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1 Introduction

This paper contains a little extended writting of the lectures that I gave at the
Department of Mathematics of the Joensuu University during the summer
school hold in May 2003. These lecture notes are based upon results in two
papers in collaboration with J.L. Arregui (see [5] and [6]), although some
proofs have been changed and extended to make them as selfcontained as
possible.

In these notes we denote by (D, dA(z)) the Lebesgue measure space over
the disc D = {|z| < 1} where dA(z) stands for the normalized area measure,
that is dA(z) = %dxdy = %drdé’ in rectangular and polar coordinates respec-
tively. Throughout X will be a complex Banach space, 1 < p < oo, p’ stands
for the conjugate exponent of p, i.e. 1/p+1/p’ =1 and, as usual, C' denotes
a constant that may vary from line to line.

For 1 < p,q < oo, we consider the spaces ¢(p, q, X) of sequences (z,), C
X such that (|[(zn)ner.lle,)y € Cq, where I, = {n € N; 2871 < n < 2} for

o0 1
k€ Nand Iy = {0}, and we denote ||(2,)[lpg = ( 520(Sner, lzal?)2%) .
We keep the notation ¢,(X) for the space ¢(p,p, X).
We write L,(D, X) for the Bochner space of measurable functions such

that (Jp Hf(z)deA(z))% < oo and we will denote by B,(D, X) the Bergman
space of functions F' € H(D, X) N L,(D, X) where H(D, X) stands for the
space of X-valued holomorphic functions in the unit disc f(z) = Y02 x,2"
for some sequence (x,) € X.

The notes are divided into four sections.
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In Section 2 we simply introduce the spaces B,(ID, X') and prove some gen-
eralities about them. Section 3 contains the duality (B,(D, X))* = By/(D, X*)
and in Section 4 we give some results on Taylor coefficients of vector valued
functions in B,(ID, X') and introduce the properties of Bergman type and co-
type. Given 1 < p <2 < ¢ < o0, a Banach space X is said to have Bergman
type p (respec. Bergman cotype q ) if there exists a C' > 0 such that

T
I snellyo < Cllf s,

(respec.
T
111,00 = ClIC 7 1znsnlloa)

forall N €N, z1,...,7y in X and f(z) = SN 2,2

It is shown that, for 1 < p < 2, spaces of Fourier type p must also have
Bergman type p and Bergman cotype p’ where 1/p+1/p’ = 1.

In Section 5 we consider the notion of operator-valued multiplier and
prove some resuts about the subject. A sequence of bounded operators (T,),,
in £(X,Y) is said to be a multiplier between B,(ID, X) and ¢,(Y), to be
denoted (T},) € (B,(D, X), 1(Y")), if the sequence (T,(z,)) belongs to ¢1(Y)
for any function f(z) = Yo% z,2" in B,(D, X).

Of course, this is equivalent to the existence of a constant C' > 0 such
that

N N
YTl < CI Y- wn2"|ls,0x0) (1)
n=0 n=0

for any N € N and xg, z1, ..., xy elements in X.
The infimum of the constants C' verifying (1) is the multiplier norm, which
coincides with the operator norm between B,(ID, X') and ¢;(Y") respectively.
We shall analyze for different values of p and under certain geometric
properties the spaces (B,(D, X),¢;(Y)). The reader is referred to [6] and
[14] for many other multiplier results vector-valued functions and a to [27,
28, 10, 9, 12] for a collection of scalar-valued results related to them.

2 Generalities

Definition 2.1 Let 1 < p < oo A function f € H(D, X) is said to belong to
B*(D, X) if

IFlls,c0 = ([ IF(2IldAG)? < oo.



Using the notation M,(f,r) = (f7" | f(re™)||PAL)VP we can write

1
I£3,00 = [ 2Mp(f.7)7rdr @

Proposition 2.2 If f € H(D, X) then

16 =5 [ A g

forall|z] <1 and 0 < R <1—|z|.

PROOF: The formula follows easily from the Cauchy formula and integration
in polar coordinates. n

Let us collect the first elementary properties of these spaces.

