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Abstract

We prove existence and uniqueness of solutions for the Dirichlet problem for quasilinear
parabolic equations in divergent form for which the energy functional has linear growth. A
tipical example of energy functional we consider is the one given by the nonparametric area
integrand f(z,&) = /1 + ||€]|?, which corresponds with the time-dependent minimal surface
equation. We also study the asymptotic behaviour of the solutions.
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1 Introduction and preliminaries

Let Q be a bounded set in RY with Lipschitz continuous boundary 9. We are interested in the
problem

% = div a(zx, Du) in Q= (0,00) xQ
u(t,r) = p(z) on S =(0,00) x N (1.1)
u(0,2) = uo(x) in zeQ

where ug € L*(2) and a(z,£) = V¢ f(x,€), f being a function with linear growth as ||¢| — oc.

A tipical example of a function f(z,£) satisfying the conditions we need is the nonparametric
area integrand f(z,£) = /1 + ||€]|2. Problem (1.1) for this particular f, that is, the time-dependent
minimal surface equation, has been studied in [12] and [17]. Another examples of problems of type



(1.1) included in our case, are the following: The evolution problem for plastic antiplanar shear,
studied in [21], which corresponds to the plasticity functional f given by

slel? it gl <1

gl =5 i gl =1

and the evolution problems associated with the Lagrangians:

f(&) =

f(x, &) = /14 aij(2)&E;,

where the functions a;; are continuous and satisfy a;;(z) = aj;(z), ||€||* < ai;(2)&& < CJ€]? for
all ¢ € RY; and the Lagrangian

9(x, ) = V142 +[|€]1%,

which was considered by S. Bernstein ([8]). On the other hand, problem (1.1) is studied in [14] for
some Lagrangians f, which do not include the nonparametric area integrand, but instead include
the plasticity functional and the total variation flow, that is, the case f(£) = ||€||. Now, the
concept of solution given in [14] is the one obtained by considering the abstract Cauchy problem
in L%(Q) associated to the relaxed energy, but the subdifferential of the energy functional is not
characterized . For the particular case of the total variation flow, we give in [4] a different approach
to the Dirichlet problem. There, we studied the problem in the framework of the L!- theory, and
we characterized the subdifferential in L?(Q) of its relaxed energy (we refer also to [3] where we
treated the L!-theory for the Neumann problem for the total variational flow).

In general, problem (1.1) does not have a classical solution. The aim of this paper is to introduce
a concept of solution of the Dirichlet problem (1.1), for which existence and uniqueness for initial
data in L?(Q) is proved. To do that we characterize the subdifferential of the energy associated
with the problem and we use the nonlinear semigroup theory. In a forthcoming paper we will study
the same problem in the framework of the L'-theory, as we did with the Dirichlet problem for the
total variational flow ([4]).

In order to consider the relaxed energy we recall the definition of function of measure (see for
instance, [6] or [12]). Let g : @ x R — R be a Carathéodory function such that

lg(@, Ol < MA+lEl) VY (2,6) € 2x RY, (1.2)

for some constant M > 0. Furthermore, we assume that g possesses an asymptotic function, i.e.
for almost all x € Q2 there exists the finite limit

lim tg (xi) = ¢%(z,8). (1.3)

t—0+t
It is clear that the function ¢°(x,€) is positively homogeneous of degree one in &, i.e.
°(x,58) = sg°(x,€)  for all z,¢& and s > 0.

We denote by M (2, RY) the set of all RV-valued bounded Radon measures on 2. Given
€ M(Q,RY), we consider its Lebesgue decomposition

p=pt 4,



where p® is the absolutely continuous part of u with respect to de Lebesgue measure Ay of RY,
and p® is singular with respect to Ay. We denote by p®(z) the density of the measure u® with
respect to A and by (dp®/d|p|®)(z) the density of u® with respect to |u|®.

Given p € M(Q,RY), we define i € M(Q,RN*1) by

(B) == (u(B), A (B)),

for every Borel set B C RY. Then, we have

fr=p" 45 = pt(e)Ay + 5° = (p"(2), DAn + (17, 0).

