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Integral curves of derivations*

J. MoNTERDE and A. MONTESINOS

We integrate, by a constructive method, derivations of even degree on the sections of
an exterior bundle by families of Z,-graded algebra automorphisms, dependent on a
real parameter, and which satisfy a flow condition. We also study the case of local endo-
morphisms when their components of degree zero are derivations and with no component
of negative degree, but then we have integral families of R-linear automorphisms. This
integration method can be applied to the Frolicher—Nijenhuis derivations on the Cartan
algebra of differential forms, and to the integration of superfields on graded manifolds.

Introduction

The aim of this paper is to integrate constructively derivations on the algebra of smooth
sections of an exterior bundle.

The problem was motivated by our wish of defining a type of variations of differential
forms which should be the integrals of the Frolicher—Nijenhuis derivations [3]. In the
category of supermanifolds, the corresponding problem is that of the existence of local
flows of vector superfields. In [2], Bruzzg and Cianci proved the existence of such flows,
but failed in giving a constructive method.

Let £ — M be a real vector bundle with fibre dimension ¢, and let AE — M be the
exterior bundle of E. Given an even derivation on I'(AE), D, we logk for a local family
of algebra automorphisms of I'(AE), T, such that 7; = T, 2D, To = Id. Basically,
the integration is made by the composition of an automorphism of I'(1E) defined by
a bundle isomorphism of E and exponentials of homogeneous even derivations on
I'(AE) of degree greater than zero.

With the odd derivations the situation is rather ugly. A family of Z,-algebra auto-
morphisms cannot integrate an odd derivation. Nevertheless, the previous integration
method can be generalized, in a natural way, to localizable endomorphisms of I'(AE)
such as

D=Dg + Dy + . + Dy
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Mwmmw Nﬁ is an endomorphism of degree .,.W and b@.w a derivation. Note that we mw.nj:an
geneous component of degree —1. In this case we must relax the conditions
for En. solution; instead of algebra automorphisms, we must look for R-linear auto-
morphisms. Odd derivations with no component of degree —1 are included in this case
A ?n_m_mﬂobnm_ property of the integration method, when applied to the algebra o.q
differential forms, is the following: if the endomorphism (or the derivation) commutes
with the exterior differential, then the integral family does so.

1. Definitions

rmw_ M” E ‘_ls_w WM_ __ww a real vector bundle with » = 1 and fibre dimension ¢, and let

T - the exterior bundle of E, where the fibre over m e M is th ,

AE,, = @AREL— BB VAT AR R
—

M
E.m I'(AE) _.uo the exterior R-algebra of smooth sections of AE (all objects are C*),
It will be considered as Z or Z,-graded in the usual manner. If a e I (AE), we denote by

a, . the homogeneous com t of i i
iy ponent of degree p of a. If a is homogeneous, its d i
be denoted sometimes by |a. o i g i

CE.omm otherwise stated, /inear will mean R-linear.

>. linear endomorphism D: I'(AE) — I'(AE) is"said to be homogeneous of degree
ID] il |D(a,| = p + |D|. Every linear endomorphism D of I'(AE) can be uniquely de-
nonm.mon_ as D = bmla + .t Dy + ... + Dy, where Dy, is a homogeneous endo-
MEG ism of degree i € Z. Adding the terins of the same parity, it can also be uniquely
h.MnMBvom& asD =D, + D, where D, is a homogeneous endomorphism of degree

s
A linear endomorphism D of I'(AE) is said to be localizable if there is a map ¢: M — M

such that, f i i ; .
s .m or cach a € I'(AE) and m e M, (Da) (m) is determined by the co-jet of @

A homogeneous linear endomorphism D: I'(AE) — I'(AE) i
: alled
derivation of degree |D| if R R g

D(ab) = (Da)b + (—1)Pllela(Db); . a, be I'(AE).

