OPERATOR VALUED BMO AND COMMUTATORS.

OSCAR BLASCO

ABSTRACT. If E is a Banach space, b € BMO(R",L(FE)) and T is a L(E)-
valued Calderén-Zygmund type operator with operator-valued kernel k, we
show the boundedness of the commutator Ty (f) = bT'(f)—T(bf) on LP(R", E)
for 1 < p < oo whenever b and k verify some commuting properties. Some
endpoint estimates are also provided.

1. INTRODUCTION AND NOTATION

We shall work on R™ endowed with the Lebesgue measure dx and use the notation
|A| = [, dz. Given a Banach space (X, | - |[) and 1 < p < oo we shall denote by
LP(R™, X) the space of Bochner p-integrable functions endowed with the norm
[flze@®e,x) = (fgn If(@)][Pdz)t/P, by L2°(R™, X) the closure of the compactly
supported functions in L>(R"™, X) and by Lyeqk,o(R™, X) the space of measurable
functions such that [{z € R™ : ||f(2)|| > A} < a()\) where a : Rt — RT is a
non increasing function. We write H!(R", X) for the Hardy space defined by X-
valued atoms, that is the space of integrable functions f =), Apair where \; € R,
>k |/\k| < oo and ay belong to L (R™, X), supp(ar) C Qf for some cube Qy,
fQ x)dz =0 and |la(z)| < \Q - We also write, for a positive function ¢ defined
on R+ BMO4(R™, X) for the space of locally integrable functions such that there
exists C > 0 such that for all cube @

1
i /Q If(z) — folldz < CH(IQI)

where fgo = |Q| fQ x)dz. For ¢(t) = 1 we denote the space BMO(R™, X) and
the above condition is equlvalent to

o (£.Q) = (i / 1£(@) — fallPde)/? < oo

for each (equivalently for all) 1 < p < co. The infimum of the constants satisfying
the above inequalities define the "norm” in the space.

Let us denote by f# and M (f) the sharp and the Hardy-Littlewood maximal
functions of f defined by

#l' = SuUup osc Il u Z.
(@) = swposer(.Q) and M(f)(w) = p|Q|/ 17(@)ld

We write M, (f) = M(||f]|2)'/ for 1 < ¢ < oo.
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It is well known that

(1) f*(2) ~ sup in ﬁ /Q 1£(z) - cqllde

zEQ CQ eX

and that f# € LP(R") implies that f € LP(R", X) for 1 < p < oco.
Recall also that M, maps LY(R", X) into Lyeqp,1/¢a and

(2) Mg : LP(R", X) — LP(R"™) is bounded for ¢ < p < oc.

Throughout the paper FE denotes a Banach space and L(FE) denotes the space of
bounded linear operators on E.

Definition 1.1. We shall say that T is a L(E)-Calderdn-Zygmund type operator
if the following properties are fulfilled:

(3) T:LP(R" E) — LP(R", E) is bounded for some 1 < p < 00,

there exists a locally integrable function k from R™ x R™ \ {(z,z)} into L(E) such
that

(4) Tf(z) = / Kz, y) f(y)dy

for every E-valued bounded and compactly supported function f and x ¢ supp f,
and there exists € > 0 such that

|z — o' |f
|z —y|mte’
Remark 1.2. It is well known (see [RRT]or [GR]) that in such a case T is bounded
on LYR™ E) for any 1 < g < co.

(5) 1k(z,y) — k(2" y)l < C |z —y| > 2Jx — 2]

Throughout the literature, after the result on commutators in [CRW], many
results appeared in connection with the boundedness of commutators of Calderén-
Zygmund type operators and multiplication by a function b given by T,(f) =
bT(f) —T(bf) on many different function spaces and on their weighted and vector-
valued versions (see [ST1, ST2, ST3, ST4, ST5]). Also endpoint estimates for the
commutator was a topic that attracted several people on different directions (see
[CP, HST, PP, P1, P2, PT1, PT2]).

We shall deal in this paper with the unweighted but operator-valued version of
the commutators and will give some results about its boundedness on LP(R™, E)
and produce some endpoint estimates.

The following result was shown by C. Segovia and J.L. Torrea (even with some
weights and two different Banach spaces).

Theorem 1.3. ([ST1, Theorem 1]) Let T' be an L(E)-valued Calderdn-Zygmund
type operator and let ¢ — ¢ be a correspondence from L(E) to L(E) such that

(6) IT(f)(x) = T(Cf)(x)
and
(7) k(x,y)l = Ck(z,y).