Hence, we have

5 dﬂs d/”/s
= |p = 0) |u’| - ae.
|/’L | |/’1’ ‘7 d|ﬁs‘ (d'us|7 ) ‘lu | a.e

For p1 € M(£,RY) and g satisfying the above conditions, we define the measure g(z, ) on €2

/Bg(w,u) :=/Bg(w7u“(:v)) dw+/Bg°(:v, dcfz; (w)> d|ul® (1.4)

for all Borel set B C . In formula (1.4) we may write (du/d|p|)(z) instead of (du®/d|u|®)(x),
because the two functions are equal |p|®-a.e.

as

Another way of writing the measure g(z,u) is the following. Let us consider the function
G: Q2 xRN x [0, +oo[— R defined as

G, &,1) = ¢ (1.5)
9°(x,€) if t=0

As it is proved in [6], if g is a Carathéodory function satisfying (1.2), then one has

[t = [ oo @ B @) da. (16)

where « is any positive Borel measure such that |u| + Ay < a.

Due to the linear growth condition on the Lagrangian, the natural energy space to study (1.1)
is the space of functions of bounded variation. Let us recall several facts concerning functions of
bounded variation (for further information concerning functions of bounded variation we refer to
[13], [22] or [2]).

A function u € L*(2) whose partial derivatives in the sense of distributions are measures with
finite total variation in €2 is called a function of bounded variation. The class of such functions
will be denoted by BV (). Thus v € BV () if and only if there are Radon measures u1,...,un
defined in © with finite total mass in {2 and

/uDigpda?:—/god,ui (1.7)
Q Q

for all ¢ € C§°(2), i = 1,...,N. Thus the gradient of u is a vector valued measure with finite
total variation

| Du |= sup{/ udivpdr : o € C(Q,RN), |o(x)] <1 for z € Q}. (1.8)
Q



The space BV (Q) is endowed with the norm
lullsv=[ vz + || Dull . (1.9)

For u € BV (), the gradient Du is a Radon measure that decomposes into its absolutely continuous
and singular parts Du = D% + D®u. Then D%u = Vu Ay where Vu is the Radon-Nikodym
derivative of the measure Du with respect to the Lebesgue measure A\y. There is also the polar
decomposition D*u = D*u|D%u| where |D*u| is the total variation measure of D%u.

We shall need several results from [5] (see also [16]). Following [5], let
X(Q) = {z € L=(Q,RY) : div(z) € L*(Q)}. (1.10)

If z € X(Q) and w € BV(Q) N L>®(§2) we define the functional (z, Dw) : C§°(2) — R by the

formula

< (z,Dw), ¢ >:—/w<pdiv(z)dac—/wz~V<pd:r. (1.11)
Q Q

Then (z, Dw) is a Radon measure in {2,
/(z,Dw) = / z-Vwdr YweWHH(Q)NL®() (1.12)
Q Q

and

‘/B(Z,Dw)‘ S/B|(Z,Dw)|§ ||Z||oo/BHDwH (1.13)

for any Borel set B C . Moreover, (z, Dw) is absolutely continuous with respect to ||Dw|| with
Radon-Nikodym derivative 6(z, Dw, ) which is a ||[Dw|| measurable function from © to R such
that

/B(z,Dw):/BQ(z,Dw,x)HDwH (1.14)

for any Borel set B C ). We also have that

10(2, Dw, .)|| Lo (| Dwl)) < 2]l Loe (@ rN)- (1.15)

By writing
z - D%u:= (z,Du) — (z- Vu) d\n,

we see that z- D*u is a bounded measure. Furthermore, in [16] it is proved that z- D*u is absolutely
continuous with respect to |D*u| (and, thus, it is a singular measure with respect to Ay), and

|z - D*u| < ||2]|co| D ul. (1.16)
As a consequence of Theorem 2.4 of [5], we have:

If 2€X(Q)NCELRY), then z-D%u=(z-D°u) d/Dul. (1.17)

In [5], a weak trace on 02 of the normal component of z € X () is defined. Concretely, it is
proved that there exists a linear operator v : X (Q) — L>°(99) such that

17(2)llo0 < ll2]low



v(2)(x) = z(x) -v(z) forall x € 9Q if ze€ CHQ,RN).

