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Abstract

We introduce the spaces Vi (X) (resp. Vi, (X)) of the vector measures F : & — X of bounded (p, B)-
variation (resp. of bounded (p, B)-semivariation) with respect to a bounded bilinear map B : X XY —
Z and show that the spaces L% (X) consisting in functions which are p-integrable with respect to B,
defined in [4], are isometrically embedded into V5, (X). We characterize Vi, (X) in terms of bilinear
maps from L* XY into Z and VE(X) as a subspace of operators from Lp/(Z*) imto Y. Also we
define the notion of cone absolutely summing bilinear maps in order to describe the (p, B)-variation
of a measure in terms of the cone-absolutely summing norm of the corresponding bilinear map from
LY XY into Z.

1 Notation and preliminaries.

Throughout the paper X denotes a Banach space, (2, %, i) a positive finite measure space, Dg the set
of all partitions of E € ¥ into a finite number of pairwise disjoint elements of ¥ of positive measure
and Sy (X) the space of simple functions, s = >"7_ | x314,, where ), € X, (Ax)r € Do and 14 denotes
the characteristic function of the set A € ¥. Also Y and Z denote Banach spaces over K (R or C) and
B: X XY — Z a bounded bilinear map. We use the notation By for the closed unit ball of X, L(X,Y)
for the space of bounded linear operators from X to ¥ and X* = L(X,K).

For a vector measure F : ¥ — X we use the notation |F| and ||F|| for the non negative set functions
|F|:Z — Rt and ||F|| : ¥ — RT given by

[FI(E) = sup{)_ IF(4)]|x : 7 € D}

Aem

and
[FI1(E) = sup{|{F,z")|(E) : 2" € Bx~}
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respectively. In the case of operator-valued measures F : ¥ — L(Y, Z) we use ||F]| for the strong-variation
defined by

IFN(E) = sup{>_ [F(A)yllz : y € By, 7 € Di}.
Aem

Given a norm 7 defined on the space Y ® X satisfying ||y ® z|, < C|ly||-||z| we write Y®X for its
completion. In [1] R. Bartle introduced the notion of Y-semivariation of a vector measure ¥ : ¥ — X
with respect to 7 by the formula

By (F,7)(E) = sup{|| S_ ya @ F(A)|; : ya € By, 7 € Dp}
Aem

for every ' € ¥. This is an intermediate notion between the variation and semivariation, since for every
E € ¥ we clearly have

IFI(E) < By (F,7)(E) < [F](E).

fY®.X and Y&, X stand for the injective and projective tensor norms respectively, then we actually
have

IFI(E) = By (T, e)(E) < By (F,7)(E) < By (F,m)(E) < |F|(E).

We refer the reader to [10] for a theory of integration of Y-valued functions with respect to X-valued
measures of bounded Y-semivariation iniciated by B. Jefferies and S. Okada and to [3] for the study of
this notion in the particular cases X = LP(u), Y = L9(v)) and 7 the norm in the space of vector-valued
functions L (p, L(v)).

We are going to use notions of B-variation (or B-semivariation) which allow to obtain all the previous
cases for particular instances of bilinear maps.

Recall that, for 1 < p < oo, the p-variation and p-semivariation of a vector measure F are defined by

9: p
15, (E —sup{z” ”i‘ VP e D) 1)
A€7r
and |
I51(8) = sup{ (30 EELTIE) 7 oo e B m e D) 2)
Aerm

We denote VP(X) and VP(X) the Banach spaces of vector-measures for which |F|,(©) < oo and
[|1F]|,(£2) < oo respectively.

The limiting case p = 1 corresponds to ||F||1(E) = |F|(F) and ||F|1(F) = ||F|(E). For p = o
V*(X) = V*°(X) is given by vector-measures satisfying that there exists C' > 0 such that ||CT"( | <
Cp(A) for any A € ¥ and the oo-variation of a measure is defined by

1T

We denote by LY(X) and LY ., (X) the spaces of strongly and weakly measurable functions with
values in X and write LP(X) and Lfveak( ) for the space of functions in L°(X) and LY, (X) such that
7l € LP and (f,x*) € L? for every a* € X* respectively. As usual for 1 < p < oo the conjugate index
is denoted by p/, ie. 1/p+1/p' = 1.