Proposition 2.3 Let 1 < p < 0o and let X be a complex Banach space.
(i) B,(D, X) is a closed subspace of L,(D, X), that is B,(D, X) is a Ba-
nach space.
(i) If f € BP(D, X) then lim, ., || f— fo||B,m,x) = 0, where f,.(2) = f(rz).
(111) The X -valued analytic polynomials P(X) are dense in By(D, X).

PROOF:

(i) Let (f,) be a sequence of holomorphic functions in L?(ID, X') converging
to fin LP(D, X). Let us show that f € H(D, X). Given r < 1 and |z| <7,
from (3)

1fn(2) = fm (2 = (fa(w) = fin(w))dA(w)]

(1 — 7“)2 lw—z|<1—r
1

S T Dy 1200 = Bl AG)
1

= m!\fn = fmlleecx)

This clearly gives that (f,) converges uniformly on compact sets to f and
therefore f € H(D, X).
(ii) From (2) we have

1
1 = folls, 0~ | MECS = £, 5)ds.
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Taking into account that MP(f — f.,s) < sup [|f(z) — f(rz)[|” one gets

|z|=s
li_r)r%Mg(f—fr,s) =0 (0<s<1).

Since
Mg(f - f?"as) S 2M5<f73>

we can apply the dominated convergence theorem to get ||f — f;||5,x) — 0
asr — 1.

(iii) Now given ¢ > 0 we first choose 0 < r < 1 such that || f—f,(|5,x) < §
and then we take a Taylor polynomial such that sup.ecp||f(rz) — P(2)| < §
to get | f — P|l5,x) <e.

Proposition 2.4 Let1l < p < oo and f(z2) = Y02y xn2". Then f € B,(D, X)
if and only if f1(z) = M € B,(D, X).
Morerover, there exists A < 1 such that

A(LF O+ 1Al B,00) < 1,00 < 1O+ [ f1ll -

PROOF: Since f(z) = f(0) + z/f1(2) we get [[f]l5,x) < I (O] + [|f1ll5,x)-
To get the other inequality, note that z, = (n + 1) [p f(w)w"dA(w) for
n > 0. This allows to estimate ||z, || < (n+1)| f]/,x). Hence, since fi(z) =
Yol g Tnt12", we obtain

([ In@IPaAG)" <

PAA(2) P () |[PdA(z 1/p_
([, MRE@IPAEY P+ (f - IAE)IFdAE)” <

1/2<|z|<1

1 & (n+1) 1 1p
< (3 o D0+ 20 [ (O + M1y
This gives [ fil|5,x) < C| fllB,(x), and taking A = 1/(C + 1), the proof is
finished. .

Theorem 2.5 Let f € H(D,X), n e N, 1 <p <oo. Then f € B,(D, X) if
and only if the function z — (1 — |2|2)"f™(2) € L,(D, X).



PROOF: Let us show that for any g € H(ID, X) and k£ > 0, the function
(1—12]?)*g(2) belongs to LP(D, X) if and only if (1 — |2|?)**1¢'(2) also does.
Then a recurrence argument gives the statement.

Note that (1 — |z]*)F*1¢/(2) € LP(D, X) if and only if

L= =27 2 () PdA(z) < oo

Let us denote h(z) = z¢'(z) = Y02 nz,2", and observe that for each

r < 1 one has that h,2 = g, * A\,, where A\(z) = (1—22)2'

Since My(X, ) = =5 and M, (h,r?) < My(X\,7)M,(g,r), one gets that

[ LRy @Paae) = [ a2
< C/ r(1—r*)P*MP(g,r)dr

= O [ A= =B g)PaA).
Conversely, let us take g such that (1 — r?)** 1M, (¢',r) € L,((0,1),dr).

We may assume that [j (1 —7)*+D P MP(g',r)dr = 1 and also that g(0) = 0.
Since M,(g,7) < [y M,(g', s)ds we have

L= 1=Plg)raa) = [ 2r(t = r2)oa (g, ryir
< /01 2r(1 = 1)"( [ My (g 5)ds)'dr
< 0/01(1 —r)kp(/or M,(qg', s)ds)"dr.
For p = 1 we get
L= 1=PFlg)laAG) < ¢ [[a—ni([ an(d, shdsyir
_ C/ SV UM (g, 5)ds = C.

