Vector-valued functions integrable with respect to
bilinear maps.

O. Blasco De La Cruz J.M. Calabuig Rodrguez
Oscar.Blasco@uv.es jmcalabu@mat.upv.es
Department of Mathematics Department of Applied Mathematics
Universitat de Valencia Universitat Politecnica de Valencia
Burjassot 46100 (Valencia), Spain Valencia 46022, Spain

June 10, 2007

Abstract

Let (Q,%, 1) be a o—finite measure space, 1 < p < 0o, X be a Banach space X and B : X XY —
Z be a bounded bilinear map. We say that an X-valued function f is p—integrable with respect
to B whenever sup{ [, [|B(f(w),y)|Pdu : ||yl = 1} is finite. We identify the spaces of functions
integrable with respect to the bilinear maps arising from Hélder’s and Young’s inequalities. We apply
the theory to give conditions on X -valued kernels for the boundedness of integral operators Ty (f)(w) =
Jor B(k(w,w"), f(w"))dp'(w") from LP(Y) into LP(Z), extending the results known in the operator-
valued case, corresponding to B : L(X,Y) x X — Y given by B(T,z) = Tx.

1 Introduction.

In this paper we shall consider spaces of X-valued functions which are integrable with respect to bilinear
maps, that is to say functions f satisfying the condition B(f,y) € L*(Z) for all y € Y for some bounded
bilinear map B : X x Y — Z. The motivation for our study comes from two different sources: On the
one hand, the recent paper by M. Girardi and L. Weiss [9], where conditions on operator-valued kernels
K :QxQ — L(X,Y) for the integral operator

Tie(F)w) = | K u!)(F () (w)
to be bounded from LP(X) to LP(Y') were given, and, on the other hand, the papers [2, 4, 5] where the
notion of convolution by means of bilinear maps was introduced and applied in different contexts.
Operator-valued multipliers and operator-valued singular integrals has been considered by different
authors. An introduction to the general theory and its applications can be found in [1, 8]. We shall deal
here with more general bilinear maps in our study and present a basic introduction to the spaces which
can be defined with this notion of integrability. These will allow, among other things, to get that the
conditions appearing on the kernels for the boundedness of integral operators can be understood as certain
integrability conditions with respect to the corresponding bilinear maps. This approach also shows that
between the class of Pettis integrable functions and the Bochner integrable ones, there are many others,
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corresponding to integrable with respect to other bilinear maps. These classes are the natural ones where
the results on convolution by means of bilinear maps obtained in [2, 4, 5] still hold true.

The paper is organized as follows: First we introduce the spaces, consider the basic properties on the
triples (Y, Z, B) formed by two Banach spaces Y and Z and a bounded bilinear map B : X xY — Z which
play some important role in the development of the theory and present the examples of natural triples
that naturally appear for any Banach space X. Next we identify the spaces of p—integrable functions
with respect to concrete examples of bilinear map arising from on Hélder’s and Young’s inequalities. The
last section concludes with the analogues of the results in [9] in our more general situation.

Throughout the paper 1 < p < oo, (Q,%, 1) stands for a o—finite complete measure space and X
denotes a Banach space over K (R or C). Recall that an X-valued function f : Q — X is said to be
strongly measurable if there exists a sequence of simple functions, (s,), C S(X), which converges to f
a.e. and to be weakly measurable if (f, 2*) is measurable for any 2* € X*. In the case of dual spaces X* a
function is called weak*-measurable if (x, f) is measurable for any z € X. We denote by LO(X), LY | (X)

weak

and Lgveak* (X*) the spaces of strongly, weakly measurable and weak*-measurable functions. We write
LP(X), LP ., (X) and LY . (X*) for the space of functions in L(X), LY ., (X) and LY _,.(X*) such

that || f]| € LP(w), (f,z*) € LP(u) for * € X* and (z, f) € L?(p) for x € X respectively. Finally we use
the notation PP(X) for the space of Pettis p—integrable functions PP(X) = LF | (X)NL(X).

weak

2 Integrability with respect to bilinear maps.

Definition 1 Let Y and Z be Banach spaces and let B : X XY — Z be a bounded bilinear map. We say
that f : Q — X is (Y, Z,B)-measurable if B(f,y) € LO(Z) for any y € Y. We shall denote the class of
such functions by L (X).