For each f € LP(X), 1 < p < 00, one can define a vector measure

tAe X, AC E, u(A) > 0}

—
w
~~

S—"f(E):[Efdu, Eeyx



which is of bounded p-variation and |F¢|,(€2) = || f||zr(x). On the other hand the converse depends on
the Radon-Nikodym property, that is, given 1 < p < oo, X has the RNP if and only if for any X-valued
measure F of bounded p-variation there exists f € LP(X) such that F = Fy.
For general Banach spaces X, V°°(X) can be identified with the space of operators L(L!, X') by means
of the map F — Ty where
Ts(1g) =3F(E), EeX,

and for 1 < p < oo the space VP(X) can be identified (isometrically) with the space A(L?', X), formed
by the cone absolutely summing operators from L?’ into X with the 7 norm (see [13, 2]). We refer
the reader to [8, 6, 10, 13] for the notions appearing in the paper and the basic concepts about vector
measures and their variations.

Quite recently the authors started studying the spaces of X-valued functions which are p-integrable
with respect to a bounded bilinear map B : X xY — Z, that is to say functions [ satisfying the condition
B(f,y) € LP(Z) for all y € Y. Some basic theory was developed and applied to different examples (see
[4, 7, 5]). Note that the use of certain bilinear maps, such as

B:X xK— X, given by B(z,\) = Az, (4)

D: X xX* - K, given by D(x,z") = (z,z"), 5
Dy X*x X - K, given by Dq(z*, z) = (x,z"), 6

(5)
(6)
my : X xY — X®Y, given by 7y (7,y) =1 ®y, (7)
(
(

Oy : X x L(X,Y) =Y, given by Oy(z,T)=T(z), 8)
Ov,z : L(Y,Z) xY — Z, given by Oy,z(T,y) =T(y) 9)

have been around for many years and have been used in different aspects of vector-valued functions, but
a systematic study for general bilinear maps was started in [4] and used, among other things, to extend
the results on boundedness from LP(Y") to LP(Z) of operator-valued kernels by M. Girardi and L. Weiss
[9] to the case where K : Q x £ — X is measurable and the integral operators are defined by

Tre (f)(w) = o B(K (w,w"), f(w'))dpu'(w').

The reader is also referred [5] for some versions of Holder’s inequality in this setting.

We shall need some notations and definitions from the previous papers. We write &5 : X — L(Y, Z)
and Ug : Y — L(X, Z) for the bounded linear operators defined by ®5(x) = B, and ¥3(y) = BY where
B, and BY are given by B,(y) = BY(z) = B(z,y).

A bounded bilinear map B : X x Y — Z is called admissible (see [4]) if @5 is injective. Throughout
the paper B will be always assumed to be admissible. However a stronger condition will be also needed
for some results: A Banach space X is said to be (Y, Z, B)-normed if there exists k > 0

lzllx < klBalley,z), =e€X.

The bounded bilinear maps (4)-(9) provide examples of B-normed spaces.
As in [4] we write L% (X) for the space of functions f: Q — X with B(f,y) € L°(Z) for any y € Y
and such that
1fllez (x) = sup{IB(f,9)llLe(z) 1 y € By } < oo,

and we use the notation L (X) for the space of functions f € L% (X) for which there exists a sequence

of simple functions (s,), € 8x(X) such that s, — f a.e. and [|s, — f[zz (x) — 0. In such a case, we

write || f| Lz (x) instead of ||f|[zz (x) and [ fl| Lz, (x) = limp—oo [[Snll Lz, (x)-



In particular, for the examples B and D we have that L3(X) = LP(X) and L8 (X) = L? | (X). Also
L%(X) = LP(X) and L%, (X) coincides with the space of Pettis p-integrable functions P?(X) (see [12],
page 54 for the case p = 1).

Observe that, for any B, LP(X) C L% (X) and the inclusion can be strict (see [6] page 53, for the
case B = D). Regarding the connection between L (X) and LY , (X) it was shown that X is (Y, Z, B)-
normed if and only if L (X) C LP  (X) with contlnuous inclusion.

