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[ Introduction and motivation. The c-map ]




s Berger’s List

~ Theorem
Let M be a Riemannian, oriented, stmply-connected n-
dimensional manaifold, which s not locally a product,
nor symmetric. Then its holonomy group belongs to
the following list:

M. Berger (1955)

RICCI FLAT
G Spin(7 Spin(9) -
ni7 n}iS() ngzﬁi()
U(3) SU(3) Sp(%) Sp(%)Sp(1)
” QUATERNIONIC
KAHLER KANLER
HYPERKAHLER

image credit: S.M. Salamon (1989)
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1+ Kahler, and Quaternionic Kahler Manifolds

£ (M?™ g) + {Hol C U(m)} = K }

U(m) = SO(2m) N Sp(m,R) C GL(m, C)

[ (M, g) + {Hol C Sp(k)Sp(1)} = QK }

Sp(k)Sp(l) ¢ U(m) = QK £ K

Hol C Sp(k)Sp(1) =

/"

y

\

—Hol C Sp(k) C Sp(k)Sp(1) = HK
Sp(k) C Uim) = HK C K

— M symmetric space



s Why QK?
[ Curvature

QK = Einstein QK+ {s =0} = HK J

~ Wolf spaces N
HP", Gro(C"*?), Gry(R"H)
Go Fy Eg E~ Eg
(S0(4)" Sp(3)Sp(1)” SU(6)Sp(1)" Spin(12)Sp(1)" E7Sp(1)

(A) LeBrun-Salamon Conjecture: {QK + s > 0} = Wolf

[ Alekseevsky spaces J

4 Homogeneous, non-symmetric QK, with s < 0.

(B) Find explicit examples of non-compact QK manifolds



¢ Enter the physics
~

-

“The mathematical problems that have been solved or
techniques that have arisen out of physics in the past have

been the lifeblood of mathematics.”
Sir Michael F. Atiyah Collected Works Vol. 1 (1988), 19, p.13

~

M-Theory:




7 Cc-map

~ c-map |
Ki x QK9 x CH(1) — K9 x QK1 x CH(1)
KQm ___(i‘fn_a_P___> QK4(m+1)
Cecotti, Ferrara & Girardello (1989), Ferrara & Sabharwal (1990)
Rigid c-map
rigid c-ma
K2m ST HKAT
N J

Alekseevsky (1975), Cecotti, Ferrara & Girardello (1989), Ferrara & Sabharwal (1990), de Witt

& Van Proeyen (1992), Cortes (1996).



s Field content of N =2, D =4 SIMPLE SUGRA

a=0,....3, [4=0,...3  A=172

Gravity supermultiplet N

a A\ 0
(vﬂ7 w ) Aﬂ)

m Vector supermultiplets ~

(A, XA 9N, i=1,m

J

qbi m C-scalars = 2m R-scalars
Coordinates on a 2m-dimensional, PSK >-model



o 4D — 3D Kaluza—Klein compactification, I

AN

=0,...3— (0,u), p=1,2,3

~ Metric N

N VAVl = g = 0 | A
ab¥ i Vo % GQJA,LL ezag/w n GQUAMAV

N
~ 4-vectors ~
KK
A) = (AD, A)) = (o, Ap)
k a1 K8 4 Al = (¢, AL )
o, Co, ¢ m + 2 extra scalar fields

Ay, Ag, Az m + 2 extra 3D-vector vields.



10 4D — 3D Kaluza—Klein compactification, 11

Dualzt ~

Dualization of 3D-vector fields
{ (A, Ay A1) 75 (0.8, 8 }

a, EQ, Z} m + 2 extra scalar fields.



11 SUGRA N=2D =4

~ Kaluza-Klein 4D—3D

Gravity Supermultlplet
4D |#s|3D Hs " #s
VEA v% Ay, e?7 11 Vé\, a, ¢|2
(2 (8 (8
Ag AD, A} 1 ¢V V2
m Vector supermultiplet
4D | #s 3D Hs | * #s
AZ 6, AZ m CZ‘., ' 2m
A Al Al
o' 2m, R | @' 2m | ¢’ 2m
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[ Introduction and motivation: The c-map. ]

Differential-Geometric construction of the
c-map




Quaternionic Kihler Moduli Spaces

Nigel Hitchin

Abstract We describe in differential-geometric language a class of naturally occur-
ring quaternionic Kihler moduli spaces due originally to the physicists Ferrara and
Sabharwal. This class yields an example in real dimension 4n for every projective
special Kihler manifold of real dimension 2n — 2 and can be applied in particular to
the case of the moduli space of complex structures on a Calabi-Yau threefold.