i ZME that we usually &.o_.u the zun.n.m the wedge A to denote the product in the exterior
~ w.n B.. We fix the mo__o,.snm terminology: when we refer to the Z,-grading, we shall
alk about even or ma.& objects if they are of degree 0 or 1, respectively. We shall reserve
the expression “object of degree . .. for the Z-grading.
Every homogeneous derivation is determined by its action on the elements of degree
0 H&. degree 1. Thus all derivations of degree less than —1 are zero,
) E.__M_mmn o:MoEoGEu..._._ D =D + D, of I'(AE) is called a derivation if D\ (Dy)
s <Inu (odd) derivation. Every even derivation D,,, can be uniquely decomposed
o = Hgy Hy + . + H,, + ..., where m_ﬁa is a homogeneous derivation of
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degree 2p. Every odd derivation D, can be uniquely decomposed as D, = H _,, + Hy,
+ ..+ Hy,_yyt+ .., where H, _, is a homogeneous derivation of degree 2p — 1.

Let ¢: I'(AE) — I'(AE) be a graded algebra homomorphism and D: I'(AE) — I'(AE)
be a homogeneous linear homomorphism such that D(ab) = (Da) o(b)
+ (—1)2llal o(g) (Db). Then we say that D is a homogeneous @-derivation.

Let TM — M be the tangent bundle over M and I'(AE ® TM) the space of smooth
sections of AE ® TM. We can define in I'(AE ® TM) a Z and a Z,-grading. Every
KeI(AE® TM) can be expressed as a finite sum of decomposable homogeneous
sections wi ® X where k,, isa homogeneous section of I'(AE) of degree p, and X e I'(TM).

Let V be a linear connection in E. If K = »E ® X, we define the endomorphism
Vy: T(AE) - I'(AE) by Vya = k¢ Vxa, and if Ke{AE® TM), we define Vi by
linear extension.

V, is a derivation and we call it the proper derivation associated to K through V. If X
is 2 homogeneous element, in whatever grading, then V is a derivation of degree |K]|.

Now, we shall define another type of derivations, the algebraic ones.

Let 2 E* — M be the dual bundle of E, and let I'(AE ® E*) be the space of smooth
sections of AE ® E*. We can define in I'(AE ® E*) a Z-grading and a Z,-grading.

Every ® € I'(AE ® E*) can be expressed as a sum of decomposable homogeneous
sections b, @ o where b, is a homogeneous section of I'(AE) of degree p, and ae(E*).

IfP=05,@ax we define the endomorphism i,: I'(AE) — I'(AE) by i,a = b, i.a,
where a e I'(AE), and where i, is the interior multiplication; and if e I(AE ® E*),
we define i, by linear extension.

i, is a derivation that acts trivially on the smooth functions on M, and we call it the
algebraic derivation associated to ®. If @ is a homogeneous element, in either grading,
then i, is a derivation of degree |@| — 1 (modulo 2 if we are dealing with the Z,-grading).

We have then two special kinds of derivations, the proper and the algebraic ones.

2. Characterization of the derivations on I'(AE)

We will present an analysis of the derivations analogous to that of Frolicher—Nijenhuis
(cf. [3]).

Proposition 1. Let D be a derivation on I'(AE), and let V be a connection in E. Then,
there are unique fields K € I(AE ® TM), and ¢ € I'(AE ® E*) such that D = iy + V,.
So, D is localizable.

Proof: Suppose that D is a homogeneous derivation of degree k = 0, and let
', ... a* e [(E*) be smooth sections. The map [ — (Df) (&, .. , o), where f& C*(M)
< I'(AE), is a derivation and then it defines a vector field on M, which we denote by
K, .. .4 The map from I'(E¥)x..x T(E*) to (M) defined by (@', ..., ")
- Ko, ..., @) is C*(M)-linear and skewsymmetric, whence it defines a section
KeTl(AE ® TM) that satisfies V /= Df for every fe Co(M). i

Then, the operator D — V, is a derivation of degree k that acts trivially on C*(M);
therefore it is a C*(M)-linear endomorphism of I'(AE) which is determined by its action
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on the sections of degree 1. Then, if s € I'(E), the map 5 — (D — V,) s defines a homo-
morphism from I'(E) into I'(4* " E) and therefore there is a section @ e TI'(A**'E ® E*)
such that (D — V,) s = i,5. The operator i, is a derivation of degree k that acts trivially
on C*(M)and as D — V on the sections of E. Then D = Vigletiae

The case of k = —1 is trivial. []

u.. Characterization of the automorphisms of I'(4E)

This characterization of the automorphisms of Z;-graded R-algebras of I'(AE) is based
on a similar characterization proposed by A. Uhlmann in [5] for the case of the algebra
of differential forms on a manifold.

