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Abstract. Given a symplectic structure on a differentiable manifold, Af, we show, by
applying a cnaracterization of derivations, that there exists an associated even graded
sympiectic siructure on any graded manifold whose underiying manifold 1s Af. We
also show a s:milar result for odd graded sympiectic structures

INTRODUCTION

The purpose cf this work is to show that any graded maniiold, whose underlying
differentiable manifold has a symplectic structure, can itscli be endowed with an
associated grzced symplectic structure. The association is given by the foliowing
condition: ti:e craded symplectic structure induces on the differentiable manifold
its initial sympiectic structure.

For the case cf an exact symplectic structure on the underlying manifold, this
problem was scived in 3], but the gencral case was still open. The authors of this
paper introduce the general problem and present some of the difficulties encountered
to solve it. Fol.owing different inethods, we rederive the same result in an intrinsic
way and soive the general case.

By Batcheics's theorem [1], every graded manifold is (not canonically) isomorphic
to a graded manifold of the kind (M, T(AFE)), where E is a suitable vector bundle
and T(AE) is e sheaf of local sections of the exterior bundle. We study first such
kind of gradec manifolds because any object defined on them can be carried to the
graded maniicic by the isomorphism thus getting the same kind of object on the

graded maniicid.

Vector fi
algebras. Therclore we must study the derivations of I(AE) that are characterized
in (7).

Graded 1-icmms are I'(AE)-homomorphisms of the ['(AE)-module of derivations
on I'(AE). We characterize here such homomorphisms and so that we can define,
in an intrinsic way, graded 1-forms.

Given an exact symplectic structure on M, @ = dJ, and a metric on E”, the
dual vector bundle, we can define a graded 1-form such that its differential is an
even exact nondegenerate graded 2-form, wy. Moreover, if dA = dji, then wj = wi-
Therefore, an usual argument for sheaves shows the general case.

<z on a graded manifold are defined as derivations of the sheaf of
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In graded manifolds with the even dimension equal to the odd dimension there
is room for odd symplectic structures. We show that an odd graded symplectic
structure, w defines a unique isomorphism Ilw : TAf — E. And. as in.the even case,
given an isomorphism w¥ between TAf and E we can define an odd nondegenerate
graded 2-form, w such that IIw = w#. &

1.DEFINITIONS
For a detailed study of graded manifolds we refer to [4]. Let (M. A} be & craded
manifold of graded dimension dim(Af, 4) = (m,n). in the foliowing sense: A is
a C™ real manifold of dimension m, and A is a sheaf of Z, graded commutative
algebras such that

(1) there exists a surjective sheaf morphism ~: A(M) — C=(A!) often calied

the natural morphism,

(2) there exists an open covering {U;};e; of M and sheaf isomor

AR
The surjective sheal morphism induces a map between the moduies of ¢
forms & : Q(M, A) — Q(M) (See [4) page 257 for definition)

Let = : E — A ™ be a real vector bundle where the dimension of A is m and the
fibre dimension is n, and let = : AE — M be the exterior bundie of E.

Let T(AE) be the sheaf of exterior It-algebra of iocal smooth sections of AE (all
objects are C*®). The pair (M, ['(AE)) is a graded manifold of graded dimension
(m,n). Batchelor's theorem [1] asserts that any graded manifold is isomorphic to
a graded manifold (M, I'(AE)) for a suitable E. Thus we will focus our attention
on such kind of graded manifolds.

If s € T(AE) is homogencous, say of degree p, then we will write fs| = p. If
s € T(AE), we denote by S, the homogeneous component of s of degree p; thus s =
Mnuo S(p)- A lincar endomorphism D : [(AE) — ['(AE) is said to be homogencous
of degree |D| if |D(s,))| = p + |D|.

A homogencous lincar homomorphisin D : [(AE) —
neous derivation of degree |D| if, for homogencous s, , s

ms A(U;) —

rential

d @ homoge-

(X}

D(s182) = (Dsy)sz + (—1)!Plissls (D,

We fix the following terminology: when we refer to the Z,-grading. we shall talk
about even or odd objects if they are of degree 0 or 1, respectively. We s
the expression object of degree ... for the Z-grading.