Due to this fact, if f € L (X) for some (Y, Z, B)-normed space X then for each E € ¥ there exists a
unique element of X, to be denoted by | g fdu, verifying

B
[ B au=3([ sany). foranyey.
E E

This allows us to define the vector measure

B
:/ fdu, EeX.
E

We shall consider the notion of (p, B)-variation which fits with the theory allowing to show that the
(p, B)-variation of F coincides with its norm || f|| 1z (x).

This paper is divided into three sections. In the first one we introduce the notion of B-variation,
B-semivariation of a vector measure and study their connection with the classical notions. We prove
that for (Y, Z, B)-normed spaces the B-semivariation is equivalent to the semivariation and that the Y-
semivariation considered by Bartle coincides the B-variation for a particular bilinear map B. Particularly
interesting is the observation that any vector-measure with values in X = L!(u) is of bounded B-
variation for every B whenever Z is a Hilbert space. We also show in this section that the measure 3"}3 is
p-continuous and ||3"? I5(€) = [ fllzy, (x)- In the next section the natural notion of (p, B)-semivariation
is introduced. Starting with the case p = oo we describe, for 1 < p < oo, the space of measures with
bounded (p, B)-semivariation as bounded bilinear maps from L¥ xY — Z. Last section deals with the
notion of (p, B)-variation of a vector measure. Several characterizations are presented and the new notion
of “cone absolutely summing bilinear map” from L x Y — Z, where L is a Banach lattice, is introduced.
This allow us to describe the (p, B)-variation of a vector measure as the norm of the corresponding bilinear
map from LP x Y into Z in this class.

Throughout the paper ¥ : ¥ — X always denotes a vector measure, B : X x Y — Z is admissible
and, for each y € Y, B(F,y) denotes the Z-valued measure B(F,y)(E) = B(F(E),y).

2 Variation and semivariation with respect to bilinear maps.
Definition 1 Let E € 3. We define the B-variation of F on the set E by

[Fle(E) = sup{|B(F,y)|(E):y € By}

= bup{ZHB F(A),y)||lz: 7€ Dg,y € By}
Aem

We say that F has bounded B-variation if |F|5(2) < oo.

Definition 2 Let E € 3. We define the B-semivariation of F on the set E by
[Flls(E) = sup{[|B(F,y)lI(E):y € By}
= sup{[(B(F,y),2")[(E ) y € By,z" € Bz}

= sup{Z| F(A),y),z") : € Dg,y € By,z" € Bz}
Aem



We say that F has bounded B-semivariation if | F||s () < co.

Remark 1 Let J be a vector measure and E € X.
(a) 191=(E) < IB]| - |FI(E).
(b) [IF1=(E) <[IB] - [|F](E).
(c) sup{[|B(F(C). )| : y € By, E 2 C € I} = [|F]|5(E).
In particular any measure has bounded B-semivariation for any B.

We can easily describe the B-variation and B-semivariation of vector measures for the bilinear maps
given in (1)-(8). The following results are elementary and left to the reader.

Proposition 1 Let F be a vector measure and E € X.

(a) |F]5(E) = [F|(E) and [|F|[5(E) = [|F]|(E).

(b) [F12(E) = IF]n(E) = [IFII(E)-

(©) ||, (E) = [Fllo, (E) = [F](E).

(d) |Flny (B) = |FI(E) and ||F]|x, (E) = |F||(E) (see Proposition 4).
(e) F5, (B) = sup{|TF|(E) : T € Be(v.2)} and [|F|g (E) = [|F]|(E)-
() [Floy.z(E) = IF(E) and [[Floy. - (E) = [|F|(E)-

The notion of B-normed space can be described in terms of vector measures.

Proposition 2 Let B : X XY — Z be an admissible bounded bilinear map. Then X is (Y, Z, B)-normed
if and only if for any vector measure F : 3 — X there exist Cy,Co > 0 such that

CLIFNI(E) < [|F]|s(E) < C2||F(|(E)
for all E € X.

PRrROOF. Obviously ||F||s(E) < ||B]| - |F||(E) for any E € ¥. Assume X is (Y, Z, B)-normed. Then we
have that

IFI(E) = sup{| > eaF(A)llx : 7€ D, ea € Bk}
Aem
< ksup{”BZAewEA?(A)”L(YZ) :m € Dp, €a € Bk}
= ksup{| Y eaB(F(A),y)llz: 7€ Dp, ea €Bg, y € By}
Aem
= k|F|s(E).