1 Introduction

The study of quaternionic Kihler orbifolds of positive scalar curvature is equiva-
lent to the study of 3-Sasakian manifolds, and the procedure of quaternionic Kihler
reduction gives many examples of these, starting from a finite-dimensional quater-
nionic nrolective space (<ee [317 But whereas hvnerkihler reduction has been used




13 Special Kahler manifolds, I

~ Special Kahler manifolds, SK

SK = (K, V)
1. V5w =0,
2.R(V?®) =T (V%) =0,
3. V1Y = -V, IX (“special condition”)

N

~ Conic special Kahler manifolds, CSK

CSK = (SK,X) X € XM
1. g(X, X) # 0;
\2. VX =—-1 =VIX.




14 Special Kahler manifolds, 11

* Moment mapping

1
M:M%R:pHéHXpHQ

~ Projective special Kahler manifolds, PSK
PSK = CSK//.X =p ' (¢)/X c¢€eR

CSKy = p~(¢) —— CSK

|




15 (eneral picture arising from physics

/ CSK2(m+1) _I'_i%i_d_c_—fn_a_p_> HK4(m+1) h
/] eX
PSK2m o ___ R QK4(m+1)




16 Flat model: HK vector spaces, 1

V=CrM=(R™ G, i), m=p+q
G = diag (idgp, —idgq) ,i=diag(ig, ..., i2), o= (! 7)
~ Canonical forms on V, V* N

T,V 2V =R
0 = (day,dyy, . .., deg, dym)T € QHV,R?™)
T,V* = V* = (R*")*
o = (duy, dvy, . .., dug,, dvog) € QY V* (RZ™)%)

N y
~ Kéhler forms on V, V* N

1 1
w = —§9T Ash, W= 5 A sal (s = Gi)

N J




17 Flat model: HK vector spaces, 11

[

TV =V +V*

~ HK structure

wrj= du; Ndx;+dv; Ndy; = aNb
wi = du; Ndy; —dv; Ndx; = —a Nib
W= w—w"= %(Oé/\SO&T—@T/\SQ)
N
gk = ei(da; + dy; + duj + dvf)  (5; = Gy)

Idx; = dy;, Idu; = —dv;,
JCZ:IZZ' — —duz-, deUZ' — dyz-
Kdx; = dv;, Kdu; = dy;




15 HK structure on the cotangent bundle

[ T*M = GL(M) X¢p,omR) R™)* )

6 € QYGL(M),R*™),  wy € QYGL(M), End(R*™))
a=dr — 1wy € Ql(GL(M) X (R2m>*v (Rzm)*>

Lemma
[w g =a A0 ifl wy is torsion-free J
(M, I) : I acs
T*M = AYM = GL(C, M) Xy n.c) (C™)*
W=wj+iwg € A*O

Lemma
Suppose wy is torsion-free. wy = —a A1 iff the acs I on
M is integrable and (V, I') satisfies the ‘special condition’.




19 Meaning of the SK condition
~ Proposition N

The two-forms wy = %(Oz Asal — 61 As), wy, wi on

T*M give a HK structure compatible with the standard
complex symplectic structure iff (M, I, g, V) is SK.
NS

J
a I

112

HK4(m+1) , T*CSK2<2<m+1>>

(\\
rigid c-map [ mH)

CSKQ(m—I—l)




20 Effect of the conic hypothesis
~ Proposition ~

Let X be the horizontal lift of the conic isometry X to
T*(CSK) Then X is an isometry of T*(CSK) and

- byer=0, Lgwy=wi,  Lgwk=—w;
Csi2m 1) (B pgcim il g)
o
PS%Qm ______________ . QK4<Vm+1>
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[ Introduction and Motivation. The c-map. ]

[ Differential-Geometric construction of the c-map. J

( Twist and HK/QK correspondence }




22 The Twist construction (sketch)

/T he twsit construction associates to a manifold M with a\
Sl action, a new space W of the same dimension, with a
distinguished vector field.