Every homogeneous derivation is determined by its action on the elements of
degree 0 and 1. Thus all derivations of degree less than —1 are zero. A linear endo-
morphism of I'(AE) is called a derivation if its homogeneous parts are derivations.

Let M, N be graded [(AE)-modules. A morphism § : M — N is called of
degree |S| if S(z(p)) is of degree |S| + p, and is called a T'(AE)-endomorphism if
S(sz) = (-1)IS1IsS(z), s € T(AE),z € M.

reserve



878

Two classes of derivations on I'(AE).

Let TM — M be the tangent bundie over M and T(AE@TA!) the I'(AE -module
of smooth sections of AE @ TAM. We can define in N(AE G TAM) a Z and a Z2,-
grading. Every ¥ € I'(AE @ TAf) can be expressed as a finite sum of decomposable
homogeneous sections s(,) & X where s(,) is 2 homogeneous section of I'(\\E) of
degree p, and X € [(TAf).

Let ¥ be a iicear connection in E. If ¥ = S(p) @ X, we define
Ve : T(AE) — T(AE) by Vyu = S(p)Vxu, , where u € I
T'(AE @ TM . we define Vy by linear extension.

Vy is a denvation and we call it the proper derivation associcted to ¥ trough
V. If ¥ is a homogeneous element, in whatever grading, then Vy is & derivation of
degree |¥|.

Now, we shall define another type of derivations, the algebraic ones.

Let = : E* — M be the dual bundie of E, and let I(AE & E*) be the j./.m,\,...
module of smooth sections of AE @ E°. We define in T(AEZ E*)a T and a
Z,-grading.

Every # € [(AE @ E*) can be expressed as 2 finite sum of decomposabie homo-
geneous sections s(,) @ a where s,) is a homogeneous section of T(AE) of degree
p,and a € I(E*).

If & = s5(,) € a, we define the endomorphism i¢ : N(AE) — T(AE) by igu
S(p)lou, Where v € I'(AE), and where i, is the interior multiplication; and if ¢
['(AE @ E*), we define 1¢ by lincar extension.

¢ is a derivation that acts trivially on the smooth functions on A, and we call
it the algebraic derivation associated to ¢. If ¢ is a homogencous clement, in cither
grading, then 14 is a derivation of degree |[®] — 1 (modulo 2 if we are dealing with
the Z-grading..

o

m

2.CHARACTERIZATION OF THE DERIVATIONS OX ['(AE)

The followinz characterization can be found in 7). We will include here the
proof because it shows how a graded vector field of the graded manifold (A, T(AE))
admits a bric! representation by means of the two previous k

jons.

The charactezization is analogous to that of Frélicher-INij

Proposition 1. Let D be a derivation on I'(AE), and let V¥ be a connection in E.
Then, there are unique fields ¥ € T(AE ® TM) and ¢ € I(AE @ E*) such that

D =14+ Vy.

Proof: Suppose that D is a homogeneous derivation of degree k > 0, and let
a',...,a* € T(E*) be smooth sections. The map

f = (Df),...,a%), f € C=(M) c T(AE),

S ISR

{
i
1

o 4 i =
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is a derivation and then it defines a vector field on M, which we denote by
¥(al,...,a*). The map from I'(E*) x --- x I(E*) to [(TAf) defined by
(el nis o) il 0 a*) is C*(M)-linear and skewsymmetric, whence it de
fines a section ¥ € T(AE @ TA{) that satisfies Vi f = Df for every f € C=(A).

Then, the operator D — Vy is a derivation of degree k that acts trivizlly o
C*(A1); therefore it is a C=(A)-linear endomorphism which is determined by it
action on the sections of degree 1. Then, if s € [(E) the map s — (D = Ty)
defines a homomorphism from I'(E) into [(A**!E) and therefore there is  sectios
¢ € I(AE ® E*) such that (D — Vy)s = igs. The operator t¢ 1s & derivation o
degree k that acts trivially on C®(M) and as D — Vy on the sections of £. Ther
D=Vy+1i,.