A bijection T: I'(AE) — I'(AE) is called a Z,-graded R-algebra automorphism (in short,
automorphism of I'(AE)) if the following properties hold:

1) Taa + Bb) = aT(a) + BT(b), for each a, b e I'(AE) and for each =, f e R;
2) T(ab) = T(a) T(h), for each a, beI'(AE);
3) T is compatible with the Z,-grading,
Consequences:
— H0) = 0and 7(1) = 1.
— T sends nilpotent elements into nilpotent elements. As a consequence, Aﬂnabﬁe =0
if ¢ < p in the Z-grading.
— The condition 3 is a consequence of the previous two when the dimension of the fibre
is even.
— Tis determined by its restriction to the sections of degree 0 and 1.

Now we shall see how, associated to every automorphism of I'(AE), there exists an
isomorphism of E that induces a diffeomorphism on M.

Let 7, be the projector of I'(AE) onto I (A'E).

a@ o I I'(A°E) — I'(A°E) is an automorphism of I' (A°E). Every automorphism of
I'(A°E) = C*(M) maps maximal ideals into maximal ideals. All the maximal ideals
of C*(M) are of the form L, = (fe C*(M)| fim) = 0). Then T= Ly Thus,
T defines a map @: M — M. In the same way, T ™! defines the inverse map of ¢.

Moreover, if fis C®, then (moy > T)(f) = fe ™", and f= ¢! should be C=. Thus,
¢ is a diffeomorphism. ; 7
Lemma 1. Let T: I'(AE) - I (AE) be an automorphism, and let a, b e I' (AE) be such that
aly = bly where U is an open subset of M. Then, for every m € U we have that (Ta) (p(m))
= (7b) (o(m)).

Proof If me U, let h be a smooth function on.M such that A(m) = 1 and such that its
support is contained in U. The section he = h(a — b) vanishes identically; then
0 = Tlhe) (p(m)) = T(h) (¢(m)) T(c) (p(m)) .

macﬁimg Fo_.am&bm%mnmam mﬁﬂgﬁnnmaawmi:mmsﬁaa:Eﬁ o (T(h) (@(m)))
= h(m) = 1, we get easily the result T| (€) (p(m)) = 0. .
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It is clear then that if U < M is an open subset, we can define noammﬂnb:.w_ an mma.Eo_..
phism, réstriction of T to U, Tl,: [(An~'(U)) - I(Az""(pU)), where ¢ is the diffeo-
morphism of M associated to T. .

LME. let us suppose that a and b are two homogeneous sections of degree 1 such that
a(m) = b(m). We shall prove that (m, 1) (a) ?_AS.& = (my, o T) () (@(m)). The
previous results justify the local technique of the following proof. Let (e, ..., ¢,) be a
local frame of E on n~'(U), where U is an open neigbourhood of m, w_._nr. that a(m)
=b(m) = pe,(m), with.peR. Let a|, = fie, + ... + f.e,., where f; are functions on U,
such that f(m) = pé,,. Then

(M- T @ (@) = 3 S 07 (0m) (s + T) ) (@lm)
= plmy, ° T) AQL nﬁna&w = Qﬂn: -+ T)(b) (g(m)) .
If e € E,, we can define ¢(e) € £, by (z,, = T) (a) (@(m)), where a is any section of

degree 1 such that a(m) = e. Then, we have a bundle isomorphism ¢: E — E, n-related
with the diffeomorphism ¢. : ; i
Reciprocally, every bundle isomorphism ¢: E — E, n-related with w.&.mwnoao:ur_mmm
@: M — M, defines an automorphism ¢~: I'(AE) — I'(AE) by means 03& (@=¢ casq
for sections of degree 1, ¢™(f) = (f ¢~ ") for functions, and the obvious extension to
I'(AE). .
i S = To(¢"); then § is such that (n, = S) (f) = f, for every function and
b 3 i he i fah eneous element
() ° S)(ay,) = ayy, for every section of degree 1. The image of a homog
of degree p can thus be written as

S(a,) = g, + 7 12(S@y)) + 7 40(S@)) + .