This construction fits into a double fibration

sl P
V 7TW
1 n n
S C M twist » W

so W is M twisted by the St-bundle P.
A. Swann, (2007, 2010)

o /




23 Twists & HK/QK correspondence

1992, 2001
[Instanton twists (Hypercomplex, Quaternionic, HKT) J

D.Joyce (1992), G.Grantcharov & Y.S. Poon (2001)

2007, 2010 N
{General twists (T-duality, HKT, KT, SKT, ...)
A.F. Swann (2007, 2010)
~ 2008 |

HK/QK correspondence
{HK + symmetry fixing one w} < {QK + circle action}

A. Haydys (2008)
N

2013
(Twistor interpretation N (2013J







25 The Twist construction (in detail)

YexpP.51C P

>

XE%M:Slc M™ —---- LT W= P/(X")
A Samn, (007, 2010)
/1. P(M,S1) : connection 6, curvature o F = do. \
2 Ly F =0
3. X' = XV +aY € XP : such that Ly/0 = Ly/Y = 0.
\4. W = P/(X") with induced action by Y. )




26 1Twist data

P
(M, X, F,a) = Wy YV
M 14

~ Twist data
1) M, a C°° manifold.
2) X € XM, generating the S action.
3) F e O?M, X-invariant, with integral periods.
4) a € C°°M such that

da = —X_F




27 H-related tensors

P
Hp = o)M= Loy ()W
M W
~H
aeTM, ay € TW
\ a g, ayy = (1) a)ly = (o) |y
~ Lemma

ozEQpMX:>EI!on€QpW Ly VY O

S
7TWOCW

= rfa — O AT X La)




2s Computing the Twist

- da,
a e QPMX

1
dovy, ~, doz—aF/\(XJoz).

N

~ Twisted exterior differential, d,

Qypy ~q, day,, ~o, dy, o

1
dW =d——-—F N X_
a




20 Twist vs Integrability

~ Complex case

=

Let I an invariant complex structure on M, H-related to

~

an almost-complex structure I,;, on W, I, is integrable iff

FeQ' M.

~ Kahler case K — C

CP"™ x T?

SQn—I—l > T2

T

SZ?H—l < Sl




30 Need for a deformation

~ Problem ~

dao =0+ day =0
1 1
day ~ dya=da——FAN(XJa)=—F N (X_Ja)#0
a

- a J

51 Simetries of the structure HK = (M, g, I, J, K)
~ Rotating symmetry N

X € XM

1.LX<g) = 0.

2. Ly(I) = (I, ], K)

3. (CL) LX[ — O, (b) LXJ — K, (C) LXK = —J

N J




32 Elementary deformations of the HK metric

~ Ja
HX =(X,IX,JX, KX)
apg = g(X, ), ay=—g(AX,) (A=1J,K)

Jo = of+ > _ % = glux
A

gN , Elementary deformation of the metric
[ gN:fg—|—th“ fagECOOM




33 Uniqueness

-

N

Theorem 2
(M*_ g.1,J, K) HK, k> 2
XeXM Rotating symmetry
7 Moment mapping
~ 3! Elementary deformation N
1 1
gN — g + 2904
p—c (p—c
NS J

3! T'wist data
[F = kG = k(dag + wy),

a=k(g(X,X)—pu+c).

4%

QK

0O.Macia, A.F.Swann (2015)




34 Idea of proof

p
1. From ¢*¥ and (I, J, K), construct w% y V.
2. Impose arbitrary twist of OV to be QK.

3. Decompose equation with respect to the splitting
TM = (HX) @ (HX)"'.

4. All this leads to f = f(u), h="h(u)y h= f".
5. Impose da = —X JF to determine a.
6. Imposing dF' = 0 leads to ODE’s which determine f. |




GRAZIE
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Introduction and Motivation. The c-map.

2N /

\

Interlude: Differential-Geometric construction of the
c-map.
(pre-twist version)

Twist and HK/QK correspondence

[ Bonus Track: A worked-out example




36 1he hyperbolic plane

~ RH(2) N
- CH(1) : Real, 2-dimensional solvable Lie group with
Kahler metric of constant curvature.