The case of k = -1 is trivial. J

Let U C M be a coordinate open sibset with coordinate functions {z,1™ | and le

{s;}7=, be a local basis for T(E(U)). To avoid confussion, let us mun_oﬁ_n_ _mL frodre
the same functions {z,}™, but now considered as elements of T(A(E(T))), ic., a
even graded coordinates. Then {r,,s,} are graded coordinates on (U, T(A(EU))))
By theorem 2.8 of [4] there exist unique derivations {Z, =2} with the foliowing
properties: A

m‘.» ®h~
T &irly, Mﬂl. =0,
mﬂw mha

MMH - O. ﬂ = mgﬁ—t.

B B " " : : Sty
Furthermore, or, 15 an even denivation and % is an odd derivation and any deriva-
7 )

tion D on T(A(E(U))) can be uniquely written as

m m n m
D= R — PR
Mnmﬂ...r FQ.J._

=1 =1

where q;,b; € T(A(E(U))).
hﬁ.Cm compare this with the two kinds of derivations of proposition 1. It is clear
that, if {67}7_, is the dual local basis of {s;}7=,, then 2 =,

us
3 . . e 4 W
hand, o and dunl are in general different derivations and the relation is

On the other

g .0
= — J —
an. e @: + hNH‘.Nmmuq

where H.,w~ are the Christoffel symbols of V.



3.CHARACTERIZATION OF THE GRADED 1-FORMS ON (M, T(AE))

L

Graded 1-fcrms are’ T'(AE)-linear homomorphisms from the module of graded
vector fields into I(AE). By Proposition 1 we have that a graded vector field, i.e.,
a derivation D. is uniquely determined by two objects: ¥ € I'(AE € TM) and
® € T(AE @ E*). Moreover, the maps from Der(T(AE)) into I'(AE € TA) and
T(AERE") defzed by D — ¥ and D — @, respectively, are I'(AE)-homomerphisms
of T(AE)-moduies. Indeed, if s € T(AE), sVy = ¥,y and si¢ =1,s.

Then, to stucy graded 1-forms is equivalent to study two sets of I'(A E}-homomor-
phisms, the firs:. from [(AE@TAS ) into I'(AE) and the second ifrom I'(AE& E®) into
T'(AE). By dei=zition of (A E)-homomorphism, this is equivalent to study C®(Af)-
linear homomorphisms from I'(TAf) into I'(AE) and from I'(E*) into T(.AE), re-
spectively.

Let S be a C®(Af)-linear homomorphism from I'(TAf) into T(AEI I X €
T(TA!) let us suppose that S(X) is an element of degree k and let a'... .. ot €
I'(E*) be smooth sections. Then, S{X)(a!,...,a*) € C%(Af), thus it defines a
differential form of degree 1, that we denote by Kie',....a*). The map
(a',...,a*) = K(a',...,e*) is C®(Af)-linear and skewsymmetric, whence it de-
fines a unique section I € [(AE © T*Af).

Let us denote by p(I{) the T(AE)-homomorphism from ['(AE & TAf ) wmto [(AE)
defined by K e T(AE® T°M). If K = s @ 8, where s € T(AE) and 3 € A'(M)
andif ¥ =u@ X € ['(AE @ TM) then

p(s ® B)(u @ X) = su3(X).
t is casy to check that, for homogeneous elements,
p(s € B)(u A ) = (=1)Mupis & B)(T).
ucly

Analogously, a C>(Af)-lincar homomorphism from I'(E*) into T(AE) is )
determined by-a section L € T(AE @ E). Let us denote by u(L) the T(AE)-

roEoEo:::mﬂ.m.‘oBH;ﬁ.)Mm”.mu.v.::oH.,T/mvanmu&vwhmH._x/.m,n..m,.:hu
s@Y,wheressT(AE)and Y €T(E)andif $=u@a € T(AE @ E7) then

u(s@Y)u®a)=suall’).
t is easy to cneck that, for homogeneous elements,
u(s © Y)(ud) = (1)l 4 p(s @ V)(Q).