Conversely, for each x € X select the measure F,(A) = zu(A)u(2)~! and observe that ||F,[|(2) = ||z||
and [|Fz|5(2) = [|B. |- u
We use B* for the “adjoint” bilinear map from X x Z* to Y*, i.e. (B*), = (B,)* or

B*: X x Z* =YY", given by (y,B*(z,z")) = (B(z,y), z*).

Note that B* = D, D} = B, (wy)* = Oy« and (Oy.2)* (T, 2*) = Oz« y+ (T*, 2%).
Let us see that the B-semivariation and the B*-semivariation always coincide.



Proposition 3 ||F||g(E) = ||F||s=(E) for all E € 3.

PROOF. Let us take E € . Then

|Flls(E) = sup{z {B(F(A),y),z")| : 7 € D,y € By,z" € Bg«}
Aem

= sup{z Ky, B*(F(A),z"))| : m € Dg,y € By,z* € Bz+}
Aer

= Sup{| Z €A<y73*(?(A),Z*)>| T e DE,y S By,,fk (S Bz*,GA c BK}
Aer

= sup{|| Y _ eaB*(F(A),z")|ly+ : € D, 2" € Bz, €4 € By}
Aem

= sup{ 3 (B*(F(4), 2°),57)| - 7 € D,y € By, 2* € B}
Aer

= [Tl (E).

Proposition 4 Let 7 be a norm in Y ® X with ||y ® x| = ||y||||z|| for all y € Y and = € X. Define
Ty : X XY — Y&, X given by (x,y) — y ® x. Then, for each E € %,

Oy (F,7)(E) = |Fl(ry)- (E).

PROOF. Taking into account that Y ®,X C Y®,X, then (Y&, X)* can be regarded as a subspace of the
space of bounded operators L(Y, X*). Moreover |T|| < [|T'||(y¢, x)- for any T € (Y®,X)*, where the
duality is given by

k k
(T,Zyj ® xj) = Z%AT(%‘»-

From [3, Theorem 2.1]
By (F,7)(E) = sup{|TF|(E) : T € LY, X"), [T (yg, x)- <1}

Hence
By (%, 7)(B) ~ supf{|(ry)* (F, T)|(E) : T € L(Y, X*), |Tll iy x)- < 1}-

|

Of course vector measures need not be of bounded B-variation for a general B (it suffices to take B

such that |F|g = |F]), but there are cases where this happens to be true due to the geometrical properties
of the spaces into consideration.

Proposition 5 Let X = L'(v) for some o-finite measure v and let Z = H be a Hilbert space. Then any
vector measure J : $ — L'(v) is of bounded B-variation for any bounded bilinear map B : L'(v)xY — H
and any Banach space Y .

PROOF. Recall first that Grothendieck theorem (see [7]) establishes that there exists a constant kg > 0
such that any operator from L!(v) to a Hilbert space H satisfies

N N
STl < wallTlsup (|| S endnll g, + on € Brc}
n=1

n=1



for any finite family of functions (¢,), in L' (v).
If F:% — L'(v) is a vector measure and 7 a partition one has that || 3, €aF(A)| 11y < [|F().
Hence BY € L(L'(v) — H for any y € Y, one obtains

D AIBUF(A) 2 < ke 1BY] - 1F1(R).

Aem

Therefore one concludes |F|5(Q2) < kg - [|F|[().

|
Recall that a vector measure J: ¥ — X is called p-continuous if lim,, gy_ [|F|[(E) = 0.
Theorem 1 Let X be (Y, Z, B)-normed and f € L% (X). Then
B
F7 5 — X, given by F7(E) = / fdu (10)
B

is a p-continuous vector measure of bounded B-variation. Moreover |5"% 13(2) = 1 fllzy, (x)-

PROOF. It was shown (see [4, Theorem 1]) that functions in L} (X) are Pettis-integrable and | }f fdu
coincides with the Pettis-integral. Hence 3"}3 defines a vector measure.

Using now that, for each y € Y, the vector measure B(St?,y) has density B(f,y) which belongs to
LY(Z) one gets that, for any E € %,

BT 0)|(E) = /E IB(7,9)]| zdp.