Given a Banach space X there are many standard ways to find triples Y, Z and B where B : X XY — Z
becomes a bounded bilinear map.
The basic ones are:

Bx=B:XxK-—X, B(z,\) = Az (1)
Dx=D: X x X" =K, D(z,x™) = (x,z"). (2)
Note that L%(X) = L°(X) and LY (X) = LY ., (X).
Natural generalizations of (1) and (2) are the following: For any other Banach space Y one has
Ty : X xY — X®Y, my(z,y) =2z ®y. (3)
Oy : X xL(X,Y) =Y, Oy(xT)=T(). (4)
In the case of dual spaces X* we have also
Dix=D1: X"xX —K, Di(z*,x) = (z,z*). (5)
Note that LY, (X*) =L .. (X).

Observe that (5) is a particular case of X = L(Y, Z), which plays an important role in what follows. In
this case we denote by
Oyz : L(Y,Z) xY — Z, Oy,z(T,y) =T(y). (6)

If X =L(E, E) one can also consider,
Cp:L(E,E) x L(E,E) - L(E,E),  Cg(T,S)=TS. (7)
Actually (7) is just the product on a Banach algebra A:
Pr:Ax A— A, Pr(a,b) = ab. (8)



Given a bounded bilinear map B : X X Y — Z, we can define the “adjoint” B* : X x Z* — Y™ by the
formula
(y, B*(z,2")) = (B(z,y), 2%, for every z € X, y €Y and 2" € X™.

Note that B
B* = D, (ﬂ'y)* = Oy* and (Oy’z)*(T, Z*) = Oz*’y* (T*,Z*)

Definition 2 We write L5, (X) for the space of functions f in LY (X) such that
1f1lez ) = sup{lIB(f, 9)llLe(z) : lyll = 1} < oo.
Clearly for f,g € L1, (X) and A € K we have that
(D) f +9gller xy < N fllen x) + lgller x)
(2) IMfllen ) = ML lez, (x)
(3) If £ = 0 then || f]lcs cx) = 0,

but in general the ||f||L%(X) = 0 does not imply f = 0 a.e. (It suffices to take B such that there exists
x # 0 for which B(z,y) =0 for all y € Y, and select f = z1g).
Observe that L?(X) C L% (X) for any bounded bilinear map B. Also one has

Li(X) =LP(X), Lp(X) = Lica(X), Lp, (X7) =L

weak weaks

().

Remark 1 Observe that simple functions, say s = Y ,_, xxla,, x € X,and pairwise disjoint sets Ay,
belong to LY (X). Actually

n
1
Isllzz, x) = sup{ (O 1Bk, »)[IP1(AR)) 7+ [lyll = 13
k=1
A simple duality argument gives
n i} i} N n i
Isll ez, x) = sup{ll Y B* (w2 Ax) 7 || = Q=7 l17) 7 = 1}
k=1 k=1

Definition 3 A function f € L5 (X) is said to belong to LY (X) if there exists a sequence of simple
functions (sp)n € S(X) such that

(1) (Sn)n converges to f a.e.,
(2) (sn)n converges to f in the norm | - || gz (x)-

For f € L (X) we write [ flle (x) instead of || fllzz (x)- Clearly one has that
1fllLg x) = lim flsallLs x)-

Remark 2 Let Q = [0,1] with the Lebesque measure. Let f = Z;il 2Fxi 1y, where T, € X and I =
(27k,27F+1] for k € N. It is elementary to see that

f e L% (X) if and only if sup Z |B(xk, y)||P < oo.
lyll=1 k=1

From this it follows that if imy oo sup|y =1 Ypen |B(zk, ) |IP = 0 then f € LE(X).



Remark 3 Observe that LP(X) C L (X) for any B and L(X) = LE(X) = LP(X).
Also LI (X) = PP(X) (see [10], page 54 for the case p = 1), which shows that L (X) C L5 (X) (see [6]
page 53, for the case B =1D).

