more than N discs from {E(\,,2r)},

(iii) | En| ~ [EOws )| ~ B, 20)| ~ (1= [Aal)? ~ | E(w, 7)| for any w € B(An,2r)
and

(iv) 1 — [Mn]? < C(1 = |2]?) for each z € E(\y,2r).

The well known fact that, for all 0 < p < oo, |f|? is a subharmonic function with
respect to (-balls for any analytic function f, also holds true in the vector valued
setting.
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Lemma 5.5. Let X be any complex Banach space, let f € H(D,X) and p > 0.
There exists a constant C > 0 such that we have

P < O

EG A Joen | f (w)[[Pdm(w)

for anyr <1 and z € D.

Proof. From the scalar valued case we get C' > 0 such that

» C
S S ey o T Am) <

|E(Z? 71)| E(z,r)
forall r <1 and z € D.
Now take the supremum over the unit ball of X* to finish the proof. O

I[f ()P dm(w)

Corollary 5.6. Letr < 1 and p > 1, and let X be a Banach space. Let Q, =
Qrp.x: Bp(X) — Ly(m, X) be defined by

=1k
n=1
Then @, is a bounded operator.

Proof. By Lemmas 5.5 and 5.4

ZIEHIf W< ey / 1£(2)[Pdm(2)

n=17En,r)

/]D OIS Yo, (2)dm(2)
CN /}D 1F()Pdm(z).

This shows the boundedness of @, x. O

IN

Lemma 5.7. Let r < 1. The linear operator

oo

Fe Y (= FOW)Xa,

n=1
is bounded from B,(X) to L,(m,X), and its norm is less or equal than Ctanhr.
Proof. Let z € E,,, and observe that

17 = sl = [ e < (s 15 @IE =l
7L7Z WE[An,z
Since E(w,r) C E(A,,2r) for any z € E, and w € [\, 2], by Lemma 5.5 and the
properties of (\,) we have that

C
1f" ()P < 1P dm <

T '[P dm.
[E(w, )| JB@w,n |E,| E(n,2r)
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Hence if w € [\, 2]

I1#G)= s < g1 ([

1 Pdm) |2 = Al
| E(An,2r)

5

1—s?
Let s = tanhr. As E(A is a di ith cent = —
et s anhr. As E(\,,r) is a disc with center zy e
1_|)‘n|2

T 1522

A, and radius

R s, for any z in it

1-— |>‘n‘2

— M| <R+ (A, — = ———
o=l SRt ==l = 5

s(1+ s|An]) < Cs(1 — |)\n|2),
and then

1£(2) = FAn)IIP <

C / / 2
sP fPdm ) (1 — |A.]7)P.
B (E(W)H [Pdm) (1 = Af?)

Therefore

[ 1@ = swrdmi) < o= Py [ ipam.
En E(A,2r)
We use now that (1 — [\,[?)P < C(1 — |2|?)P for each z € E(\,,2r), and then
/ 1£(2) = FOW)[[Pdm(z) < CS”/ (L= 27 (2) [P dm ().
En E(An,2r)

Hence

Z/E 1£(z) = f(An)[[Pdm(2) < CNS"/]D(l — [2P)PIIf () [P dm(z),
n=1 n
which is bounded by Csp||f||%p(x) in view of Theorem 2.5. O

Corollary 5.8. There exist 1o > 0 such that PQ.p x @ Bp(X) — Bp(X) is an
isomorphism for all r < rg, 1 < p < co and all Banach spaces X.

Proof. We shall show this by noting that, if I denotes the identity in B, (X), then
II — PQ,| tends to zero as r — 0. Recall that then, if r is such that ||I — PQ,| < 1,
the inverse of PQ, is just >~ (I — PQ,)".

Now from Lemma 5.7 one has that I — PQ, € L(B,(X), Bp(X)) and ||I — PQ,|| <
C||P|| tanh . a

Theorem 5.9. For every p > 1 and every complex Banach space X, the Bergman
space Bp(X) is isomorphic to a complemented space of £,(X).
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Proof. We take r small enough to have that PQ, is an isomorphism on B, (X). Then

the identity in B,(X) factorizes as I = (PQ,) ' PQ,. Now write Q, : B,(X) — £,(X)
for the operator given by

Qr(f) = (1B (M)
and J : £,(X) — L,(m, X) for the one given by

9]
= Z |En|_1/panEn .
n=1

Since J is an embedding and Q. is bounded due to Corollary 5.6 we can factorize the
identity as I = (PQ,)"'PJQ, and therefore B,(X) is isomorphic to the image of Q,
in £,(X). a

Theorem 5.10. Letr <1, p > 1 and X be a Banach space. Let P, = P, x the
linear operator P,: V,(m,X) — B,(X) defined by

= ZK/\" ® G(E )
n=1

Then the linear operator P, is bounded.
Moreover || Prp x|l = [|Qrp . x+|-

Proof. For any polynomial g € P(X*) we have that

> Ky, ®G(Ey) Z = Zg W)XE, G) = (Qrp x+(9), G).
n=1 n=1

Since V,,(m, X) is isometrically embedded in (L, (m, X*))* it follows that

\<Z Ky, ® G(Ew), 9)| < Gllv, (m,x) |l Z n)XE L o (m, X %)

Now Corollary 5.6 gives that || Prp x| < [|Qrp x+]|-
A similar argument shows that Q7 , v = P p x+, giving the other inequality. o

Let us now compare P, and the Bergman projection on Vj,(m, X).
Theorem 5.11. Let p > 1 and X be a Banach space. Then

(i) lim, o P, = P.
(i1) The restriction of P, to By(X) given by

ZK’\n ®/ (z)dm(z)

is an isomorphism for r close enough to zero.
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Proof. An easy computation shows that (P(G),g) = (g,G) for any G € V,(m.X)
and g € P(X™).
Therefore for all G € V,(m, X) and g € P(X*) we have

(P=P)(G)g9)=(9— Y 9()xe,,G).

Now applying Lemma 5.7 we get ||P — P.|| < C'tanhr and (i) follows.
(ii) is proved the same way as Corollary 5.8. a

Note that 8(z,w) = B(z,w), and then (\,) and (F,,) satisfy the same estimates and
properties as (A,) and (E,,).

Theorem 5.12. Let X be a Banach space and p > 1. For each f € Bp(X) we
denote

oo

Sr(f) = Z |En‘KAn ® f(j‘n)

n=1

Then f =lim,_ S-(f) in Bp.

Proof. We shall see that S, = S, , x: Bp(X) — Bp(X) are bounded operators and
limrg,o Sr =1.

Let us denote by @, the operator associated to (\,) and (FE,), that is Q,.(f) =
Sl f(An)xg, - We actually have S, = P.Q, and

||[7PTQT|| S ||17PQT|| + ||PQT 7PT‘QT|| S ||17PQT‘H =+ ||P7PT||HQT‘H

The result follows from Corollary 5.8 and Theorem 5.11. O
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