We shall denote v(z)(x) by [z, v](z). Moreover, the following Green’s formula, relating the function
[z, 7] and the measure (z, Dw), for z € X(Q) and w € BV (Q) N L*°(Q), is established:

/Qw div(z) dx + /Q(Z,Dw) = /69[2, viw dHN L. (1.18)

Let g be a function satisfying (1.2). Then for every u € BV (Q2) we have the measure g(x, Du)
defined by

/Bg(x,Du):/Bg(m,Vu(x)) da:+/BgO(a;,D_szi(x)) d|D*u|

for all Borel set B C Q. If we assume that € has a Lipschitz boundary, and that g(z, &) is defined
also for z € 092, we may consider the functional G in BV (Q2) defined by

G(u) = /Qg(x,Du) + /{m 9" (z, v(z)[p(z) — u(z)]) dHN T, (1.19)

where ¢ € L'(09) is a given function and v is the outer unit normal to dQ. It is proved in [6]
that, if g(x,&,t) is continuous on Q x RY x [0, +oc[ and convex in (£,t) for each fixed z € Q,
then G is the greatest functional on BV (£2) which is lower-semicontinuous with respect to the

L (Q)-convergence and satisfies G(u) < / g(z, Vu(x)) dx for all functions u € C1(Q) N WhH(Q)
Q
with u = ¢ on Q.

The paper is organized as follows: in Section 2 we give the definition of solution for the Dirichlet
problem and we state the existence and uniqueness result for this type of solutions. Section 3 is
devoted to prove the existence and uniqueness result. To do that, we study the problem from
the point of view of nonlinear semigroup theory. We characterize the subdifferential in L?(Q) of
the relaxed energy functional associated with the problem. In section 4 we give a weakened form
of the maximum principle and we study the asymptotic behaviour of solutions proving that they
stabilizes as t — oo by converging to a solution of the steady-state problem. Finally, the Appendix
contains the proof of the approximation Lemma stated in Section 3.

2 The existence and uniqueness result.

In this section we define the concept of solution for the Dirichlet problem (1.1) and we state the
existence and uniqueness result for this type of solutions when the initial data are in L?(2).

Here we assume that {2 is an open bounded set in RN, N > 2, with boundary 09 of class
C', and the Lagrangian f : Q x RY — R satisfies the following assumptions, which we shall refer
collectively as (H):

(Hy) f is continuous on Q x RY and is a convex diffentiable function of ¢ with continuous gradient
for each fixed z € 2. Further we require f to satisfy the linear growth condition

Coll¢ll = Cr < f(z,€) < M([[E]l + Ca). (2.1)

for some positive constants Cy, Cy, Cy. Moreover, f0 exists and f9(z, —€) = fO(x, &) for all £ € RY
and all = € Q.

(Hy) f(x,€,t) is continuous on € x RY x [0, 40| and convex in (¢,t) for each fixed z € €.



We consider the function a(x, &) = V¢ f(z, §) associated to the Lagrangian f. By the convexity
of f

a(%f)(U—g)ff(x,n)_f(mvf)a (22)
and the following monotonicity condition is satisfied
(a(z,n) —a(z,£)) - (n—§) = 0. (2.3)
Moreover, it is easy to see that
la(z,6)| <MV (z,6) € Q xRV, (2.4)

We consider the function h : Q x RY — R defined by
hz,§) = a(z,£) - €.
From (2.2) and (2.1), it follows that
Colléll = D1 < h(z,€) < M| (2.5)

for some positive constant D;.

We assume that
(H3) hO exists and the function A is continuous on Q x RN x [0, +oo|.

We need to consider the mapping a*° defined by
a*(z,§) := t_l}gloo a(z,t).
Observe that
ho(z,€) = a®(x,€) - € and  Collé]| < h%(x,€) < Ml¢].

(Hy) a*(z,€) = Ve fO(x,€) for all € # 0 and all z € Q.

In particular, as a consequence of Euler’s Theorem, we have
[, &) =a>®(x,8) - € = hO(, ),
for all ¢ € RN and all = € Q.
(Hs) a(z,€) -n < hO(z,n) for all £, n € R, and all z € Q.

Either from (Hy) or (Hs) it follows that a*(x, &) -n < h%(x,n) for all &,n € RV, £ # 0, and all
x € . Indeed, it suffices to replace & by t£ in (Hs) and let t — +oo.

