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1 Introduction

By Batchelor’s theorem (also proved by K. Gawedzki [Ga]), any smooth
graded manifold (M, Ap) is isomorphic (although not canonically) to
(M,AE), where AE is the sheaf of sections of the exterior algebra bun-
dle AE — M of a smooth vector bundle E — M defined by Aar. (M, AE)
1s then called the Batchelor trivialization of (M, .Aps).

Our aim in this note is to obtain the Batchelor trivialization of the
tangent supermanifold ST (M, Ap) of (M, Ap) in terms of the initial data
M and E, given the fact that its corresponding structure sheaf is DerA£.
We show that the underlying smooth manifold of ST(M, Ap) is not TM
but TM @ E*. This reflects the intrinsic property that the fermionic part
of a graded manifold produces a new (nontrivial and non-expected) bosonic
part in its tangent graded manifold. Furthermore, we completely describe
the Batchelor bundle as the pullback to TM @ E* of the Whitney sum
T°M ® E® E (cf. Theorem 2 below). In particular dimST (M, Ay) =
(2dim M + rk E,dim M + 2rk E).
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2 Characterization of the derivations

Let E — M be a rank-n vector bundle over M, and let £ = [(E)
be its sheal of sections. We shall also write £°, and AEL, for the sheaves
F(E*), and ['(AE), respectively. Finally, we shall write Xy for the sheaf of
sections of the tangent bundle to M. For this part we shall follow the ideas
of [MoMa], [Rol], and [Ro3] (We shall refer the reader to [Ko] for definitions
of graded manifolds and all the related topics except the concept of tangent
supermanifold; for the latter we refer to [SV]).

The sheaf of derivations DerA£ is a locally free Af-module (cf. [Ko]).
Moreover, there is a natural inclusion,

0— AL ® £* — DerAE, (1)

defined by letting the elements of £* act on A£ by eontraction. There is
also a projection of Af-modules,

DerAE = AL @ Xy — 0, (2)

given on homegeneous elements as follows: Let Der' AL be the sheaf of
those sections of DerAL that increase the degree by k. Let X € DertAL,
and let f € A®f =~ C=(M). Then, X f € A*£, and for any k-tuple of
sections of £*, (ywy,...,ws), the mapping,

fr=i(pe)o--ailp)(X J), (3)

defines a derivation of C™(M). Denote by X(wy,...,u) this derivation.
It is easy to check that the map (w1, ....98) = X{@1,...,¥s) is C™-linear,
and alternating; it therefore defines a section of A*£ ® Xpy. The maps (1),
and (2}, fit together into an exact sequence,

0= AL @E — DerAf — AL @ Xy — 0. (4)

When a connection ¥V in the bundle E is given, this sequence splits and

therefore,
Derdf = AL @ (X & £*). (5)

In this description one manifestly reads the fact that PerAf is a Af-module
of rank (m,n). Note that the structure of the supercotangent sheaf can be
deduced from (5):

(DerAL)” = Hom(DerAf, AE) = AL @ (i1}, @ £), (6)

where, {1}, denotes the sheal of sections of the cotangent bundle to M.
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3 The tangent supermanifold -

We shall now use the structures found in (5), and (6) to produce
two supermanifolds—the supertangent, and supercotangent manifolds to
(M, AE), respectively—and two submersions—one from each of these su-
permanifolds onto (M, A£)—in such a way that the sheaf-theoretic sections
of DerA£, and (DerA£)” correspond in a one-to-one fashion with the Eeo-
metric sections of these submersions. Thus,

DerAf w— T((M,A£),(STM,AA4)) .

(DerAf)* — FE{M.AE},[ST"‘M,.ILB]}. (7)

In order to determine these supervector bundles we shall take into account
the following (ef. [SV]):

1. Supervector bundles over (M, AE) correspond functorially to locally
free sheaves of Af-modules over M, and this functor commutes with
Hom, &, and x.

2. There is a universal object in the category of supermanifolds, R
such that

AE — Maps((M,AE), R,

3. Supervector bundles are locally products of the base with a fiber; the
latter being isomorphic to a fixed supermanifold.