If b is an L(E)-valued function such that b and b belong to BMO(R™, L(E)) then

Ty(f) =0T (f) = T(bf)
is bounded from LP(R™, E) — LP(R™, E) for all 1 < p < oo.
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The endpoint estimates of that result were later studied by E. Harboure, C.
Segovia and J.L. Torrea (see Theorem A and Theorem 3.1 in [HST]) when b was
assumed to be scalar-valued. From their results one concludes that non-constant
scalar valued BM O functions do not define bounded commutators from L*°(R", E)
to BMO(R™, F') when kernel of the Calderén-Zygmund type operators are L(E, F)-
valued. Also it was shown that, in general, T} does not map H'(R", E) into
L'(R, F).

The aim of this note is to use the techniques developed in the papers [ST1, HST)
to get some extensions for operator-valued BM O-functions having some commuting
properties with the kernel. In particular we show that if ||k(z, y)|| < ¥(Jx —y|™) for
certain function v then the commutators of operator-valued BM O functions and
operator-valued Calderén-Zygmund operators map L°(R", E) into BMO4(R™, E)
for a function ¢ depending on . Also we shall see that the commutator is bounded
from H'(R™, F) into Liyeak,o(R™, E) for a suitable o defined from 1.

Throughout the paper b: R" — L(FE) is locally integrable and T is a Calderén-
Zygmund type operator defined on LP(R", FE) with a kernel k satisfying (3), (4)
and (5). We write

Tp(f)(x) = b(z)(T(f)(x)) = T(bf)(x)

where we understand the product bf as the E-valued function b(y)(f(y)).

As usual, we shall use the notation @ for a cube in R", zq for its center, £(Q)
for the side length, AQ for a cube centered at xg with side length A(Q) and
Q° =R™\ Q. Finally, as usual, C stands for a constant that may vary from line to
line.

2. THE RESULTS

We improve Theorem 1.3 by realizing that conditions (6) and (7) are not of
independent nature. Our basic assumptions throughout the paper are the following
ones:

(A1) b(z)k(2,y) = k(z,y)b(2), 7,9, 2 € R", x # .

(A2) boT (exa)(x) =T (bgexa)(z), z=€ Q,AC Q measurable ,e € E.
We would like to point out that (A1) produces the following cancelation property.

Lemma 2.1. Let b satisfy (A1), let Q, Q' be cubes in R™ and f1 and fo be compactly
supported E-valued with suppfi C Q' and suppfo C (Q')¢. Then

(8) boT(f2)(x) = T(bg f2)(z), z€Q'.

(9) bT(fi)(x) = T(bof1)(z), x€(Q)"

Proof. Let us show (8). Recall that if F € L*(R", X) and ® € L(X) for a given
Banach space then ®( [ F(z)dz) = [ ®F(x)dx. Hence, considering X = L(E) and
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O(T) =Tbg or (T) = boT one gets, for z € Q',

baT(R)@) = bol [ Ky

I
~—

bok(x,y) f2(y)dy
@)

= [, ar . vk
= [, Gy | e sy

= | el [ ded ey
(@) @l Jq
T(bq f2)(x)-
(9) follows similarly and it is left to the reader. |

The assumptions (A1) and (A2) hold true, for instance, in the following cases.

Example 2.2. Let T, S be operators in L(E) with ST = TS. Let b(z) = bo(z)T
and k(x,y) = ko(x,y)S for scalar valued functions by and k.
Hence our results will apply whenever either b or k are scalar-valued.

Example 2.3. Let E be a Banach space, by(x) € E* and let k(x,y) be scalar valued
function such that T is bounded on LP(R™,E). The case Ty, (f) = (bo, T(f)) —
T((bo, f)) follows from the operator-valued case by selecting e € E and b(z)(f) =

(bo(z), fle in L(E).

We state here the results of the paper. The first one is just a modification of a
similar result from [ST1] but stated here under slightly weaker assumptions.

Theorem 2.4. Let b € BMO(R™, L(E)) and let T be a Calderdn-Zygmund type
operator defined on LP(R™, E) where the kernel and b satisfy (A1) and (A2). Then
Ty is bounded on LP(R™, E) for any 1 < p < oo.

Next we analyze the endpoint estimates. We construct a function ¢ for the
commutator T} to be bounded from L°(R™, E) into BMO4(R™, L(E)).

Theorem 2.5. Let T be a Calderon-Zygmund type operator with operator-valued
kernel k and assume that

(10) HM%MH<MW—Mﬂw#y

for some ¢ : RT — RT such that [ (u)du = ¢(s) < oo for all s> 0.
Ifb € BMO(R", L(E)) satisfies (Al) and that Ty, is bounded on some LP(R™, E)
then Ty, is bounded from LZ°(R™, E) into BMO;114(R™, E).

We also discover a the function « such that the commutator of a function b
in BMO(R™, L(E)) with a a Calderén-Zygmund type operator Tj maps the space
HY(R"™, E) into Lyeak.o(Rn, E).