For p > 1, we write for each t € (0, 1)

= "=y [ (o s)dsyar



1
Let u(r) = o 1(1 — )PP and o( / M,(g',s)ds)".

Since u(t)v(t) < 0y v(0) = 0, we have

That is

I, <
t_pk—f-l

_ k—i—l A1k / p—1
i Mg/ r)(1 =)V Mg ) .

pk+1M (¢',r) /M (¢, 8)ds)"™ Ydr

Then the assumption and Hoélder’s inequality shows that [; < C’]tl/ ' Hence
I; < C for all t and the proof is finished. .

Proposition 2.6 Let f(z) = 352, xx2" € Bi(D, X) and n € N. Then

L FR)20AR) = [ (1= 1) f ()77 dAR) =
PROOF: Since f € L'(D, X)
/D F(2)2dAz) = S /D FEdA(2)) Tk
k=0
2n _ 2n+1 Tn
::pn/||dA xn/2T+dr—n+1

Theorem 2.5 gives that (1 — |z|)?f(z) € L'(D, X) and arguing as above

[P aAe) = i ([ (1= [2)24 2 A )
=, [ (1= [e)22AG)

1
= ann/ (1 —r?)r*tdr
0

1
= nxn/ (1 —7)r" tdr =
0

""Un
n+1




Proposition 2.7 If f € B1(D, X) then

0= [ 2 sagy =2 [ O 1y

1—zw 1—zw

for all |z| < 1.

ProoOF: Note that ﬁ = >0 o(n + 1)z"w™ where the series is ab-
solutely convergent for each z € D, then the first formula follows from Propo-
sition 2.6.

Taking derivatives we also have (172%)3 =32 (n+1)(n+2)z"w"" and
the series also converges absolutely. Hence
1 . oo
2/ W)/ )dA(w) = Y (n+1)n+2)" / (1 — |w]?) f (w)d"dA(w)
(1 — zw) =0 D
= Y+ D+ 2" [ (1 ) dAw)
n=0
o 1
= > (n+1)(n+ 2)$nz”/ (1 —r)rdr
n=0 0

= i 2" = f(2)
n=0

3 Duality

In this section we shall get the duality result between the spaces B,(D, X)
and By (D, X*) without conditions on the Banach space X. Let us start with

some preliminary results.

Proposition 3.1 Let 1 <p < oo, z€ D and x* € X*.
(1) The point evaluation 0, is a bounded linear operator from B,(D, X)
into X with norm ||0,] < (1 — |z\)%2
—2
(i1) 6, @ x* belongs to (B,(D, X))* and ||0, ® z*|| < (1 — |z])* ||z*|.
Proor: (i) follows by applying Holder’s inequality in the formula (3) and

taking limits as R goes to 1 — |z|.
(ii) It is immediate from (i). .

We need the following estimates.



Lemma 3.2 Let a > 1. Then J,(r) = [T —%— ~ _Tl)a,l asr — 1.

T |1—reit|® (1
ProOOF: Note that for |t| < 7 we have
|1 —7re™|* = ((1 —7r)* + 4rsin® 75/2)0‘/2 ~((1—7)*+ 4r]t|2)a/2.

Use that

27'1/27\'

/TK’ dt o 1 1—r dt
. ((1 _ T)Q +4T|t’2)a/2 T1/2(1 _ r)oz—l 0 (1 +t2)a/2'

This gives Jo(r) & = — for a > 1. .

(1-r)

Lemma 3.3 Leta>—-1and 3 >a+1 .
1 (1—g9) 1
Then 1, 5(r) = /0 (1 rs)? ds ~ = asr — 1.

PROOF: Let us rewrite the integral as follows

_ [ (1-5)"
Lealr) _(A(ﬂ—s%+ﬂ—rﬁwﬁ

B A( 1—mu—uwﬂ“

s d
1—7‘5/ “’—I—l—u))ﬁu

T

— v

(1_mﬁa1% At rop?