Definition 2.1 Let ¢ € L'(99Q) and ug € L*(Q). A measurable function u : (0,7) x  — R
is a solution of (1.1) in Qr = (0,T) x Q if u € C([O T, L*(Q2)), u(0) = wuo, u’(t) e L*(Q),

u(t) € BV(Q) N L%(Q), a(z, Vu(t)) € X(Q) ae. € [0,7T], and for almost all ¢ € [0,7] u(t
satisfies:
W' (t) = div(a(z, Vu(t)) in D'(Q) (2.6)
a(z, Vu(t)) - D*u(t) = f(x, D%u(t)) (2.7)
[a(z, Vu(t)), ] € sign(p — u(t)) fO(z,v(z)) HY"'—ae on 0. (2.8)



Our main result is the following:

Theorem 2.2 Let o € LY(0R) and assume we are under assumptions (H). Given ug € L*(Q),
there exists a unique solution u of (1.1) in Qr for every T > 0 such that u(0) = ug.

3 Strong solution for data in L*(Q)

To prove Theorem 2.2 we shall use the nonlinear semigroup theory ([9]). For ¢ € L'(9Q) we define
the energy functional associated with the problem (1.1) @, : L*(Q) — [0, +o0] by

/ FaDw+ [ P v@le—u) dHEY"Y i ue BV(Q) N LA(Q)
P (u) = Q on
Yoo it we L2(Q)\ BV(Q).

Note that, on the boundary, the integrand can be written in the form

P, v(@)lp —u)) = @ — ulf*(x,v(z)).

Functional ®, is clearly convex and has the form given in (1.19). Then, as a consequence of the
Anzellotti’s result ([6]) we have that ®, is lower-semicontinuous. Therefore, the subdifferential
9D, of @, i.e. the operator in L*(Q) defined by

v €I, (u) = Py(w) — Py(u) z/ﬂv(w—u) dz, Y we L*Q)

is a maximal monotone operator in L?(£2). Consequently, the existence and uniqueness of a solution
of the abstract Cauchy problem

W (t) + 0P, (u(t)) 30 t €]0, 00
(3.1)
w(0) = ug ug € L*(Q)

follows immediately from the nonlinear semigroup theory (see [9]). Now, to get the full strength
of the abstract result derived from semigroup theory we need to characterize 0®,. To get this
characterization, we introduce the following operator B, in L?(2).

(u,v) € B, <= u € BV(Q)NL*(Q),v e L*(Q) and a(z, Vu) € X (1) satisfies :

—v = div a(x, Vu) in D'(Q) (3.2)
a(z,Vu) - D*u = f(x, D°u) = f°(z, D*u)|D*ul, (3.3)
[a(x, Vu),v] € sign (¢ —u) fO(x, v(z)) HN"! —ae. (3.4)

Let (u,v) € By, and w € BV(Q) N L?(2). Multiplying (3.2) by w — u, and using Green’s
formula (1.18), we obtain

/Q(w — uwvde = — /Q(w — ) div a(z, Vu) do =



/(a(w,Vu),Dw — Du) —/ [a(x, Vu), v](w —u) dHN ! =
Q o9

:/(a(:c,Vu),Dw) —/ [a(x, Vu), v](w — @) dHN 71—
Q

o0

—/(a(x,Vu),Du)—/ [a(z, Vu),v](p —u) dHN ' =
Q o0

:/(a(x,Vu),Dw) —/ [a(x, Vu), v](w — @) dHN 71—
Q G19)

— [ a(z,Vu)-Vudzr — [ a(x,Vu)- - D’u— —ul Oz, v(z N-1 —
[ ate.vu)-vude— [ a@v-Du [ o= ulfviw) an
:/(a(x,Vu),Dw)—/ [a(z, Vu), v)(w — ) dHN "1~
Q 0
= [ D)~ [ ol vta)) dr
Q o0

Therefore, if (u,v) € By, we have that

/Q(w —u)v de = /Q(a(LVu),Dw) - /OQ[a(;v,Vu),u](w — ) dHN -
(3.5)
—/ h(zx, Du) —/ lo —ulfO(z,v(x)) dHNY, YV we BV(Q)NL* Q).
Q G19)

Theorem 3.1 Let ¢ € LY(99). Assume we are under assumptions (H), then the operator 0@,

has dense domain in L*(Q)) and
0%, = B,

We note that, in the particular case of the nonparametric area integrand f(x,&) = /1 + [|€]|?,
the characterization of the subdifferential of ®, given in Theorem 3.1 coincides with the one
given by F. Demengel and R. Temam in [12], Theorem 3.1, where they used a different approach.
More precisely, they characterized the subdifferential by means of the duality method of convex
optimization introduced by R. T. Rockafellar in [19]. To prove Theorem 3.1 we need the following
proposition.