Thus [F7]5(2) = || fllLy, (x)- It remains to show that F7 is p-continuous. Let us fix & > 0 and select,
using that f € L (X), a simple function s such that ||f — sllry (x) < e. Thus

B B
@ < | /E (f - s)dullx + | /E sdpl| x

B
H /E (f = $)dullx + | /E sdpl|x

< KBy galle + [E sdul x
< ksup{/E ||B<f—s,y>uzdu:yeBY}+H/Esdu||X
<

ke + | / sdl|x.
E
We have the conclusion just taking limits when p(E) — 0 and ¢ — 0.
|

Corollary 1 Let X is (Y, Z,B)-normed and f € L% (X). Iffg fdu =0 forall E € ¥ then f =0 a.e. in
Q.



3 Measures of bounded (p, B)-semivariation.

Extending the notion for B = B, we say that a vector measure ¥ : ¥ — X is (B, u)-continuous if
lim,,gy—o [|F]|8(E) = 0. Clearly both concepts coincide for B-normed spaces.

Definition 3 We say that F has bounded (oo, B)-semivariation if there exists C > 0 such that
(B(F(A),y),z) < C-lyll - lz*]| - u(A), yeY, z"eZ", Ack. (11)

The space of such measures is denoted by Vi (X) and we set

[Fllve(x)y = inf{C: satisfying (11) }
B(F(A *

Observe that every vector measure JF belonging to V¥ (X) is (B, u)-continuous and it has bounded B-
variation. Also note that F has bounded (oo, B)-semivariation if and only if

IB(F(A), )l < Cllyllu(A), yeY, Ae¥,

or

[Fll2(A) < Cu(4), Ak,

or

[F|5(A) < Cu(4), AekX.

It is elementary to see, due to the admissibility of B, that ||3'~||v3;(x) is a norm

Of course
[Fllveexy = sup{l|B(F,y)llve(z):y € By}
— sup{Ww:yeBy,AeE}
f(A)
7|5 (A) }
= supi ———2:A€X
p{ u(4)
|F]5(A) }
= sup cAeX ;.
{ 1(A)

Proposition 6 F € V¥ (X) if and only if there exists a bounded bilinear map By : L' x Y — Z such
that
By(la,y) = B(F(A),y), AeyeY.

Moreover | Bg|| = H?HV%(X)'

PROOF. Assume F € V¥ (X). Define By on simple functions by the formula

B?(Z O‘k]-Amy) = Zak%(g(Ak)vy)
k=1 k=1

Observe that N N
1Br(>_ arla, v)llz < 1Fllve ooyl loklu(Ar).

k=1 k=1



This allows to extend the bilinear map to L! x Y — Z with norm | Bg|| < [Fllvse (x)- Conversely one has

IB(F(A), )llz < 1Bl - [yl - [[1allLx

which gives [|F[lve (x) < [ Bl
[
We use the notation Bil(L! x Y, Z) for the space of bounded bilinear maps with its natural norm.

Corollary 2 V¥ (X) is isometrically embedded into Bil(L' x Y,Z). In the case B = Oy,z we have
VX (L(Y,Z)) =Bil(L' x Y, Z).

Ovy,z

Let L% (X) stand for the space of measurable functions f : @ — X such that B(f,y) € L>°(Z) for all
y € Y and write

Hf”L%O(X) =sup{||B(f,y)llL=(z) : ¥y € By }.

Note that Ly (X) C LL(X) and \B(S’?,y)KA) = ff IB(f,y)||dp for any set A € . In particular if
f € LF(X) then the measure 3"]95’ € V¥ (X) and ||f7'“?Hv%o(X) = [[flleg x)-

Proposition 7 The following are equivalent:
(a) X is (Y, Z, B)-normed.
(b) V3 (X) = V>(X).
(c) There exists k > 0 such that ||5T}5||Voo(x) <kl fllzgx) for any f € LF(X).