This gives I, 5(r) ~ 5= for 8 —a > 1.

(1-r)

Combining Lemmas 3.2 and 3.3 we obtain

Corollary 3.4 Let 3—a > 2 and Aqg(r) = Jp U= [wl®) dA(w) for 3 >0 and

[1— rw|f3
a > —1. Then |

Aa”g(r) ~ m (7‘ — 1)



Theorem 3.5 Let 1 < p < oo and define

¢(w)
= | ———=dA(w).
?) /]D) |1 —wz|? (w)
Then T is a bounded operator on LP(D).

PRroor: Therefore

O < [T d

([ 12— Lol dA(w))%</H)(1—|w|)%dA(w))§

|1 — zw|?

Now, using Corollary 3.4 for a = _71 and § = 2, we have

(| A=l ™ gyt <o— L

11— zaf? (1 - |z

Now

[ir@@rae < [ [ ST O0P 00 )P aac)

|1 — zw|?

< [ mhPisr ] S

zw|?

=L

dA(z))dA(w)

Applying again Corollary 3.4 for a = ;71 and 3 = 2, we conclude that

IT(O)ln < Cliolly. .

Theorem 3.6 Let 1 < p < co. Then (B,(D, X))* = BY (D, X*) with equiv-
alent norms.

PROOF: Let us define J : BY (D, X*) — (B,(D, X))* given by
JH)9) = [(F(2).9(0)dA). 4)
It is linear and clearly bounded with ||.J|| < 1.
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Let us see that J is injective. Indeed, assume that f(z) = Yo% k2" €
B (D, X*) and J(f) = 0. Hence if u,(2) = (n + 1)z" then, for any n € N
and x € X, we have

J(f)(z@u,) =< (n+ 1)/Df(z)2"dA(z),x >=<uz;, x>=0.

This implies that f = 0.
Let us now show that .J is surjective. Given ® € (B,(D, X))* we define

=D z}2" (5)
n=0
where x7 € X* are given by
<arx>=0(r®uy,), (6)

for u,(z) = (n+1)z"

Due to the fact that ||z}|| < [|®||||un|/B, ~ ||(I>Hm, one gets f €
H(D, X).

To see that f € B (D, X*), we use that

1Nl x) = Sup{!/ Z))dA(z)| : [|gllLex) = 1}
Hence
(f(2),9(2) ZCD U @ g(Z Zunz ® g(2)) = ®(K. ® g(2)),

where K, (w) = m stands for the Bergman kernel.

In particular we have that [ (f(2),9(2))dA(z) = O( Jp K.g(2)dA(z)).
This gives that

!/ 2))dA(z)] < H‘PIHI/ (K[ llg(NdAG) ] = (1Rl

An application of Theorem 3.5 gives || f||r(x) < C||P||.
Since J(f)(u, @) = (x},x) = ®(u, ®z) for alln > 0 and z € X we get
that J(f) = ® and the proof is finished. .

Remark 3.1 The reader is referred to the papers [5, 8, 9] for some duality
results in the case p = 1.
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4 Taylor coefficients of functions in B,(D, X).

Proposition 4.1 Let 1 <p < oo and f(z) = Y7 g z,2" € B,(D, X). Then
(i) llzall = o(n'/7).
(ii) Yoo, ol < o,

PROOF: For each n and r € (0,1), we have that

1 ™ ) )
Tpr" = —/ f(re®)e=m%dp.
2w Jx
This implies that for any n € N and 0 < r < 1 we have
[znlr™ < My(f,7). (7)

Since M,(f,-) is increasing in (0, 1), from (7) one gets that
1
(=) llaal P77 < (L= r)ME(f) < [ ME(F, 5)ds

for each r € (0, 1).
Hence, for any n, by taking r =1 — 1/n, we see that

1 1 1\np 1
—|zn|P ~ =||zn|P(1— =) < MP(f,s)ds.
Szl ~ Sllal (L= 2)" < - M(f.5)ds
This shows that lul — 0.
nl/p