As expected the bilinear map B defines the smallest space in the scale {L!; (X) : B bilinear and bounded }.
One might expect the space of Pettis p-integrable functions, L%, (X), to be the biggest in the scale. We
shall now see that the inclusion L, (X) C PP(X) holds true only among certain class of bilinear maps.
Given z € X and y € Y we shall be denoting by B, € L(Y, Z) and BY € L(X, Z) the corresponding
linear operators
Ba(y) = B(z,y) and BY(z) = B(z,y).

Definition 4 Let Y and Z be Banach spaces and B : X XY — Z be a bounded bilinear map. We shall
say that the triple (Y, Z,B) is admissible for X if the map x — B, is injective from X — L(Y,Z), i.e.
B(x,y) =0 for ally € Y implies x = 0.

Notice that if (Y, Z, B) is admissible for X if and only if (Z*, Y™, B*) is.

It is elementary to see that examples in (1)-(7) are admissible triples. In the example (8) the admis-
sibility condition becomes “no zero divisors” and holds true for Banach algebras with identity or with
bounded approximation of the identity.

Definition 5 Let Y and Z be Banach spaces and let B : X XY — Z be a bounded bilinear map. X is
said to be (Y, Z,B)-normed (or normed by B) if there exists C > 0 such that for all x € X

2]l < C|Ba]|.

This simply means X can be understood as a subspace of L(Y,Z) and that |z| = ||Bz| defines an
equivalent norm on X.

Remark 4 Observe that
(i) If X is (Y, Z, B)-normed then (Y, Z,B) is an admissible triple.
(i1) X is (Y, Z,B)-normed if and only if it is (Z*,Y*, B*)-normed.
Remark 5 Let X be (Y, Z,B)-normed and f € LY (X). If we consider the function
FiQ=LY,2),  f(w)=Bsuw.
then f belongs to Lo, ,(L(Y, Z)). Moreover

”f”L%Y.Z(L(Y,Z)) = ||fHL’;3 (X)-

Proposition 1 Let X,Y and Z be Banach spaces and let B : X x Y — Z be a bounded bilinear map.
The following are equivalent:

(1) X is (Y, Z, B)-normed.

(2) There exists a constant k > 0 such that for each z* € X* there exists a functional .- € L(Y, Z)*
verifying || «|| < k|lz*| and

(x,2") = @p+ (B,) for all x € X.



PROOF. Assume that X is (Y, Z, B)-normed and denote by X = {B, : # € X} C L(Y, Z). By assumption
X is a closed subspace of L(Y, Z). Given z* € X* the map B, — (z,z*) defines bounded functional in
(X)*. Now, by the Hahn-Banach theorem there is an extension ¢+ to (L(Y, Z))* such that |- || = ||z*]|.
The converse is immediate.
U

Of course, given a Banach space X there are many triples (Y, Z, B) for which X is (Y, Z, B)-normed.
In particular the ones considered in the examples (1)-(7).

However it is also easy to produce examples of admissible triples which are not (Y, Z, B)-normed:

Example 1 Let X =0, for1<p<2,Y =405, Z =10 and B : {,, x {y — {1 given by

B((an)nv (Brn)n) = (anﬁn)n-
Then ¢, is not (Y, Z, B)-normed.

Theorem 1 Let X,Y and Z be Banach spaces and let B : X x Y — Z be a bounded bilinear map. The
following are equivalent:

(1) X is (Y, Z,B)-normed.
(2) The inclusion i: L (X) — PP(X) is continuous for all 1 < p < oo.
(3) The inclusion i: L (X) — PP(X) is continuous for some 1 < p < 0.