- Local basis of one-forms on S C CH(1) : {a, b} € Qg ;
da=0, db=—-XaAb

- Metric:
Jo = a’ + b’
- Almost complex structure:
la=0
- Kahler two-form:
We=aADb.




37 Local cone structure

- The PSK § is the Kahler quotient of a CSK manifold
C=(C,g,wV,X)

Cy —— C

\Lﬂ- S — C//CX

S

- Locally C' = R~q x Cj.
- Cp is the level set p~*(¢) for the moment map of X.
- Cp — S is a bundle with connection 1-form ¢ :

dp = 2m"wy



38 Metric and Kahler form on C

- Write t for the standard coordinate on R~ and 1@ = dt.
- Write a = tr*a, b= tr*b, $ =ty

~ Lemma ~
The (2, 2) pseudo-Riemannian metric and the Kahler form

of C =R+ x C are
gC:&Q—I-[A)Q—@Q—?ﬁQ:—Cltz—l—thOO
wo=aNb— @A

The conic isometry satisfies

G,
X =t—
T




39 LC connection

- Coframe s*0 = (a,b, ¢, 1))
~ Exterior differential d(s*0)

da = 1dt A G

N

| . .
:z(dt/\b—)\&/\b)
dp = Hdt N +2a A D) dip =0

~ LC connection s*w

LC

*x
—_
|
AS

S W —

Aoboa )
—a b
0 o
_¢0)

LC_t l;
a




10 Curvature 2-form

~ Curvature 2-form s™(2

LC

[0 anboo)
o A=A —anb 0 00
CLe T T 0 0 00
\ 0 0 oo)

Lemma
[The pseudo-Riemannian metric g, is flat iff A= 4.




a1 Conic special Kahler condition

Symplectic connection in terms of LC connection
S X
[ S Wy =S W+ 1.

~ Conditions on 7. N
1.n A s™0.
2.1n = —n1l.
3. s = —sn.
k4.X_|77:]X_|77:O.

J

Proposition ~

The cone (C, gC,wC) over S C RH(2) is CSK iff 22 — %
or \2 = 4.

J




12 HK structure on T*CSK

HK metric

gHK(@2+¥—w¥—wﬁ>+(42+32—é?—@ﬂ:J
~ HK structure N
wp=aNb—pAp—ANB+OAU

wJ:AAa+BAb+®A¢+@A¢
wi = AN ANb—BANa+DPAY—TA D




13 Elementary deformation of g, .
- Qp, ... OK

oq:[X_ugH:—tzﬂ, ag=—laj=—tp

&J:])N(JgH:—tci), @K:]@J:—t\ij

M
t2
2

p= X =~
\_
~ Elementary deformatlon

1 L9 90 9 9
gy = M9H+M2(a0+oq+ozj+a[()

= (@ + b+ ¢*+ 7+ A%+ B+ 0 4+ U7




14 Twist data

Twisting two-form
[ F=—aAb

+ @ A

A
|
I 5
>
=
_I_
KA >
>
»Ew

~ T'wisting function




s Flat case )2 = 4.

- The LC and the special connection coincide.
- X-invariant coframe on C'SK

v =50/t = (a, [N?, ©, 1;)

(we can compute the twisted differentials immediatelly)

@2
O
SH

dW
dy =2

@2

@‘2
L\:>|l\D

By

S|
=

=, S
|

-)

-

- The (vertical) coframe
0 = (s*a)/t = (A, B,d, )
is NOT X-invariant,



, § = 0elT
€ = 5(01 + 04,02 — 03, =02 — 93, =01 + dy)
(y—a 0 20 0 )
] 0 d—a 0 2
0 0 d—a 0
\ 0 0 0 w+a)
dWQOZZ(QO/\Q;—|—€13—I—€4/\€2)

B
The resulting Lie algebra is isomorphic to the non-compact
symmetric space

~

U(2,2)

G (C) = ey < T




6 Non-flat case \? = %

- Same ¢, ., g, and same twist data F a.

S~

d

~ 2




- Adjusting the vertical coframe we arrive to

(300 0\
. 1
dy€ = e NYldg +—=cNa V100

3 00 —1 0
Vs \00 0 —3)
(0000)
Zenp | 2U00

V3 0200

\ 0010/

“We see the structure of solvable algebra associated to
G3
SO(4)

\




GRAZIE