We have provec the following

Proposition 2. Let V be a fixed connection in E. Let Q! be a graded 1-form on
the graded ma=ifold (M,T(AE)) then there are unique fields ' € T(AE @ T M)
and L € T(AE ¢ E) such that

QVy +is) = p(K)(T) + w(L)(®).
Remark: We will denote by Q(D) the action of the graded form on the derivation,

but having in mind that the action is by the left, i.e., in the notation of [4], it is
< B>

!
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4.GRADED SYMPLECTIC FORMS ON (A, T[(AE))

The module of derivations has a Z-graduation, then the space o] graded p-forms,
for each p, has aiso an induced Z-graduation, not only a Z,-graduation.

DEFINITION. A graded p-form w is said to be of degree k if
0Dy DY e DA rbadiB ik by

for all Dy....,D, graded vector fields of degree |D,]|,..., |Dy|.

If k is even (odd) then w is an even (odd) form.
Let us fix a connection V in E.

Even symplectic structures. Let @ = d) be an exact 2-form on M, and let
g E* xa B — IR be a symmetric bilincar form on E*. We can consider the
graded 1-form defined, as in proposition 2, by A € T(T°M) € D(ABE T7AL) and
byg e T(E@E)CT(AE @ E).

The homomorphism p() is of degrec 0 and the homomorphism u(g) is of degree
1

Let us recall that, if X € [(TM) and a € I(E*), then
A(Tx) = p(3)(X) = A(X) € C=(M), A(ia) = u(g)(a) = gla, ) & T(E).

Thus A sends even derivations to even sections and odd derivations to odd sections
le., Als an even graded 1-form. ,

H..b” us put w = dA, the graded 2-form differential of A. w is determined by its
wm:o: on the following pairs of derivations (Vx, Vy ) (io, Vx) and (i,.15) where
X,Y € I(TM) and o,B € T(E*). But first, we necd to compute the brackets of
each pair of derivations.

By proposition 1, the derivation [Vx,Vy] can be expressed as a sum of a proper
and an algebraic derivation. The proper derivation is determined by thie action of
[Vx,Vy] on functions. It is casy to chek that [Vx,Vy]f = Vix /. Therciore the
algebraic derivation is [V.x, Vy] - V|x,y) and we have [V, Ty] = ¥{x 11+ incx.y),
where [X Y] is the Lie bracket of the vector fields X,Y and where the curvature
of ¥, R(X,Y) € T(E® E*), is given by the usual formula RIX.¥)s = VaVys —
VyVxs = Vixy)s € [(E), for every s € I(E).

[ia, Vx] is a derivation of degree —1, then, it is determined by its action on

s € I(E).

[fa, Vx]s = iaVxs - X(ias) = a(Vxs) — X(a(s)) = =(Vxa)s = —iv,os.

Finally, [1,,i 8] = 0 because it is a derivation of degree —2.
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oo

Let us compute now such actions. By application of proposition 4.3.6 o
get

I_. we

w(Tx.Vy) = VxA(Vy) = ¥y A(Vx) = M[Tx, Ty])
= X(MY) = Y(AX) = M([X,¥]) - B(g)(R(X,Y))
=&(X,Y) - u(g)(R(X, YY),
AN N e 1, A(Vx) - UxA(ia) = Allia el
=-Vxu(9)e+ u(9)Vxa
= —(Vxg)(a, )
“iiarig) = iaA(ig) + 15M(ia) = A{ias i3])
= 2¢(a, B).