Let us suppose that S is an automorphism of I'(AE) and k a natural number greater
than 0 such that for every homogeneous a._oEwE a,, we have

S(agy) = 8 + Ty 42S@G)) + T 1242 (8(@)) + .
Let D: I'(AE) — I'(AE) be the operator defined by

Da = Me (T, 20 = S) (A -
e

An easy computation shows that D is a homogeneous ani<mnﬂ....= of n_oman 2k. %

Proposition 1 assures that, given the connection V, there exist a unique R = Koy
€ I'(A™E ® TM) and a unique & = &, ., € [(A**'E ®..m.J. m_._ow.:duﬁb =iy + Vg

Let B=exp(D)=1d + D + (1/2) DD + ... (this series is finite). Then, exp .09
is an automorphism of I'(AE) and we put S, = S o __.wl_. S, is also an m:.o_.wo_ﬂuv_..ﬁﬂ
and S,(a,) = a,, + 7,525 (a,)) + ... By iteration we reach at last the following
result.

Theorem 1. Let T: I'(AE) —» I'(AE) be an automorphism, and let V be a connection in
the bundle n: E — M, then there exist:
a) a bundle isomorphism ¢: E — E,
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b) a section K, € [(A**E @ TM), for each k > 0, and
¢) a section D, ., € [(A***'E ® E*), for each k > 0,
such that T = B, = ... 0 By, o By, o ¢ where ¢ is the automorphism induced by &,

By, = exp(; + V

Pk+1) aasv s

and v is the integral part of c/2.

In the decomposition T = B, o ... » By, ° By, o ¢ the factors are uniquely deter-
mined.

4. Characterization of the automorphisms of A(M)

We shall study the particular case when E is the cotangent bundle, i.e. [(AE) = A(M),
the algebra of differential forms on M. We will apply the above results, but also we will
deduce new ones that are peculiar to A(M). For instance, the existence of the exterior

differential, d, allows us to define another class of automorphisms, those commuting
with d.

Lemma 2. (of extension). Let T,: Aj(M) — A(M) be a Z,-graded R-algebra monomor-
phism such that m, ° Ty: A (M) — A (M) is an isomorphism. Then there exists a unique
automorphism T: A(M) — A(M) that agrees with T, on A(M) and commutes with d.

Proof. my > To determines a diffeomorphism ¢: M — M such that (zg, o T) (f)
=feop ' Let @*: A(M) — A(M) be the pull-back of ¢ and let us consider the com-
position @* o Ty: Ag(M) — A(M). We have that (mg, > @* o Tp) (f) = (0* o) > To) ()
=pXfop ) =fo9 ' op =f whenever feC=(M). Then (¢*.Ty)(f)=/f
+ Dy, f + ... and thus D, 4y(M) — A(M) is a derivation. There is a unique
Kel(A*T*M ® TM) such that we can write D, = iy d. We extend Dy, to A(M)
by putting D, =iyed +dei and we build the m:S..:oGEm,E B, = exp (D,,)
which commutes with d. Now we consider mﬁu_ o @* o T, and itérate the process until
we obtain, necessarily, the identity.

Then Ty = B,y ...0 By, o Aelv*_‘aes and thus T= B o..2 By o (p~")* is the
desired automorphism. The uniqueness is obvious.

We have done almost all the necessary work to state and prove a theorem which is

.the “integral” version of Frolicher-Nijenhuis’ characterization of the derivations
on A(M).

Theorem 2. Let T: A(M) — A(M) be an automorphism. Then T can be uniquely decomposed
asT =T, T, where T, is an automorphism commuting with d and where T, is an auto-
morphism that acts as the identity on C*(M).