Proor.
(1)=(2) Let 1 <p<ocandlet s=3,_, x,1la, €S(X). Using that X is (Y, Z, B)-normed there exists
a constant C' > 0 such that ||z|| < C||B,|| for all z € X. Let us write

- * 1 *
Isllpecxy = sup{>_ [(wk, 2*)[Pu(AR))> : [la*] = 1}
k=1
S 1 * *
= sup{|O_ wrp(Ap) P ar, %) : |2*]| = 1, |all,, =1}
k=1
< sup{[| Y wep(Ae) T arllla*]| < la*] =1, el =1}
k=1
< CswplIBg, o e llal, = 1)
he1 Tep(AR) P ag P
" 1
= Csup{||BO_ arzrp(Ae)7, )|« lelle, =1, [ly| =1}
k=1
< Csup{>_ |B(arp(Ar) 7, 9) o] : lalle, =1, ]yl =1}
k=1
= C||3HL§;(X)~

Now if we take a function f € L! (X) then there exists (s,), € S(X) convergent to f a.e and in the



norm || - [[Lz (x). Since (|(sy,2)[P)n converges to (|(f,2*)[?) a.e. , Fatou’s Lemma implies that

1o xy = SUP{/ li (s, (w), %) [Pdp - [Ja™[| = 1}
Q
< sup{liminf/ [{(sn(w),*)|Pdu : ||z*] = 1}
" Q

< liminf||sn||];3p(x)

P »
< C hmnlnf||sn||L%(X)
<

P p
712y ).

(2)=-(3) Obvious.
(3)=(1) Assume (3), fix x € X and consider the simple function

fz: Q@ — X
w o zp(Q) 77 1g(w)

Since || fz | pr(x) = 2| and || fo Lz, (x) = [|Bzl| one gets (1).
O

Proposition 2 Let X be a (Y, Z, B)-normed space and f € Li(X). For each E € ¥ there exists a
unique zg € X such that for any y € Y

B(en,y) = [E B(f(w), y)dp.

The value zg = (B) fE fdu is called the B-integral of f over E.

PROOF. Note that the uniqueness follows from the bilinearity of B and the admissibility of the triple.
To show the existence, observe that if f € L*(X) then xx can be taken the Bochner integral of f over
E, [, fdp, using that BY € L(X, Z) and BY(xg) = [, BY(f)du for any y € Y.

Now, if f € LL(X) and (s,), is the sequence of simple functions of the definition then we have

for E € ¥ and y € Y where z,, 5 = [}, spdp.
The fact that X is (Y, Z, B)-normed implies that there exists lim, z,, g € X, say . Indeed,

Csup{[|Be, s—om.= @ : lyll =1}
Csupl[|B(sn — sm,Y)llLi(z) : llyll = 1}
Cllsn _smHL}B(X)-

|Zn,E — Zm, Bl

INIACIA

Finally we have fE B(f(w),y)dp = limy, B(xn, g,y) = B(lim, x5, y) = B(zg,y).

Remark 6 If X be (Y, Z, B)-normed space and f € LL(X) then

op = 8) [ fin=(P) [ sau

for any E € ¥ where (P) [, fdu(w) stands for the Pettis integral over E.



We now will see more concrete examples of spaces and bilinear maps where the theory can give nice
applications.

Example 2 (Holder’s bilinear map) Let (Q1,7n) be a o-finite measure space, let 1 < py,pa,ps < 00

and ~ =L + L and consider
p3 p1 P2

Hpypy : L2 () x L2 () — L7 (), (f,9) = fg.

It is clear that LP*(n) is (LP?(n), L?*(n), Hp, p, )-normed.

In particular for 1 = N with the counting measure, one has for p = ps:
Proposition 3 Let 1 < p; < 00, 1 < py < o0, p% = p% + p% and Hp, p, * lpy X bpy, — by, If
f=(fn) € Lf,’fpbw (€p,) then

ey ey = Nl

PROOF. Note that

||f||U;jp1 (y,)

»P2

sup{( | 10F0)80)0 2,407 < 1(8)ul,, = 1}

sup{(Y (1 falluss o Bal)?)7 < 1(Bn)nlle,, = 1}

n=1

11 fnllLes Inlle,, = 11Cfn)nlle,, wrs w)

O

Example 3 (Young’s bilinear map) Let G be locally compact abelian group, 1 < p1,ps < 0o and

1/p1+1/pa > 1. Let 1 < p3 < oo with p% = p% + p% — 1 and consider

Vprps : LPHG) X LP2(G) = L7*(G),  (f,9) = f*g.
Proposition 4
(1) LP(R) is (L*(R),LP(R), Vp1)-normed for any 1 < p < cc.
(2) (L%(R),L%(R),Y;2) is an admissible triple for L*(R) but L*(R) is not (L*(R),L%*(R), )1 2)-

normed.