PROOF. (a) = (b) Always V>°(X) C V¥ (X). Assume X is (Y, Z, B)-normed and F € V¥ (X). Note
that

[FA < EIBsall < EIFllvg x)n(A).
(b) = (c) Let f € LF(X). Clearly
||§}SHV°°(X) < kH?}SHV%@(X) = k||f||LfB°(X)~

(¢) = (a) Let us take f, = xlq for a given x € X and observe that 3’?1 (A) = zu(A) for all A € X.
Note that [[fullzs () = B2 and 53 e x) = [l
|

Definition 4 Let 1 < p < co. We say that F has bounded (p, B)-semivariation if

3 =

B(F(A),y), 2°) P )
[Fllve (x) = sup <Z< (,u((A))g)l >|> Yy €EBy,2* €Bge,m€ Do p < 0.
Aem

The space of such measures will be denoted by Vi, (X).
We have the equivalent formulation

[Fllve xy = sup{l|B(F,y)llve(z) 1y € By}
sup{[[(B(F,y),2")|lve : y € By, 2" € Bz« }.

Let us start with the following description.



Proposition 8 Let 1 < p < co. Then F € Vi (X) if and only if there exists a bounded bilinear map
By : LP x Y — Z such that

B?(IA»y):B(?(A)vy)v A€E7y€Y"
Moreover ||Bs|| = [|F[|lvz, (x)-

PROOF Assume JF € Vi (X). Define as above By on simple functions by the formula

By () onla,,y) =Y arB(F(A),y).
k=1 k=1

We use that

H?HVPB(X) — sup{ Z <‘B(3’(A)ay>7,z*>’YA

= sup{

:y €By,2z" €Byg«,m € Dq, (va4)a EBZ,,/}

S BF(A). y)ba

HEAS BY77T € ‘-DQ7 Z ﬂAlA € BL;D’}

Aem VA Aem
= Sup{ B (Y fala,y) iyEBy,WEDmZﬁAlAGBm'}.
Aem A Aerm

Hence using the density of simple functions we extend to L? and ||Bg|| < ||F vz (x)- The converse
follows also from the previous formula.

]
It is known that V?(X) = L(L?, X) (see [11] ). Next result is the analogue in the bilinear setting.

Corollary 3 Let 1 < p < oo. V2(X) is isometrically embedded into Bil(LP x Y, Z). In the case
B = Oy,z we have Vi (L(Y,Z)) = Bil(L” x Y, Z).

Proposition 9 Let B: X xY — Z be an admissible bounded bilinear map and 1 < p < oo. Then X is
(Y, Z, B)-normed if and only if the space V4 (X) is continuously contained into VP(X).

PrOOF. Assume X is (Y, Z, B)-normed.

_ 3 (F(A), 2")7a ] .
IFlor = Sup{ Aen (AP " €Bx-,m € Do, (14)a € B
F(A)va
= s E — : D B,
b1’11){ AeTr /,L(A)l/p/ N m e Q) (’}/A)A e P

IN

F(A)va
M(A)l/p

ksup{
= ksup{

1/p
IBEFA), )"
= ksup —_— cy € By,m € Dq,
(AZ u(Ap-1 nee

LT E DQ, ('YA)A S BZP’}
L(Y,Z)

17/2 )H 1y € By, € Do, (’YA)AGBM}
Z

= KTy x)-

10



For the converse consider the vector measure F, : ¥ — X given by F,(A4) = zu(A)u(Q)~! for each
z € X. Note that [|Fy|[vex) = [[2] and [|[Fzlve (x) = [ Bal-

|
4 Measures of bounded (p, B)-variation.
Definition 5 We say that F has bounded (p, B)-variation if

BFA),YIL "
v = oup (3 POy o
Aem H

The space of such measures will be denoted by Vi (X).

It is clear that the norm in the vector space Vi (X) is also given by the expressions

[Fllve xy = sup{l|B(F, y)llve(z) : vy € By}

sup cy € By,m € Dg

L?(Z)

:m € Dq

|
)
=i
T

>y

= uA)

L3,(X)

Remark 2 Forp =1 and p = oo this corresponds to |F|5(€2) and || F|vs (x). Hence we define V°(X) =
Vo (X).

It is clear that Vig(X) C Vi (X) and [|Fllvz (x) < [|Fllvr, x)-

On the other hand, since

T8 (E) < [y ool Lellr, B €
one sees that if F € Vi, (X) then F has bounded B-variation and it is (B, p)-continuous.
Remark 3 Using the inclusions L9(X) C LP(X) for 1 <p < q < 0o one also has

VE(X) € V3(X) € Vi(X)

and
1F vz, (x) < w2 Fllva x) < QMY F v x)-

Let us find different equivalent formulations for the norm in V% (X).