Proof. Let T, be the monomorphism obtained by restriction of T to the subalgebra
A4,(M). Applying the extension lemma, Lemma 2, we get an automorphism T,: A(M)
— A(M) such that T, od = d » T,, and T, acts as T, on C*(M).
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Now, we put, ﬂn. =T;'eT.T,isan automorphism that acts as the identity on C*(M).
Thus, we have T = T, o T..

Thus, every automorphism of A(M) that commutes with d can be uniquely written as
the composition of the pull-back of a diffeomorphism of M with exponentials of homo-
geneous even derivations that commute with d. .

Now, let us apply, with a slight modification, the previous results to these automor-
Urmw_dzw.

Corollary 1. Let T: A(M) — A(M) be an automorphism then there exist:

a) a diffeomorphism ¢: M = M,

b) abundle isomorphism T*M which induces the identity on M and which can be represented
by an element By, € [(T*M @ TM) such that det &y, # 0 everywhere,

b) a unique section K, € (A*T*M @ TM), for each k > 0, and

C) a unique sectich .H.E,i.- e M(A**1T*M ® TM), for each k > 0, .
such that T = B o ..o B ° Bye Pyye @F, where @* is the pull-back of ¢, ®,,, is the

o)
extension of @, 10 AT*M,

B, = €xp Teaf.: + h\aﬁsu.

and r is the integral part of nj2. : .
Applying Theorem 2, we can also factorize both T, and T, and get another factorization
of T.

5. Integration of derivations

A well-known example can help us to understand the technical reasons that give rise
to the complicated definition of curve of automorphisms of ﬁ..&@ which we shall use.

Let X € X(M) be a vector field not necessarily complete. It is s_m__,._c.o,ua that &, is
a derivation on A(M) of degree zero. The problem of finding a family ¢; of automor-
phisms of 4(M) such that

GG
ot

= @, (£xS) 5

fo

i.e., the problem of integrating the derivation &y, has the o?.aocm mn“Eson. or = of,
the pull-back of the flow of X, ¢,. Nevertheless, this affirmation is Hnou:._o.&_m ._._.wonﬁﬁo.
because if X is not complete then thereisno ¢ # 0 such that ¢, is defined in all points of M.

All that we know is the existence, for ¢ # 0, of a maximal open set &, ...Eo: that ¢,
9, — % _, is a diffeomorphism, and we also know the remaining properties of 2, and
their relations with ¢, and X (cf. [6]).
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Definition. Let 7: E — M be a vector bundle. A curve of (local) linear automorphisms of
I'(AE) is a one-parameter family of R-linear isomorphisms T:I'(An"'(2_))
— I[(An™'(2)), € R, where 2, is an open subset of M, with the following conditions:

a) Do=M To=1d, U 9, = U % =Mg, =g, ify 21 =z0o0rify, <1, 20,

>0 1<0
and {teR |me 9} is an open interval for every m e M;
b) if a € I'(AE), let us write T,(a) = ﬁ@_mir then, if m e M, the curve t — (T a) (m)
€ AE,, for t such that m e 9, is smooth; and the map m € @_c - B\m&_a (T,a) (m)
belongs to I'(An~'(2 o)

A curve of linear automorphisms of I'(ALE) is called a curve of Z,-graded algebra auto-
morphisms, briefly, curve of automorphisms, if, for every t eR, T, is aZ,-graded R-algebra
isomorphism. :

Let us denote by T, : I'(An~(2-,)) — [(An~ '(2,,)) the operator given by (Ty,a) (m)
= (@), (T.4) (m). ;

It is easy to check that when T, is a curve of Z,-graded algebra automorphisms, then
ﬁw is an even ‘H_c.n_m_.?umo? ie. ﬁ%n& = :ﬂu& q..o& + (T, a) H..u&. Therefore, we
cannot obtain the odd derivations as derivatives of curves of %_mm,c_.m automorphisms.
Since our wish is to include in the same scheme even and odd derivations, we have chosen
curves of R-linear automorphisms instead.

Now the question is this: given a derivation D on I'(AE), does a curve of linear auto-
morphisms 7 exist such that 7, = 7, = D?