Now observe that the norm in B,(ID, X') can be estimated from below as
follows

1-1/(n+1)
/ lallProedr
1

n=1/1-1/n ne1”1-1/n
= 1 1
> ¢ AP -y
>0 Y ol s (-
YN
n=1 n2

Actually Proposition 4.1 can be easily improved by considering a new
family of vector-valued sequence spaces.
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Definition 4.2 Let 1 < p,q < oo, and X be a Banach space. {(p,q,X)
denotes the space of sequences (), C X such that (||(zn)ner,lle,)s € Cos
where I, = {n € N; 21 <n < 2%} for k € N and I, = {0}.

For 1 < p,q < oo, the spaces ¢(p,q, X) become Banach spaces under the
norm || - |54 given by, for 1 < p,q < oo

@l = (23 leall?)?) ",

k=0 n€cly
(@) oo = sup( Y [|2a]P)V7,
nely
1/q
(@)l oo.g = (Z sup [|z[|7)
k=0 "€l

Of course U(p,p, X) = P(X) for 1 < p < oo and, as usual, when X = C
we simply write {(p, q).

Now we list some useful reformulations for the norms in the spaces £(p, q).

Lemma 4.3 (see [12],0r [31]) Let (av,) be a sequence of nonnegative numbers
and 0 < q,3 < co. Then

(a) € £(1,00) & - nar™ = O((5 ! ). (8)
n=1 -
1
(an) € l(1,q) 4:)/ r)P1( Zn a,r™)dr < co. 9)
0
In particular,
1 oo 0o a,
[0 awmytdr ~ 3 (30 S50 (10)
(U — k=1 nel, v

PROOF:
To see (8) assume first that (ozn) € ((1,00). This implies that

oo o0
Z o, < C Z ok Z anrzk
n=0

k=0 nely,

< Sup Z an) Z 2k’8r2k)

nely k=0

12



< supZan Znﬁln

nely
C’
< Sup Z 04n .
nely ( - )
Conversely, for fixed N € N, take r =1 — 1/N to obtain

al 1

CNP > > o, (1 - —=)"
n=0 N

> C(Zonﬁan)(l_ﬁ)N
> C’(inﬁan).

Therefore ,,¢;, n’a,, < C2*° which gives (an) € ((1,00).
To prove (9) we have the case ¢ = 1 trivialy, since

1 0 o)
/(1—7‘)ﬂ_1(2n5an Z / 1—7“51"d7“ anNZan
0 n=1 n=1

Now define the operator T by T'((« n)n) = (1—-7)" 2, na,r". We have
just shown that 7" : £(1,1) — L*((0,1), %) is bounded. Now (8) gives the
boundedness of T : £(1,00) — L>((0, ), = T) Now we can use interpolation
to obtain 7": ¢(1,q) — L%((0,1), 1_T), which means

/01 (1-— 7")ﬁ‘11(§):1 nPoyr™)idr < C i( > )t

k=0 nely

The converse inequality is simpler,

oo o9 1—9—(k+1)
Y3 < O3 [ 2 (Y an)
k=0 nely 1-27¢ nely

< C/ r)PH SO nPanr™))dr

k=0 ne[k
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Theorem 4.4 Let 1 < p < oo. There exist Cy,Cy > 0 such that

A, < 1flsex < lcEl,

nl/p H

for any f € B,(D, X) with Taylor coefficients (xy,).

PROOF: Since || f||p,mx) < (o ME(f,r)dr)"/? and Moo (f, 1) < 302 ||zl
then (10) implies

1
il < ([ Z leallryan’s < |55,
For the other inequatily, we observe that

—(k+1)

RIS o) SR VT

00 1—9—(k+1)
> S [ (supr )
k=0 /127" nelk
i k+1
> (1= 27h 2B gup ||, P
k=0 nely
Therefore
e8] p
) . laall?y o 2
L1V, mx) 2 2_: SUEH:U"” ;;)(2212 n ) H(nl/p)“

Corollary 4.5 Let 1 <p < oo and f(z) = X2 x,22". Then
118, 0.x) = lel‘ [P27m) .
Theorem 4.6 Let X be a Hilbert space and f(z) = 30°, z,2" € B*(D, X).