Theorem 2.6. Let T be a Calderon-Zygmund type operator with operator-valued
kernel k. Assume that

(11) [E(z, )l <~z —yl"), =#vy
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or some decreasing function v : RT — Rt and
J g v

ly—y'I°

12 k(z,y) — k(z,y)|| < 2 —L L
(12) k(z,y) — k(z,y")|| P

|z —y| > 2|y — /|

Ifb € BMO(R™, L(FE)) satisfies (A1l )and Ty is bounded on some LP(R™, E) then
Ty is bounded from H*(R™, E) into L}y o(R™, E) for a(\) = Y 1Bl 3 aroN) -

As corollaries of these results one obtains the following applications.

Corollary 2.7. (see [ST1]) Let H be the Hilbert transform

fly)
r—y

(7)) =po. [ 2 ay,
and E be a UMD space (see [GR]). If b€ BMO(R, L(E)) then
(i) H, maps LP(R, E) to LP(R, E) for 1 < p < oo and
(ii) Hy maps H*(R, E) to Lyear,1/t(R, E).

Although our results are stated in R, similar ones work in T. In this case we can
obtain

Corollary 2.8. (see [HST]) Let H be the conjugate function in the torus

H(f)(z) :p.v.%/cot(

€T —

2

Y\ f(y)dy, o € [, 7]

and E be a UMD space. If b € BMO(R, L(E)) then
(i) Hy, maps LP(T, E) to LP(T, E) for 1 < p < oo,
(ii) Hy maps H' (T, E) to Lyear,1 (T, E) and
(ii) Hy maps L*°(T, E) to BMO)5g¢-1(T, E).

3. PROOF OF THE RESULTS

Let us start by showing some consequences from (A1) and (A2).

Lemma 3.1. Let b satisfy (A1) and (A2), let Q be cube in R™ and f be simple
E-valued. Then

(13) bQT(f)(x) =T(bof)(z)z € Q.
Proof. Take f1 = fxg and fo = f— f1. Using Lemma 2.1 one obtains bgT'(f2)xo =
T'(bg f2)xq and (A2) shows that boT(f1)xo = T'(bof1)Xxq- |

The following useful lemma is essentially included in [HST].

Lemma 3.2. let Q be a cube, denote Q; = 29Q and let f be compactly supported
E-valued with suppf C (2Q)¢. Then there exists C > 0 such that

o0

/ |$_x/|€ 27 /
(1) (@) = TAHEN = = ) ) Jo, 1f W)lidy, =, 2" € Q.

Jj=2
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Proof. Using (4) and (5) one has

IT(f)(=) = T(HE < /(2Q)cIk(w,y)—k(w’,y)llllf(y)ldy

/ If @)l
< Clz—u E/( clz— |n+sdy
< duar S| U@,
Z Q41—Q; |x—y|"+5
<

quszg e [ 1wy

|£L’—(E‘ —je
C———— JE_— dy.
< Oy 22 a1, 15wl

Proof of Theorem 2.4

Let f be a simple E-valued function. Let @ be a cube, fi = fxa2¢g and fo = f—fi.

Put g = T((bg — b)f2)(xq).
For each x € @Q one has, applying Lemma 3.1,

be —CQ = Zdl

where

o1(x) = (b—bg)Tf(),
az(x) = T((bg — b) f1)(x)

and
o3(x) = T((bg — b)f2)(x) = T((bg — b) f2)(xq)-
Observe that for 1 < ¢ < oo and 1/g+ 1/¢' =1 we can write

i o1(x)||ldx < osc, i 2)||9dz) /e
|Q|/Q|| J(2)d < q<b,Q><|Q|/Q||Tf< )|9dz) e,

For any ¢ > ¢; > 1 one can use Remark 1.2, for 1/r + 1/qg = 1/¢1, to obtain

i L _ q1 1/q1
g /Q Ina@)lds < (o /Q IT(bo — b) 1 ()| da)
1
< ClT pirar(mn — b—b @ g/
< CITNewne (g /Q (b = bo) 1 ()] da)
<

1
CIT cqum e yose () 5 /Q 1 ()| %de) V4.
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Using Lemma 3.2, and taking into account that ||bg — bag|| < Coscy, (b,2Q), we
also can estimate

los@) < ¢S 27— [ |[(b(y) — bo) F(w)lldy
’ Jz:; |Qj|/Qj @
= —je L _ q 1/q' L q.4,\1/a
< 022 <|Qj|/Qj||b<y> boll? dy) <|Qj|/% £ ()] 9dy)
[eS) 4 J 1
< O3 25 (> osey (0, Q) ([ £ ()] dy)
jz:; kzzz * |Qj|/<,2j
< ool | ||f<y>||Qdy>1/Q(i2J‘E(iosm(b )
T 22 104l Jg, = o
<

1 .
Cllb su —/ Iy)t/a j277¢,
[ ”BMO]»ZE(|Qj| o 1f()l|*dy) Ej:]

Hence, combining the previous estimates, one obtains

Ty(f)*(2) < Clbllsao (Mo(Tf)(@) + My(£)(2)).