When we try to answer this question it will be made clear, owing to the method, the
following facts: .
1°) The integration process that we shall describe demands that the component of D
of degree —1 must vanish. This makes no matter in the case of even derivations because
they lack of that component.
2°) We can generalize the question to localizable linear endomorphisms of I'(AE) instead
of derivations (see Section 2), provided that they can be expressed as a sum of homo-
geneous endomorphisms of degree greater than or equal to zero, and that the part of
degree zero is a derivation.

Theorem 3. Let D be a localizable linear endomorphism of I'(AE), such that
D=Dgy + Dy + .. + Dy + ..

with Do, a derivation. Then there exists a unique curve of linear automorphisms of T'(AE),
T, such that Ty = 1d, T, = T, D.

Proof. 1°) Integration of the part of degree zero.
From Proposition 1, given the connection V in E, there exist K e I' (A°E ® TM) and
@ eI'(A'E ® E*) such that D, = i, + V. Note that K is a vector field on M; so let
0.9, 9_, be the flow of K.

We can define a n-projectable vector field on E by Y(e) = K*(e) — 1,(D(e)), e € E,
where K is the horizontal lift of X defined by V, and where 1, is the vertical injection,

ie. 1,(®(e)) is the tangent vector at ¢t = 0 to the curve 1 — ¢ + iP(e) € E .
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This vector field defines a flow on E, ¢,. Its maximal domain w..,. n'Z) .E.E we have
n e, = @ °n Moreover, if med, ¢, defines a vector space _moBo_.v._:a:.H *.,Sa.m.s
10 Eym- USINg local expressions we can see that the proof of this affirmation is identical
to the usual one for the existence of the parallel displacement. Then, we can define the

associated isomorphisms, ¢, which satisfy

%Mﬂ"&\.naoﬁnu M
where @, is built by extension of ¢, from E, to AE,. Thus, ifae rAn~(2_)), ¢;a
e I'(An~%(@,)). Moreover, if a is a section of degree 1, the tangent vectorat? = 0 to the
curve

1 - ¢7(@) (m) = ¢_al@ m)) .
is — Y(a(m)) + a,(K,), and by definition of Y, this is equal to
a,(K,) — K"(a(m)) + Ly (P(a()) -
Now, applying the Proposition IX, page 336 of [4], that tangent vector is equal to

hzanﬂau + iga) (m) = fi@@& (m) .

Thus, it is clear that ¢; is a curve of automorphisms with associated domains 2,
and that for sections on @ _, we have (d/df) (¢;) = ¢; > Dy = Doy o.&.. Moreover,
¢, is a curve of Z,-graded R-algebra automorphisms, and not just R-linear automor-
phisms.
2°) Reduction of the equation e
From now on, every time we take the value at ¢ of an operator, it will be understood that
its domain is restricted to the sections on Z,or 2 _,, according to the case.

LetS, = T, > ¢~ This new curve o:mnnm_.mﬁoBcBEmEmw_gc:ramm:m?nrmanum:o:

S/=T,oDod,— T o Dgyod,= 5, @] (D — Do) 7).

Let us write H, = ¢ (D — D) ¢ ¢_,. H, is an endomorphism, aovm:anaﬁ.o: the
real parameter 7, which can be written as a sum of homogeneous n:nouwoGEm,Em of
degree greater than or equal to 1, Using (1) and havinginmind that D — D,is Hoom__ﬁmzn.
we see that H, is localizable. From now on, we will not bother about the aﬁoﬂonﬂr_mam
being localizable, because, in general, the proof is immediate; we shall briefly call them
endomorphisms.

3%} Induction |
Let us suppose that we have the equation S; = §, D, where D, is an nu.n_os._o_.ﬁ_zmg_
dependent on ¢, which can be written as a sum of homogeneous endomorphisms of degree
greater than or equal to & > 0:

D, = D)y + D)y + - + D)y T o
Let L, be the unique homogeneous endomorphism of degree k such that
(@D, L), = (D) @Ds L@y =05 @

t=1y
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for all a e I'(AE) and all m e M. This equation can be solved by integration between
zero and 7.