Proposition 3.2 Let p € L'(99). Assume we are under assumptions (H), then L>=(Q) C R(I +
B,) and D(B,) is dense in L*(Q).

We need to introduce the following sequence of auxiliar operators. For ¢ € W22 (Q), let
W;’Z(Q) ={ue W"(Q) : ypa=¢ H Y '—ael.
For every n € N, consider a,(z,§) := a(z,§) + %f. We define the operator A4, , in L?():
(u,0) € App = u € WS*(Q)NL>(Q),v € L*(Q),and
/Q(w—u)v d:zzg/ a,(z,Vu) - V(w — u) dz VwEW;’Q(Q).

Q
A similar proof to the one given in Proposition 1 of [4] give us the following result.



Lemma 3.3 Let o € W2:2(9Q) N L>®°(09). Then for every n € N the operator Ap, satisfies

L®(Q) € R(I + Apy).

We also need an appoximation lemma similar to the one given by Anzellotti in [7]. The proof
of this lemma will be given in the Appendix.

Lemma 3.4 Let Q be an open bounded set in RV, N > 2, and assume that 0 is of class ct. If
v,u € BV(Q) and g € L*(9R), then there exists a sequence of functions v; € C1(Q) such that

v — g in LY(09Q), (3.6)
v = v in LN/(N=1(Q), (3.7)
/./1+\vuj(x)|2dx_>/ x/1+|Dv(:c)|2dx+/ g — v|dHN1 (3.9)
Q Q o0

Vuj(z) = Vou(z) An-a.e. in Q (3.9)

Vu,(x) Do(x) ,
Voj(x)| — oo and ! — Dvl® a.e. in Q 3.10
|Vv;(z)| — oo and Vv, () Du(z) |Dul|** a.e. in Q (3.11)

Vi ()] [Du(a)]

where | Du|®*® denotes the part of the singular measure | Du|® which is singular with respect to |Dv|*®,

|Vv;(z)] — oo and Vo, () (z) - ng) v(x) (3.12)

9
Vui(@)]  lg(a) —v(=)]
HN=Y ae in{zxe€Q:g(x)#v(z)}
Vo;(x) . v(z) — u(w) S
V@] To() — ()] (3.13)

HN=Yae in{zxeQ:g(x)=v(x),ul)# v}

8

|[Vvj(z)] — oo and

The next Lemmas will be used to prove Theorem 3.1 and Proposition 3.2.

Lemma 3.5 Let o, ¢, € LY(09Q), v, — ¢ in L*(0Q). Let up,u € BV(Q) and z € X(Q) with
div(z) € L3(Q). We assume that
q)w(un) - (I)W(u)v

(3.14)

a(x,Vuy,) = z  weakly* in L*>®(), (3.15)
I[z,v(2)]] < fOx,v(z)) a.e. in 0Q, ( )
(3.17)

|z - D*u| < fO(x, D%u) as measures in Q,

lim [ h(z, Duy) +/ [y, — | fO (2, v(z)) dHN ! =
e}

:/h(x,Du)—l—/ lu — | fO(z,v(x)) dHN .
Q X9)



and

0 N-1 N—1
[ rwpu+ [ ulfent@) ¥ < [ o+ [ e -w an¥l s

Then
/Qz -Vu dx = /Qh(x,Vu) dzx = /Qa(x, Vu) - Vu dz (3.20)
z-D%u = f%(zx, Du) (3.21)
[2,v] € sign (¢ —u)fO(z, v(zx)) HN=1 _ae.. (3.22)

Proof. By the convexity of f, we have

/Qa(%Vun) -Vu dr < /Qa(x,Vun) - Vu, dx —l—/Qf(LVu) dx — /Qf(:r,Vun) dx <

< / a(z, Vuy,) - Vu, dx+/ fo(m,DSun) —|—/ |ty — g0n|f0(x,u(x)) dHN 14+
Q Q a0

+/8§2 lon — @l Oz, v(x)) dHN-! 4 /Q f(z,Vu) de—

</Qf(z,VUn) dx + /Q £z, Douy) + /m lty — stO(x,z/(x))> _

- / h(x, Duy) dz + / i — o £, () AN + / (on — 90, () dHN 14
Q o0 o0

—|—/Qf(a:,Vu) dr — Dy (up).