Now, the determination of the underlying smooth manifalds STM, and
ST™M follows from general principles: each supermanifold (M, AE) comes
equipped with a sheaf epimorphism, Af — € and hence, with an exact
sequence,

0= N — AL -5 —0, (8)
where A denotes the nilpotent ideal of AL, The sheal £ of sections of
the Batchelor bundle E can be recovered from this sequence by looking at
€= D N D N?..., and observing that £ = A/A. This has the structire
of the odd part of the supercotangent sheaf since A is contained in the
maximal ideal of vanishing superfunctions (cf [Ro2]). X

The cancnical epimorphism A — € can be used to also define a
functor from the category of locally free Af-modules, into the category of
locally free Cp2-modules over M namely, any locally free Af-module, A,
gives rise to the locally free C32-module, M (N M). For the supertangent,
and the supercotangent sheaves, this functor produces,

TerAL w— ﬂ::;'M..I’[_'M'IJ'ch} = XydE ©)
(DerAL)" 1 (DerAE)" f(N (DerA£)") = Qi dE
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Lemuna These isomorphisms are independent of the connection used to
aplit the sequence (4)

In particular, the underlying manifolds to the supertangent and to the
supercotangent spaces to (M, A£), are respectively given by,

STM =TM & E*, and, STP"M=T"Ma E, (10)

which are the ordinary Whitney sums of the given smooth vector bundles
over M.

To understand the structure of the Batchelor bundles A, and B, of
(STM,AA), and (ST* M, AB) we refer ourselves to Proposition 2.9 of [SV].
If we apply the general results there obtained to the supertangent and su-
percotangent sheaves, we obtain:

Theorem Let (M, A£) be a graded manifold of graded dimension (m, n).
The Batchelor trivializations of the tangent and cotangent supermanifolds

are
(STM,AA) = (TM & E*, AT (0}, @ £ 3 £)) (12)
(ST"M,AB) = (T"M @ E, A% (Xy & £ & £)).
Note: The graded dimension of the tangent supermanifold is (2m +
i, 2n - m).

Brief review of the argument Let (M,A£) be a supermanifold. Let
Fo — M, and F; — M be two smooth vector bundles of finite rank over
M (say, p, and g, respectively), and let Fy, and F; be their correspanding
sheaves of smooth sections. Let A4 be a locally free sheal of Af-modules

over M, and assume it has the following structure: :

M= AE@(Fod F), (13)
50 that A has Zi-rank (p, ¢). Then, there is a canonical isomorphism,
M = Hom ((Fo & F1)", AE). (14)

In particular, each section of the sheal Hom ((F @ F1)*, AE) extends
uniquely to a section,

Zy-Alg (AM(Fo @ F1)°, AE), (15)
of Zy-graded algebra homemorphisms between sheaves of Zo-graded al-
gebras. The sections of the latter, in turn, are in one-to-one correspon-

dence with maps from the base supermanifold (M, A£), into a superman-
ifold whose structure sheaf is A(Fp @ F,)°. The claim is that these are
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precisely the local geometric sections of the supervector bundle: maps from
the base into the superfiber,

In fact, if Ad is to give rise to a supermanifold (F, AF), equiped with a
supermanifold epimorphism x: (F, AF) — (M, AL), in such a way that the
geometric sections (i.e., maps o (M,AL) — (F,AF) such that xroo = id)
correspond to the sheaf theoretic sections of M, then, there must be a
canonical embedding AE — AF that defines . This must be 5o, since each
s=ction & gives rise to a superalgebra epimorphism, o*: AF — AE, such
that, #* ¢ #* = id*. In other words, AE must be a canonical summand
—and in fact, a subalgebra— of AF, Therefore,

AF = A(---@ £). (16)

This yields the global result of the assertion that the supermanifold (F, AX)
must be locally trivial; i.e., locally the product, (M, AE) x (V, AV), of the
base with the superfiber (V, AV). In this situation,

C((M,A£),(F,AF)) — Maps((M, A£), (V, AV)) = Zy-Alg (AV,AE).

(17)
This result, together with (15), completes the picture given by (16); namely,
AF=A((Fod A1) B E). (18)

The only technical point is that the Whitney sum of the bundles Fe. Fy,
and E now accurs over the underlying total space of the supervector bundle;
ie., over F = Fo@ F,. This is done by taking the pullback of such bundles
along F: Fy @ Fy — M.

Corollary Let Q(M) = [(AT" M} be the Cartan algebra of differentiabje
forms on & smooth manifold M. The tangent supermanifold of the graded
manifold (M, (M) is

(TM e TM, A7 (0L, 0L o eL)).
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