Then, we can s:ate the following lemma, first proved by difierent methods in i3]

Lemma 1. Le: M be a differentiable manifold supporting a symplectic structure
defined by an exact 2-form & = d (dimension of M = m = 2¢) and ict (M, A) be
a graded maniioid over M. Then there exists an even exact nondegencrate graded
2-form w such that Kw = O,

Proof: Let us suppose first that the graded manifold is (M,T(AE)). Let us choose
a metric g on £* and let V be a connection in E.

Let w be the graded form defined as before by &, ¢ and V. Then « is an exact
2-form because it is the differential of a graded l-form. It is nondegencrate by
proposition 4.3.2 of [4]. Indeed, let us note that the part of degree 0 of w(Vx, Vy)
1s ©(X.Y"), and the part of degree 0 of w(io,15) is 2¢(a,B). As @ and ¢ are non-
singular then o is non-singular too. Let us denote this graded symplectic form by
W(g,v)-

By Batchcior's theorem (1), there is & vector bundie £ — AM such that the graded
manifolds (A.A) and (M,T(AE)) arc isomorphic. Let w be the graded 2-form on
(M, A) image by the isomorphism of w(g,v)- Then w is a symplectic structure on
(M. A) that satisies the desired condition.

Note that the craded 2-form thus defined depends on & = dA but not dircctly on
A. This fact w

aliow us to gencralize the construction to closed 2-forms.

Theorem 1. Le: M be a differentiable manifold supporting a svmplectic structure
defined by a 2-form @ and et (M, A) be a graded manifold over M. Then there
exists an even nondegenerate graded 2-form w such that kw = o.

Proof: Let {{’,},e; be an open cover of M by simply connected coordinates sets.
First, let us recall that the module of graded differential forms, Q(M, A), has a
sheaf structure (see [4] page 247). For V C U, let puyv AU, AU)) = QV, AV))
be the restriction map

For each 1 € I we have that there exists a 1-form }; such that @ = d}; in U;. Let
w; be the graded symplectic form of the graded manifold (U;, A(U;)) defined by Ais
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a metric on E, ¢, and a fixed linear connection on E, V¥, as follows from lemma 1.

It is clear, by the proof of lemma 1, that for every i,j € I

PULUAL, (wi) = pu, viny, (w)).

Then, by the definition of sheaf, we have that there exists a unique w € Q(AL, A)
such that px v (w) = w;. |

The graded symplectic structure thus defined depends on the choice of a met-
ric and on a linear connection; there are many degrees of freedom. But there are
situations where this choice can be made canonically. For instance, in general rela-
tivity we have a fixed metric and a distinguished connection, the metric connection.
Therefore if the graded manifold has as underlying difierentiable manifold a Lorentz
manifold of even dimension, Af. and the sheaf is the Cartan algebra of the man-
ifold, i.e., the algebra of differential forms (T(AE) = T(AT* M), then there is a
canonical lifting of sympiectic structures on Af to graded symplectic structures on

(M, T(AT"AL)).

0Odd symplectic structures. In some cases, it is also possible to construct. fol-
lowing this method, odd graded symplectic forms. (6]

w is an even graded symplectic structure then Kw is a symplectic structure.
But this is not true for odd graded symplectic structures. If w is an odd graded
symplectic structure then xw = 0. Anyway, we can obtain a similar condition:

Let us suppose that the fiber dimension n = m, thus the graded manifold
(M,T(AE)) has the same even and odd dimension.

PROPOSITION 3. Let w be an odd graded symplectic structure on (M,T(AE)).
Then it defines an isomorphism Mw : TA — E.

PROOF: Let V be a conncction in E. For a fixed X € T(TM) the map from I(E*)
into C*°(Af) given by a — (w(Vx,1a))™ is C(Af)-lincar, thus it defines a local
section of E that we shall call TIEX)

The map from [(TAM) into T(E) given by X — II(X') is C(Af)-linear, thus it
defines a homomorphism I : TAf — E. Since w is non-singular, then Iw is an
Isomorphism.