Let B, = exp (L), which is well defined because L, is a nilpotent operator. Define
U, =8, ° B'. U, should satisfy the equation

ﬁw.. o .w.uob~owa_ A .m.. oﬁm.lwu‘ = Qu = N. aﬁuh B AW.!J; omb ow_l_ §

Let H, = B,=(D, + (B]') » B) - B'. We will see that H, is an endomorphism,
dependent on £, which can be written as a sum of homogeneous endomorphisms of degree
greater than k.

Since B, ! = exp (—L,), then

(B7Y = —(B)yy + D (DYy L, + LDy +
therefore
(B 2 B, = (B[ cexp (L) = —(D)y, + -

where the dots represent endomorphisms of I'(AE) of degree strictly greater than k.
Then,

D, + A_m«\_% 2B .:bbc; itz AULA:: fihiet .nlmbbc: +.}= TULH:: +

Neither B, = exp (L,) nor B! = exp (—L,) have homogeneous terms of negative
degree, therefore the conjugation by B, of a homogeneous endomorphism of degree
k + i is an endomorphism which can be written as a sum of homogeneous endomor-
phisms of degree greater than or equal to k + i. .
4°) End of the process
We are limited by the fibre dimension. Thus, by induction we shall arrive to H, = 0.
Undoing the changes, we have that :

ﬁ = A‘Wﬁq-v_ Plass S mm_nu_vu 2 AWA:H 2 AF.. 3
where ¢, is the flow of the vector field associated to D, . and (B), are the exponentials
of the homogeneous endomorphisms of degree 7, that have been obtained along the pro-
cess.
By construction, T, is the solution of the equation T, = T, o D, and we have T, = Id.
5°) Unigueness ;
Let T, and H, be two curves of linear automorphisms of I'(AE) such that
T/=T-D, T,=1d, and H'/=H D, H,=1d.

o

From the equality H, ' « H, = Id we deduce that (H ')’ = —D < H ', and thus
(T, < H7')' = 0. Therefore, T, - H, ' does not depend on ¢ and since T}, o Hy' = 1d,
we have T, = H,.

Fix seRand put G, = T, T, and F, = T, . G, and F, are solutions of the same
equation, 7, = T, o D, with the same initial condition, T, for = 0. By uniqueness,
Nau it m...u i ume;.

If we are interested in arbitrary initial conditions like T, = R, where R is a linear

automorphism of I'(AE), then, making the change S, = R™! o 7, in the equation 7}
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= T, D, we have that S, is the solution of §; = §; = D, with the initial condition S, = Id.
The localizable endomorphism D commutes with its integral curve. In fact, let us suppose
thatT,o T, = T,,, = T, T,and Ty = D.Then, T = @, T, =T, oD=D-T,

s+t
L
With even derivations the result can be refined.

Theorem 4, Let D be an even derivation on I'(AE). Then there exists a unique curve of
automorphisms of the Z,-graded R-algebra I'(AE), T,, such that T, = Id, T/ =T, D.

Proof. The difference lies in the third step. We will do it again. Let us suppose that the
equation is S, = S, o D,, where D, is an even derivation that can be written as a sum of
homogeneous derivations of even degree greater than or equal to 2k:

e Dl Abbnx. i ﬁbbn_ls +ot abba:pu_ +

As before, by Proposition 1, there exist K, € [(A*E ® TM) and @ € [(A*"'E @ E*¥)
such that (D)ay = Vi, + io, .
Let L, e [(A*E @ TM) and ¥, e I['(A**'E ® E*) be such that

@da),_ L =K, L,=0; (22)
(ddol_ =@, P =0 (@b)

Let B, be the curve of automorphism exp (Vy, + iy), and define U, = 8, < B ".
U, must satisfy the equation:

U/=UoB (D + (B'):B)-B".

Lot H, = B, o (D, + (B]")' = B) o B;"". The derivative of the automorphism B,"" is
an even B, !-derivation; then (B; ') = B, is an even derivation. So is H,, because it is
the conjugation by the automorphism B, of the even derivation D, + (B~ y o B, As
in Theorem 3, the homogeneous components of H, are of even degree greater than 2k,
and the process is repeated. Thus, the curve T, factories as (B,,), © ... ° (By), ° &,
where each factor is a Z,-graded algebra automorphism. Therefore T, is a curve of
automorphisms, as claimed.