Proor.
(1) Since L!(R) has a bounded approximation of the identity then

1£llp = sup{llf + gllp : llglls = 1} = sup{[[Vp,1 (£, 9)lp : llgll = 1}.
(2) Note that

sup{[|f * gll2 : lglle = 1} = sup{V1.2(f,9)p : lglla = 1} = | flloo

which is not equivalent to || f||1.
O
In particular for G = R with the Lebesgue measure, the norm in the spaces Lg,pl (LP1) can be easily

P2
described in some cases.

Proposition 5 Let 1 < p; < 0.



(1) &5, (L7 () = LP(L7 (B)) for any 1 < p < oo.
Moreover Hf”L’;pl L LP(R)) = ||f||LP(LP1 (R))-
(2) If f € L°(LY(R)) then
R 1
1Fllez, i) = igg(/ﬂ | fur()Pdps) 2.

Proor.
(1) Assume f € Lg}yl,l (LP*(R)) then, Proposition 4 and Theorem 1 give that f is weakly measurable

and, due to the separability of LP!(R), we conclude that f € LO(LP*(R)). Assuming that f: Q — LP!(R)
is given by w + f,, and taking a bounded approximation of the identity in L!(R), say g,, one has

1
lrwney = (f 1ullin ede)?
- (/Q || fou 5 gnllgor gy 1)

1
< sup{( [ 1 <8l oy < Dl = 1}

= ||f||u;p111(Lm ®R))

T =

The other inclusion and inequality of norms are always true.
(2) Now if f € LO(LY(R)) then f : Q — LY(R) given by w + f,, and we have (using Plancherel’s
identity and Fubini’s theorem) that

I£lles, armn = sup{C Mo alaman? ol = 1)
— sl Hmllizm)du)% Mol = 1}
= s{([ [ Fo@i@Pdedi? = Gl = 1)
= sul([ ([ [Fa@PawlgaPin)? : Gl =1)
= sul([ ([ [Fa@Paw) @)l Pl = 1)
= sup( [ Ifu(o)dn?

z€eR

3 Integral operators by means of bilinear maps.

Throughout this section (2, X, du(w)) and (@', ¥/, du’(w')) are o-finite complete measure spaces, X is a
Banach space and k : Q x Q' — X belong to L% (€2 x ', X) for some admissible triple (Y, Z, B) for X.
Our objective is to study the boundedness of the integral operator associated to B given by

TE: LP(Q)Y) — LPQ,Z)

g TR = [ Bk (w)



As usual, denote by
X k= k(,w'): Q
(w,w") w

kw = k(w,-):
w/

X

— —
s —  k(w,w).

We also write K(w) = ky, and K'(w') = k.
We now introduce similar conditions to the ones appearing in [9] in our more general setting.

Definition 6 We say that k : Q x ' — X satisfies the condition (CF) if
(1) ky € LY(Y, X) a.e. in 2, and
(2) for eachy €Y and E € ¥/ the function
TEy.B): Q — Z
woe [ Bk ) ) ()
E
belongs to LO(Q, Z) .
Remark 7 Given k: Q x Q' — X one can define
kg : Q' xQ— LY, Z), given by ke(w',w)=B(k(w,w),).

It is easy to see that if k verifies condition (CF) then ks verifies the condition (Cyo) in [9]. Therefore our
conditions are stronger than those appearing by Girardi and Weis, however the conditions can be easily

formulated in terms of the new spaces
In particular if X € LO(Q,LL (Y, X)) then the operator

TE: S(Y) — L%V,2)
g TP = [ Bk () (w)
is well defined.

To study the boundedness of the operator from LP(£,Y) to LP(Q, Z) some extra conditions are
needed. We consider the following definition (see [9] for the case p = 1)

Definition 7 Let 1 < p < co. We say that k : Q x Q' — X satisfies (Cf) if
(1) k" € L (Q,X) a.e. in (Y,
(2) w — ||kw/HL% (@,x) belongs to Lp/(Q').