Let us see now that the isomorphism, Iw does not depend on the choice of the
connection. If V is another connection, then Vyx = V + 1A(x), where A(X) €
N(EgE).

fe,Be T'(E*®) then i4,ig are odd derivations, then, as w is an odd graded form,
@(ia,14) is an odd element of [(AE). Thus, (w(ia,ig))~ =0, and thercfore,
AE?\:kv“mnvvz =)

We get then that ?A@».L.ovvl = (w(Vx,1a))~, thus the isomorphism does not
depend on V. I

Note that every odd graded symplectic structure is exact. Indeed, as x induces
an algebra isomorphism of the de Rham cohomologies (see [4]) and since xw = 0,
then w must be exact.
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Now, we shall construct odd symplectic structures as we have done before for
even symplectic structures.

Let w# : TM — E be an isomorphism. It can be seen as an element of IEg -
T°M). Let ¥V be a connection on E and denote by dv the exteriour covariant
derivative dv : T(E @ A¥(T*M)) - T(E® A¥Y(Te L)), given by

P
(dv@)(Xo,...,Xi) = Y (-1)"(Vx,8)(Xo, ...,

1=0

..Juf.»v;_.

L E g Tk et S S e e §
1<y
where ¢ € T(E @ A¥(T*Af)). ;
Let A be the graded 1-form defined, following proposition 2, by w# el N= :
p(w#). p(w*) is a homomorphism of degree 1. Its action on derivations is given by

MYy +ie) = plw? ).

Then A is an odd graded 1-form.
As before, let w = d)\. We have that Z

w(Vx,Vy) = (dow*)(X,Y) € T(E),
w(ia, Vx) = a(w®(X)) € C=(A1),
w(iarig) = 0.
Since w¥ is an isomomorphism, then w is non-singular. It is also clear that [lw =
w#.
We have then proved the following

Theorem 2. Let (M,T(AE)) be a graded manifold of graded dunension ?:;.:v.
Let us suppose that there exist an isomorphism w# : TAf — E. Then there exists
an odd graded symplectic structure w such that llw = w¥.

Local expression. Let us choose E = T*M and let w# : TAf — T*M be an
isomorphism, and let V be a linear connection on M such that Vw# = 0. Let
U C M be a coordinate open subset with coordinate functions {zeliy, thenps &
{sk HE%ﬁolw.:msuu is a local basis in T*M, let {#*}, be its dual. .
7]

b in e

e,V o ) = 8*(w?
E?Q. ’ Mmlu v AE A
Note that Vw# = 0. Then, locally, w = Doy /dsg Ny :
Note that a symplectic form @ on M defines an isomorphism w# : TM —= T \S
and with this homomorphism we can define an odd graded symplectic form.

1
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EXAMPLE. THE SCHOUTEN-NIJENHUIS BRACKET

As a final example, we shall see that the the Schoten-Nijuenhuis bracket can be
expressed as the Poisson bracket of an odd symplectic structure. This was first
observed in [6]. A dual construction on differential forms was constructed in [5].

Let us consider as vector bundle E the tangent bundle, TA{. Thus, the graded
manifold is (M,T(ATAf)). The elements of [F(ATM) are called multivectors. Let
us choice as isomorphism from TAf into itself the identity map, and let V be a
linear connection in TAf.

Let A be the graded 1-form defined by the identity isomorphism and let w = d)
be the associated odd symplectic form.

It it easy to check that

WV, Vy)=T(X,Y), wlia,Vx)=a(X), wlia,is)=0,
where T is the torsion of V.

THEOREM 3. The Poisson bracket on multivectors induced by w is the Schouten-
Nijenhuis bracket.

PROOF: Let X € I'(TAf). The Hamiltonian graded vector field defined by X is the
derivation Hx = Vx + ipy.

ERue TR NG =w(Hx Hy )= -«(Vx,Vy) = w(Vx,ivy) - w(tvx,Vy) =
-T(X,Y)+ VxY =VyX = [X,Y]. Then, the Poisson bracket and the Schouten-
Nijenhuis bracket agree on vector fields. By the properties of both brackets, they
agree on multivectors.
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