In the particular case of A(M), if D is an even derivation that commutes with the ex-
terior differential, then, along the process of integration we always obtain automor-
phisms of the type T,. Therefore, we can state the following

w

Corollary 2. Let D be an even derivation on A(M) which commutes with the exterior &&@..
ential; then there exists a unique curve of automorphisms of A(M), T, such that T, = 1d,
T)=T, oD, T,cd=d-T,.

The preceding results are applicable to the integration of even vector superfields in
graded manifolds, via Batchelor’s Theorem [1]. For instance, when we apply our technique
to the example shown in [2], we reach the same integral supercurve as is easily checked.
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6. Example

In order to make the integration process clearer, we will work out an example. Let M
beR? and let {x, y} be the Cartesian coordinate functions. We will integrate the localizable
linear endomorphism of AR?), D = Dy, + Dy, = (i, + L ) + (¥
K, = 0/0x, @, = dx @ 0/0y and K, = x dy ® dfox.

Let V be the linear connection which, in the canonical frame {8/0x, 8/0y}, has coeffi-
cients I hr = 0. Then, let us consider the vector field ¥ on T*R? given by

Y, = 0 — 1(By ), ecT*R.

Let (x, y;u, v) be coordinates on T*R?, defined as follows: if e = pd,x+gdy
€ H“__wu, then x(e) = x(m), yle) = y(m), ule) = p, v(e) = q. Thus, the vector field ¥
is equal to 9/dx — v(d/0u), and its flow is given by

P ppg) = (x+ Ly, —gt +p.g).

The integral curve of automorphisms of D, iSg(s)=¢_,°5°0, where ¢, is the
extension of ¢, to A(R?). Here g, is the flow of 0/0x, i.e. the diffeomorphism defined by
(x, ) = (x + ¢, y). Thus we have $7(/) =feo @, ¢(dx) = dx,and ¢](dy) = dy + ¢ dx.

The second step of Theorem 3 consists of computing the conjugation of D — D,
= Dy, by ¢, ¢7 o Dy, = ¢~ . We put Pl =¢;Dy¢ . Immediately we check that

Pif+adx + bdy +cdx A dy) = (x + Nf(dy + dx)
+((x+ (b, —a)+ (tb—a)dx A dy,

_ﬁcv where

where f, = 9f/ox.
Note that, in this particular case, P, can also be written as
?5_ i .,Q::u i

where L, = [(x + ) (dy + tdx)] @ 0fox, and ¥, =tdx A dy ® 9/0x. So, in spite
of the fact that D, has no algebraic part, its conjugate by ¢ does.

Integrating P, with respect to f, according to equation (2), or (2a) and (2b), we obtain
the endomorphism P, defined by

P(f+ adx + bdy + cdx A dy)
= (tx + (P/)) f,dy + ((#[2) x + (]3)) f, dx
+ (22 x + B b, — (x + (D) a, + (Db — ta) dx A dy.
Since P, o P, = 0, then (B ), = Id + P,
The third step of the construction consists in computing the expression
(By), o [P] + By, < (B * (B,
A simple calculation shows that it is equal to the endomorphism —Pl ¢ P, and we

will denote it by H,. This endomorphism acts trivially on sections of degree greater
than 0, and acts on functions by the formula:

; it 3 2
:.SN|T+:?Q+Nubu+ﬁmx+mmvhfx>%.
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The equation we must now solve is (B,), = (By), o H', and we get the R-linear

‘automorphism Awn.uo_ = exp (H) = Id + H,, where H, is the endomorphism defined

by the equations (2),

hu mh nu hw h&
2 )
T._CJH\_HAN& +NH+&V.\§+A@H+NVHQ&R>QE.

Note that, although initially D has no homogeneous component of degree 2, when
we reduce the equation there appears an endomorphism, H,, of degree 2. This is charac-
teristic of the integration process.

Thus, the integral curve of R-linear automorphisms of the endomorphism D is

T, = (Byy), °(Byy),° ¢ = (d + H) = (Id + P) > 4.
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