Then H H
Ty
11 Bax Z )2, (11)
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PRroo¥r: Since for Hilbert-valued functions we have Plancherel’s theorem at
our disposal we get

. Lol
il =2 Zuan?r? rdr—z

Proposition 4.7 Let 1 < p < 2 < q < o0 and let X be a Hilbert space.
Then there exist positive constants Cy, C}, and C; such that

T
[1( 1/p)||p » < Gl fllB,m.x), (12)
Z < Gl fllB,m.x) (13)
and
£l B, C"H(nl/q)Hq a (14)

for all finite sequences (x,) € X and f(z) = Y00 o xn2".

PRrOOF: (12) follows by interpolation between Theorem 4.4 for p = 1 and

(11).

Let us see that (13) actually follows from (12).

> Bl < 0SS eyt

k=0 Tlelk

< Ci(z |’$n|’p/)p/pIQk(l_p/p')Q—k(S—p)

k=0 nely

= O (X llaallPyPP2*

k=0 nely

I,

(14) is the dual estimate of (12). Indeed, if f(z) = >0, x,2" then

Q

1lls,c0 = supf] / B))dA(w)| - g € PX), gl oo = 1)

.I'n7 n * N *
= sup{| E |1g(z) =D a;2" € P(X7), 915, (x+) = 1}
n=0

< Z Hl‘nHHx || : (Z) _ ZIZZ” e P(X*), ||g||Bq/(X*) _ 1}

= n+1

15



Ty, Ty,
< (Y e A e, = 1)

FSoncl, (n+1)Va(n+ 1)V~

aup(3 (3 Mol g5~ W1y 2y

k>0 nel), (n+ 1)/ nely (n+ )9/

Tn 7 N1/
< (X (% )

k>0 nel, (n+1)

IN

The previous estimates do not hold for general Banach spaces.

Proposition 4.8 Let 1 < p <2< g < .

(1) For any r > p there exists f € By(D, (") such that >.;°, %L_H: = 0
where f(z) =00 o xp2".

(ii) For any s < ¢ there exists (x,) € (¢, q,0%) such that if f(z) =
S o xn2™ then f ¢ By(D, (7).

PROOF: Let 3 > 1, > 0 and consider X = ¢° and F,5(z) = 3%, 2,2"
with z,, = n®e, where (e,) stands for the canonical basis of £°.
Hence [|z,[| = n* and ||Fy ()| = (52, n0|2|?) V0 = C(1 — |2]) 77
Then v,
(— .y ) € L(p',p,0°) if and only if & < 1/p — 1/p’ (15)

and
F, 3 € B,(D,¢%) if and only if a < 1/p — 1/8. (16)

Assume 1 < p < 2 and take @ = 1/p —1/p" and f = Fa 5. Now (16)
implies that f € B,(D, (") but >;° lzall? _ §o0 L o

n1n3p n:ln

Assume 2 < ¢ < 00, s < ¢’ and take a = 1/¢ — 1/s and f = F, 3. Now
(15) and (16) give that (-75;) € (¢, q,¢°) but f & B,(D, £°). .

The previous proposition leads to the following definitions:

Definition 4.9 Let X be a complex Banach space and 1 < a < 2. X 1is said
to have Bergman type a if there exists a constant C, > 0 such that

I( 1/a>||aa§0||f||Ba (17)

for all f(z) =300 yxnz™ € Bo(D, X),

16



Remark 4.1 Any Banach space has Bergman type 1 (see Theorem J.4).

Definition 4.10 Let X be a complex Banach space and 2 < b < oo. X is
said to have Bergman cotype b if there exists a constant Cy, > 0 such that

Tn
1115000 = Coll ) e (18)
for all (x,) € £(b,b, X) where f(2) = Y02 xp2".
Let us show that they are dual notions.

Proposition 4.11 Let 1 < a < 2 and X be a Banach space. Then X has
Bergman type a if and only if X* has Bergman cotype a'.