Letting n — oo, and using (3.14), (3.15) and (3.18), we obtain

[ e-vude< [ wwpu+ [ um ) am¥ " [ e ) do— o, -

= / a(z,Vu) - Vu dz.
Q
Now, since, using (3.16) and (3.17), we have
[z, v](p — )l < [u = | £ (x, v(2)),

and
|z - D*u| < fO(x, D%u).

Hence from (3.19), we obtain (3.20), (3.21) and (3.22). O
Lemma 3.6 i) Let u,, € BV (Q) N L?(Q) and z € X(Q). Suppose that

a(z,Vu,) — =z weakly® in L®(Q,RY) (3.23)
and

div (a(z, Vuy,)) — div z weakly in L*(Q). (3.24)

10



Then
[a(z, Vuy,),v(x)] — [z,v(x)] weakly in L*(0S) and (3.25)

|z(z) - v(z)| < fO(x,v(z) a.e in OQ. (3.26)

ii) Let u, € WH2(Q). Let a,(z,€) = a(z, &) + L& Suppose that

llunll2  is bounded in L?(Q), (3.27)
1
~[Vun| =0 in L2(Q), (3.28)
a,(z, Vu,) — z weakly in L%(Q,RY) (3.29)
and
div (a,(z, Vuy,)) — div z weakly in L*(Q). (3.30)
Then
[an (2, Vuy), v(z)] — [z,v(x)]  weakly in W22(0Q)* and (3.31)
I[2(2), v(2)]] < fo(x,v(x)) a.e. in OQ. (3.32)

Proof. Since both proofs are based on similar arguments, we shall only prove ii). Observe that,
if o € L?(Q,RY) and div(o) € L?(2), we can define [0, V] using the integration by parts formula

/OQ[O', v = /Qdiv(a)d) +/QJ - V. (3.33)

for all ¢p € WH2(Q). This is consistent with the classical notion of trace at the boundary and it
defines [, 7] as an element of W1/22(9Q)*. According to the assumptions (3.29), (3.30) we have
that [a, (x, Vu,), v(z)] — [z, v(z)] weakly in W/22(99)*. In i), the analogous conclusion (3.25)
follows from the results in [5] and the fact that a(x, Vu,) is uniformly bounded in L*°(2). In this
case, the traces [a(z, Vuy, ), v(z)] are in L>(99).

To prove (3.32), again, we observe that [16] if o € L?(Q,RY) and div(o) € L*(2), then there

is a sequence o, € C(Q,RY) satisfying
o — o in L2(Q,RY), (3.34)
div oy, — divo in L2(Q). (3.35)

We recall the construction in [16]. We use a partition of unity 6;, j = 1,2,...p, in Q with 0 < 6, < 1,
0; € Cg° (RN), such that if the support of f; intersects 02, then for some bounded open cone Kj
with vertex 0, every x € 9Q N supp(;) satisfies (z + K;) N Q = 0, and for some r > 0, every
x € 00N (supp(b;) + B(0,r)) satisfies (x — K;) C Q. For each j, we choose p; € C§°(RY),
0 < p; <1, with / pjdz =1, and let p;(z) = kNp;j(kz). If j is such that the support of 6;

RN
intersects 0€2, we choose p; such that supp(p;) C K;. Then we define

p
ok = ijvk * (0,0x0).

j=1

As it was proved in [16], oy satisfies (3.34) and (3.35). As in the first part of the proof, we have
that

/[ak,uwe o, v
o0 o0
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for all v» € WH2(Q). We shall use this observation for ¢ = a,(z, Vu,). Previously, we extend
up, as a function in WH2(RY) such that [Ju,[ly12@y) < Cllunllwi2(q), for some constant C' > 0
depending only on €2 ([1]). Then we define

Vu,

a i (z, Vuy,) = Zp]k* a(z, Vun)xa + 6, ).

Now, since a,, (z, Vu,) € C®(Q), [a, 1 (z, Vu,), v(z)] can be understood in a classical sense. Let
P € W22(9Q). We may write

/a (o V) vl = g /8 s (8300, V) o). @)}i(o) +

DS N DA e

By taking k sufficiently large, we may assume that all 6; used in the above expression are such
that supp(6;) intersects 0€2. We observe that

/ 1030 * (0;a(x, Vum)xa), v(@)]ll()] <
o0

= /m /Q Pz = 9)0;(y)aly, Vun (y)) - v(@)|[(2)|dyde <
= /(Z,Q/ijvk(l” —)0;(y) f~(y, v(x))[b(x)|dydz.