Proposition 10

1l o) = sup{z IB(FHA), Bap)llz :y € By,m€ Do, 3 Bala € B} - (12)

Aem Aem

> BH(F(A), 24)

Aer

[Fllve, x) ZSUP{ 1y €EBy,m € DmZZZM EBLP/(Z*)}' (13)

Y * Aem

11



» one has that the simple function

PrOOF. Given a partition 7 € D, ay € R and G4 = W

9= > acr Bala satisfies ||g]| ;0 = [[(2a) acnl|pr . Therefore

1Fhvg 0 = p{H(HB <my) )A

F(4)
= SUP{Z B <M(A)1/p”y) ; laal iy € By, m € Do, (@a) aer € ng/}

Aem

= sup{z
— Sup{z B (F(A), Bay)ll; -y € By, m € Do, ¥ Bala € BL,J/}.

ZyeBY,']TEDQ}

¢

Y€ BY77T S ‘DQ? (aA)AEﬁ S B[p/}
Z

Aem
Aem Aem

We get (13) from the duality (¢!(2))* = ¢>°(Z*) and (12). Indeed,

1Flvr x) sup {Z IB (F(A), Bay)ll; : y € By,m € Do, Y fala € BLP/}

Aer Aer

= sup{ > (B(F(A), Bay) . z4)| 1y €By,m € D, 24 €Bze, Y Bala € BLp/}
Aer Aer

= sup{ Z(y,'B* (F(A),ﬂAzz»‘ :y € By,m € Dq, 2z} € By, Z Baly € BLpz}
Aer Aem

= sup{ Z%* (F(A), %) :WGZDQ,sz;lAEBL,,/(Z*)}.
Aem yo* Aem

Let us give a characterization of the vector measures in the space Vi, (X) using only scalar valued
functions {p, : y € By} C LP.

Theorem 2 F € V4, (X) if and only if there exist 0 < ¢, € LP for each y € Y such that

(a) sup{ll¢yllzr 1 y € By} < 0o and
(b) IB(F(E),y)|| < [ pydp for every y € Y and E € X.

Morcover [[Flvy (x) = sup{ly |z : v € By ).

PROOF. Let ¥ € V4 (X). Then we have that B(F,y) € VP(Z) for all y € By and |B(%,y)| is a non
negative p-continuous measure that has bounded variation. Using the Radon-Nikodym theorem there
exists a non negative integrable function ¢, such that for all £ € ¥

1B(T,y)|(E) = /E oyl (14)

In fact ¢, can be chosen belonging to LP and verifying that ||y |l = [|B(F,y)|lve(2)-
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Then for every F € ¥ and y € By
IB(F(E), )l < |Fls(E) = sup{|B(F,y)|(E) : y € By} = Sup{/ pydp:y € By}
E

and we obtain the result.
Conversely observe that using Holder’s inequality we have that

IBEE). DI < [ o< ([ o) uie)”

for all F € ¥ and y € By. Hence for every m € Dq

BEQ.WI _ [,
2 iy < [ i

This shows that F € Vi3 (X) and [|F|lyz (x) < sup{[lyllrs : y € By }.
Let us now see the analogue to Theorem 1 in the cases 1 < p < co.

Theorem 3 Assume X is (Y, Z,B)-normed and 1 < p < oco. If f € L (X) then 7 € V§(X) and
157 Ive x) = £l 2z, (x)-

PROOF. Let us take f € L% (X). From Theorem 1 one knows that ’J"? : ¥ — X is a vector measure of
bounded variation. Now, for each y € Y, 393"? : X — Z is a vector measure verifying that

B
B1TP(E) = B (B)y) = B( [ fdny) = [ Bf)dn Bex
E E
Therefore we have

111y ox) = sup{lIB(f,9) | Lr(z) = y € By} = sup{|IB(TF . 9)llve(z) : ¥ € By} = [1FF vy, (x)-

Corollary 4 If X is (Y, Z,B)-normed then L (X) is isometrically contained into V1 (X).
From the definition one clearly has the following interpretations of V% (X) as operators:
V5 (X) is isometrically embedded into L(Y,VP(Z)) by composition, i.e. F — ®5(y) = BYT.