PRroOOF: Observe first that

o (5, Tn) _ _
> et = (UG eEMA), (19)
for any g(z) = Y00 22", f(2) = Y02 x,2" and any of those being a

polynomial.

Let us assume X has Bergman type a, take (z%) € ¢(a,a’, X*) and define
F(2) = T2 g wgem,

Then, for any X-valued polynomial g(z) = > 02 z,2", using (19) one
gets

*

Tn x

g e loeall Gyl

| [(#E)g2)dAE)] < i EERI

7,
< Cllglls.collCllaa-
By the duality (B,(X))* = By(X*) one has
£ 1B, (x+) = sup{] /1D)<f(2)79(5)>df1(2)| 29 € P(X), ll9llBax) = 1}

Therefore |||, x+) < Cll(;5) law-
Let us assume X* has Bergman cotype o’ and take f(z) = 300, z,2".
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For any (z}), such that ||(z})||se = 1, using (19), for any N € N we
have

N o
S a2 < 1 llsaoll Z(n + 1), 2 5
n=0
n+1
< CllfllBacol——27)la.e
< Cllfllsax
Now use
T, .
[yl _supﬂz a2, =1V €Ny,
to get that X has Bergman type a. -

Let 1 < p < 2. A Banach space X is said to have Fourier type p if there
exists a constant C such that

Z 1S @)Y < Ol fllwex) (20)

n=—oo

for all function f € LP(T, X).

It was first introduced by J. Peetre (see [32]). We refer the reader to the
survey [23] for a complete study and references about this property.

We just point out here the equivalent formulation:

There exists a constant C' > 0 such that for all (x,,) € ¢,(X) the function
f(t) =3 x,e™ belongs to L' (T, X) and

1w xy < Cll ()l (21)

It is not difficult to see that X has Fourier type p if and only if X* does
have it. The main examples are L"(u) for any p < r < p’ or interpolation
spaces between any Banach space Xy and any Hilbert space X, [Xo, Xi]s
where 1/p=1—6/2.

Theorem 4.12 Let1 < p < 2. If X has Fourier type p then X has Bergman
type p and Bergman cotype p'.

18



ProoF: Using ( 10) we have

. 20 7 v np'\p/
S (X W s [ (3 sy ar
k=1 nely n=1

Since X has Fourier type p

<L (S el ar < o [ agrn

p'p

|5

To get that X has Bergman cotype p/, one can either use the dual formu-
lation of Bergman type of X* or repeat the previous argument using now

o0 n; 1/
My(f,r) < C(252 lanlrme) ™" -

Corollary 4.13 Let Xy be a complex Banach space, X, be a Hilbert space
and let 0 < 0 < 1. Then [Xo, X1]o has Bergman type p = 55 adn Bergbman
cotype p = =

In particular, for any o-finite measure p we have LP(p) has Bergman type
min{p, p'} and Bergman cotype max{p,p'}.

5 Vector-valued multipliers on vector-valued
Bergman spaces

Theorem 5.1 Let X andY two complex Banach spaces. A sequence (T,,) €
(B1(X), 61(Y)) if and only if the sequence (nT,,) defines a bounded operator
from X to £(1,00,Y).

PRrROOF: Assume that (7,,) € (B1(X),¢1(Y)). In particular (7,(z)) €

(B1,6,(Y)) for all z € X . Now for each z € D we define K,(w) = m

Since || K, ||, =~ the assumption implies that

1
1=[z]’

o0

> (ITu(@)ll]=" < 5

n=0

— ||

for each z € D and ||z|| < 1. Invoking now ( 8) one gets that (n||T,(x)||) €
0(1,00,Y), or equivalently x — (nT,(x)) is a bounded operator from X into
((1,00,Y).

19



Let us assume now, that

sup sup Y n||T,(z)]| = A < cc.

llzl|<1 k20 pep,

Then, if f(z) = >"_, ,2", using Theorem 4.4 one gets

i)HTn(xn)H = Z > ITu( Tl nH A

k=0 nel,
S z ||n]|
k=0 nely n

< sp 5 nlIT 3 e, V22
k> ne] H nH

< ACS supney, Nl ”||)<A\|f\|31<x> .
k=0

Theorem 5.2 Let 1 < p < 2 and let X be a complex Banach space. The
following statements are equivalent:

(i) X has Bergman type p.