Remark 8 If X' € LY (0,12 (Q, X)) then k satisfies (cP).

Proposition 6 Let 1 <p<ocand B: X xY — Z be a bounded bilinear map. If K : Q x Q' — X is a
kernel satisfying (CZ) and (Cf) then the integral operator

TP S(Q.Y) — LP(Q,2)
g TR = [ Blhens) )i ()

can be continuously extended to LP(Q,Y).



PROOF. Let g = > _, yxlp, and T2 (g = Jo B( ,g(w"))dp' (w'). Using Minkowski’s inequal-
ity one gets Therefore

([ @ Pdute)s < [ ([ 1B, o) Pduw) i )
1 g ol )
([ My g0 Ny

Now extend by the density of the simple functions on LP(€,Y). O
Recall that B* denotes the adjoint B* : X x Z* — Y™ given by (y, B*(x, z*)) = (B(z,y),2*). We
write k : Q' x Q — X for the map k(w',w) = k(w,w’).

IA

IA

Proposition 7 Let B : X x Y — Z bounded bilinear map. If k : Q x Q' — X satisfies (C7’) and k
satisfies (CT") then the integral operator

TE: S()Y) — L*®(Q,2)
g o TR = [ Blklwe) g ()

L (2,Y)

can be continuously extended to S(Q,Y) with norm bounded by CF".

PRrROOF. Take g € S(©,Y). The condition (C}) provides the measurability of the function T2 (g) : Q —
Z. Then, for those w € Q for which k,, € L& (£, X), we have that

2@ @ = sl [ (Blk(w.u).gw)). =l ()] 7] = 1)
= supl] | o). B (kw,w), =i ()] 5 2] = 1)

”g”Lx(Q/,Y)”kw”L}B* (@)

IN

Hence ||T]€3(g)||Lx(Q/7y) S C'lB*HgHLOO(Q’,Y)' D
The boundedness of the operator in the case 1 < p < oo can also be deduced now of the previous
propositions by means of interpolation.

Lemma 1 (see [9], page 198).Let 1 < p < oo and let T : S(Q,Y) — L1(Q, Z) + L>(2, Z) be a linear
map and there exist c1,co > 0 such that

1T ()L v) < cillgllir @,y and 17(9) L (ry) < CoollgllLee (o, v)

for all g € S(€,Y). Then there exists a linear extension 7" : L?(Q,Y) — LP(Q, Z) with norm bounded

1
by ¢f cZ.
Theorem 2 Let 1 < p < o0, let B: X xY — Z be a bounded bilinear map. If k: Q@ x Q' — X is a
kernel satisfying (CZ), k satisfies (CT) and k satisfies (CF") then the integral operator

TE: S()Y) — L*®(Q,2)
g TR = [ Bk g ()

1
o7

can be continuously extended to T2 : LP(Q,Y) — LP((2, Z) with norm bounded by (CB)% (CP")»

10



We finish this section mentioning some results about the extension of the operator to L>(Y")) whose
proofs can be obtained from the obvious modifications in the operator-valued case (see [9] ).

Theorem 3 Let B: X x Y — Z be a bounded bilinear map. If k : Q x ' — X satisfies (CF) and k
satisfies (CT") then the integral operator

TE: S(Y) — L>(Q2)

g = TP (9)w) = Q/B(k(w,w’)vg(w’))du’(w’)

can be continuously extended to SP : L>=(Q,Y) — L%, (), Z**) given by

weak*

(=", SE (9) (w)) =/ (B(k(w,w'), g(w")), 2" )dp' (w)

’

for each z* € Z*, w € Q and g € L>°(Q',Y) with norm bounded by C$".

Theorem 4 Let B : X xY — Z be a bounded bilinear map. Assume that & : Q2 x Q' — X satisfies (CZ)

and k satisfies (CP") and that Z does not contain a copy of ¢y. Then T2 has a continuous extension to
T2 L=(,Y) — L®(Q, Z).
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