Now, for a given 1 < p < oo, select 1 < ¢ < p and apply (2), which, com-
bined with the boundedness of T' on LP(R", E), shows that ||T,(f)#|/rr®s) <
C||fllz»®»,E)- Now use the vector-valued analogue of Fefferman-Stein’s result (see
[FS, RRTD to obtain that HTb(f)||Lp(Rn7E) S C”f”Lp(]Rn’E). |

Proof of Theorem 2.5

As in the previous theorem, let f be a simple E-valued function. Let @ be a

cube, f1 = fx20, fo = f— fi1 and cg = T((bg — b) f2)(xq) Now, using Lemma 2.1,
we write

Ty f (x) = Ty (f1)(z) + (b(x) — bQ)T(f2)(x) + T((bg — b) f2)().
Denote now

o1(x) = Tp(f1) (@),
o2(z) = (b(z) — bq)T'(f2)(x),

o3(x) = T((bg — ) .f2)(z) = T((bg — b) f2)(x¢q)-

Hence T, f —cg = E?Zl 0;. Note that the boundedness of T, on LP(R™, F) gives

1 1
1@l /Q ol = Cllean (g /ZQ | £(@)Pda) P < CI| 1.
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On the other hand

1 1

o . Il < @ [ vl [ ks
< oG / 1b(z) — ball( / e =) s
< Cllfl\oo@ /Q 1b(z) — bell( /lww)wuuw)du)dx
<

1 o n— n
Cll iy [ Ib6e) = bollda)( [ s tuirm)dr)
1Ql Jq ¢Q)
< Clfllbllmvol | vt
QI
Finally Lemma 3.2 gives immediately
1
7 [ llos(@)]ldz < Cllbllsaoll flso-
QI Jo
This allows us to conclude the estimate
1
M/Q 1Ty f () — cqllde < C flloo (1 + o(|Q])).

This shows that T, maps L2 (R", E) into BMO144(R", E). |
Proof of Theorem 2.6

Let a be an E-valued atom supported on ). Using Lemma 2.1 we can write

Tya(z) = x20(2)Ty(a)(2) + X (2q) () (b(z) —bo)T(a)(x) + X(2@)« () T'((bg —b)a) ().
Denote now

o1(z) = x20(2)Tp(a)(z),
02(7) = X(2Q)c () (b(x) — bg)T'(a)(x),

o3(z) = X(QQ)C(x)T((bQ —b)a)(z).

Now, using the boundedness of T, on L?(R", E),

/ lov(@)ldz < CIQIVY 1 Ty(a)]| o (zn )

IN

1
C||Tb||L(LP)|Q(|Q/Q||a($)|pdff)1/p
Cl Tyl £(zr)-

A
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Also we have

[ et < [ vl | K vat)dulaz
R™ (2Q
< [ lbte) = ball [ (k(aw) ~ bw.z0)aly)dyldz
(2Q)¢ Q
ly —zql°
< C b(x) —b ———||a(y)||dy)dx
* Ly o) —bal( | (i llawldy
[16(z) — boll
< T da)dy
IQI o, /QQy oo
<

|Q| / ZE Qj ynte / 0,051 lb(x) — bg||dx)dy

J

1
< o e [ 1) - valldn) < Clblsaro
= Q51 Jo,
Now decompose 03 = 03,1 + 03,2 Where

03.1(%) = X(2q) (7) /Q(k(x,y) — k(z,2Q))(bg — b(y))a(y)dy,

03.2(2) = X2 (@) k(2 0) /Q b(y)a(y)dy.
Therefore

[ Nosa@)las

IN

/ / k(2 y) — Kz, 20)lIbg — b@)lla(y) | dydz
(2Q)c JQ

1QF, [ lIbe bWl ,
< /@Q)c Q! ype W)

Q lz—
dx
: T
I, )
iy 2y < cppl
= BMO-
z|>e(Q) |T]"Fe
mce Yyl < 157 — y we can estimate
Si o by)aly)d g) o Ib(y) — bolld
03,2(@ (zQ)c( z)||k(z,2Q) Il Bamo

<
< bl Bmox gy (@)y(lz — 2ql™)

Therefore one gets
{o:osa(x) > A} < o€ (2Q)°: v(lz — 2q[") > bl 5a0]
= Nz e (2Q)": o —zql <[y ' (Iblzao N -
This gives the estimate [{z : g3 2(x) > A} <716l 5h0N) = (V).
The proof is then easily concluded. |
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