(ii) For any other Banach space Y,

{(T0) - (0'PT,) € Up. 1, L(X,Y))} C (Bp(X), L(Y)).

PROOF: Let us assume X has Bergman type p. Now (ii) follows from
the embedding B,(X) C {(z,) : (n"YPz,) € £(p/,p, X)}.

Assume (ii) for Y = C. Then any () such that ||(n*/Px})||,, < 0o gives
a multiplier in (B,(X), ;) . Therefore there exists C' > 0 such that

Z 2y, 2)| < ClIflls,c0ll(n"Pa) | p

for any f(z) = Y00 g xn2™.
From duality now one gets ||(n ™7z, < C||f|I5,(x)- .

Theorem 5.3 Let 2 < g < oo and let X be a complex Banach space of
Bergman cotype q. Then for any other Banach space Y,

(By(X), 6(Y)) € {(Tn) : (n'/9T,) € €(q, ¢, L(X,Y))}.
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PROOF: The assumption means that {(z,) : (-1%;) € €(¢, ¢, X)} C By(X).
Therefore (T,,) € (B,(X),(Y)) gives (n'/9T,) € (¢(¢',q,X),¢:(Y)). Using

now that ||T,| =~ || T.(z)|| for some ||z! || = 1 we get

1N Tl g = (0N T (@) Dl = D2 1T (0P A0z, )

for some (\,) € I(¢, q) of norm 1. Taking x,, = n'/9\,2/, for n € N we have
n~Yz, € I(¢,q, X) with norm bounded by a constant. This finishes the
proof. .

Recall the well known notion of Rademacher type (see [31]).
For 1 < p < 2 a Banach space X is said to have Rademacher type p if
there exists a constant C' such that

1 n n
LI @@t < O fles 1)
j=1 7j=1

for any finite family xi,zs,...2, of vectors in X where r; stand for the
Rademacher functions on [0, 1].
It is known and easy to see that Fourier type p implies Rademacher type

p.

Theorem 5.4 Let 1 < p <oo, 1 <a<2, and let X be a complexr Banach
space of Rademacher type a and Y be any Banach space. Then

(By(X), (1Y) € {(T) : (n'/PT,) € £(d,p', L(X, Y )}

PROOF: Let T:B,(X) — £,(Y) the bounded linear operator defined
by (T3,) as a multiplier, i.e. Tf = (Tpa,) for every X-valued polynomial
f(z) =0l wnz™

For any t € [0, 1], let f; the polynomial given by fi(2) = > 02, rn(t)x,2",
where (r,,) is the sequence of Rademacher functions.

It’s clear that |Tf,|| = ||Tf]| for every ¢, and then

~ 1 ~ 1
I Tl = ITAR = [ Il < TN [ 16, 0 dt

—||T||p /1 /7r /1 I ir (t)z r”emngdtder
2 Jo J-xJo T
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Since X is of type a, we have for every 6 that

1 > . [ee)
LIS ralanrme™ Pdt < O aallrye,
0 n—0

n=0

and integrating this in [—7, 7] we get
~ 1 >
(T[T < CHTHP/O (X llallrme)” “dr.
n=0
Now (9) yields

a,.n a Ln /a
1(Th) \p<0/ ZHan Y r<CZ(Z“na/'l )"

nely

which gives ||(Thz,)| < CH l/p ‘ fapX)’

We have thus shown that (n'/?T,) € ({(a,p,X),¢*(Y)), and a simple
argument as above this gives (n'/?T,,) € £(a’,p', L(X,Y)). .

Theorems 5.2 and 5.4 give a characterization of the multipliers from
By (D, X)) to £1(Y) whenever X is a Hilbert space.

Corollary 5.5 Let X be a Hilbert space. Then (T,,) € (B2(X),¢1(Y)) if and
only if the sequence (\/n||T,||) € lo.
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