Let us see other processes that generate operators from vector measures: Given a vector measure
F : ¥ — X and a bounded bilinear map B : X X Y — Z we can consider the operators Tr? (resp. 5’2)
defined on Y-valued simple functions s = >_7'_, yx1a, (resp. Z*-valued simple functionst = >, _; z514,)
by

T3 (s) = > B(F(Ax), ur)

and

Observe that actually S? = Tgé*.



Theorem 4 Let 1 < p < co. Vi (X) is continuously contained into L(LP' &Y, Z).

PROOF. Let ¥ € V4 (X). Consider the linear operator T2 defined on Y-valued simple functions and
with values in Z. Note that for any partition 7, ¢ = >, a@sla and y €Y

ITF (@@ y)lz < Y IBEA), aay)lz.

Aem

Using (12) and the definition of projective tensor product one gets | 72| < 1Fllve (x)-

Theorem 5 Let 1 < p < oo. Vi, (X) is isometrically embedded into L(LP (Z*),Y™).

PROOF. Let F € V1, (X). Consider the linear operator S? from the space of Z*-valued simple functions
into Y*. Note that for any partition 7

SF(D_zala)|| =

Aem

Y BH(F(A),Z4)

Aem

Y~ Y+

Using (13) and the density of simple functions in L (Z*) one gets ||S2| = 1Flve (x)-
|
Note that V% (X) C V% (X) and, from Corollary 3, V% (X) is embedded into Bil(L” x Y, Z) . Hence

V2 (X) is continuously contained into Bil(Lp/ x Y, Z) by means of the mapping F — By : L' xY — Z
given by

B (s,y) = > B(F(Ax), axy)
k=1
where s = Y, a1, . Let us find out which special class of bilinear maps represent elements in V¥ (X).

In the case of Y = K the corresponding operators would correspond to the class of cone absolutely
summing ones.

Definition 6 Let L be a Banach lattice, Y and Z be Banach spaces and U : L XY — Z be a bounded
bilinear map. We say that U is cone absolutely summing if there exists C' > 0 such that

N N
sup{ Y _ [U(¢n.y)llz : y € By} < Csup{D _ [(on,®)| : ¥ € Br-}
n=1 n=1

for any finite family (¢n)n of positive elements in L.
We denote by A(L X Y, Z) the space of such bilinear maps and we endow the space with the norm
7T (U) given by the infimum of the constants satisfying the above inequality.

Theorem 6 If F € Vi (X) then By € A(LP x Y, Z) and ||F|lyz (x) = 7 (Bg).
PrROOF. Given F € V4 (X) then By : LY x Y — Z is bounded. Let us show that By € A(L?' x Y, Z)

and 7T+(B£+”) = ||3r||v;(X)-
From Theorem 2 there exists 0 < ¢, € LP such that [[F|vz (x) = sup{|l¢yllzr : y € By} and

IBs (L1, 9)] < / Lagydy, A€
Q
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Using linearity and density of simple functions one also extends to

1B, 9)l| < L e

forany 0<¢ e L’ andy e Y.
Now, given a finite family 0 <1, € LP and y € Y, we can write

N N
> IBstnll < X / bupydp
n=1

- ZH%HLP b

1F vz, x) Sup{z [(¥n, )| - ¢ € Bro}.
n=1

oo

IN

This shows 7+ (Bg) < H?va(x)'
laal

On the other hand, given a partition 7, a sequence (as)a € ¢°" and denoting ¢4 = (A1 14 one
can apply the condition of cone absolutely summing bilinear map to get
”J"(A
S IBC g aanlz = S IBswan)lz
Aem K Aer
< wtB)lulsn{ Y [ valeldu: ¢ € Buv)
Aem
= 7"(By) IIstup{ | Al‘ Isﬁ\dﬂ @ €Brr}
/'
< 7 (Bo)lyl sup{Z ol [ 16P)!7du: € Bus)
Aem
< 75(By) -yl - aa)alle -
Now (12) allows to conclude that [|F|lyz (x) < 77 (Bs).
|

Corollary 5 Vi (X) is isometrically embedded into ALY XY, Z).
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