Since
Vunﬂj = V(unﬁj) — unVGj,

we may write

/ [Pk * (0;Vu), v(@)]ib ) = / (Vpjx * (O5un), v(@)](z) — / [Pk * (V0;u), (@)1 ).
o0 o

o0

We estimate both integrals in the right hand side of the above expression. First,

‘ /39 [Vpjk* (O5un), v(@)]y(2)

0
< g (osa+ )| [l 2a0m) <
W1/2>2(BQ)*

< Cllpjk * (unti) lwrz@)1¥llwrr2200) < Cllpjk * (unbs) w2 @) 19l wirz200) <
< Cllunbllwrz@y) [¥llwirzz0) < Cllunllwiz@y) [Yllwirzzoa) < Cllunllwrz@)ll¥lwzg)

for some constant C' > 0 (which may change from line to line). A similar analysis proves that

’ /a (i * (VOjun), v(@)l(2)

< Cllunllwrz@[$llwr2 @

for some constant C' > 0. Taking all the above into account , we obtain

[ sl Vvl <

12



- c
<> | piata = 00,001 @) @)y + ol

Letting k — oo, and taking into account the fact that 6; is a partition of unity in Q and our
assumptions on ¢; and K, we obtain

C
/[an(w,Vun),v(w)]w‘</ FOa, v(@) |9 (@) de + = [[unllwrz @) [¢ w2 @)
9 I}9) n

Now, letting n — oo, and using (3.27), (3.28), we obtain

‘/ag[z,y(x)]w' < /{m fOa,v(@))|g(@)|de, (3.36)

for all v € WH2(Q2). Now, since z € L>®(Q) and div(z) € L*(f), [z,v] coincides with the trace
given in the sense of Anzellotti ([5]), and, therefore, [z,v] € L*°(02). Hence, from (3.36), we
conclude that |[z(z), v(z)]| < fO(x,v(z)). O

Lemma 3.7 Suppose that any of the assumptions of Lemma 3.6 hold. Moreover we assume that
up, — u in L2(Q) and ||u,|| gy is bounded, (3.37)

Then
z(z) = a(z, Vu(z)) a.e. x €. (3.38)

Proof. Again, since both proofs are based on similar arguments, we shall only prove (3.38) under
the assumptions given in i) of Lemma 3.6. Let 0 < ¢ € C3(Q2) and g € C'(Q). We observe that

/Q 6l(ale, Vuun), D(un — g)) — a(z, Vg)D(un — g)] =

/ dla(z, Vu,) —a(z,Vyg)) - V(u, — g)] dz +/ ola(z, Vuy,) —a(z,Vg)] - D°(u, — g)).
Q
Since both terms at the right hand side of the above expression are positive, we have
| élate. Vun). Dl — 9)) = ata, V) D, = 9)] > 0.
Since

/ng(a(x, Vuy), D(u, —g)) = — /Q div(a(z, Vup))od(u, — g) do — / (un, — g)a(z, Vuy,) - Vo dx,

Q

we get

lim [ ¢(a(z, Vuy), D(u, —g)) = — /Q div(z)p(u — g) dox — /Q(u —9g)z-Vo dr =

n—oo o)

= [ otz.D=g)).

13



On the other hand,

lim ¢a(x Vg)D /QS a(z,Vg)D(u — g).

n—oo

Consequently, we obtain
/Qqﬁ[(z, D(u—g)) — a(x,Vg)D(u—g)] >0, V¥0<¢e ().

Thus the measure (z, D(u — g)) — a(z, Vg)D(u — g) > 0. Then its absolutely continuous part

(z—a(z,Vg))-V(u—g) >0 ae. in Q.

Since we may take a countable set dense in C!(€) we have that the above inequality holds for all
z € Q, where Q € Q is such that Ay (Q\ Q) =0, and all g € C(Q). Now, fixed = € Q and given
¢ e RN there is g € C1(Q) such that Vg(z) = £. Then

(2(2) — a(.€)) - (Vu(®) —§) 20, V&e RN,

These inequalities imply (3.38) by an application of Minty-Browder’s method in R, |

Proof of Proposition 3.2. We divide the proof in three steps.
Step 1. Suppose first that ¢ € C1(Q). Let v € L°°(2). We shall find v € BV (2) N L?(£2) such
that (u,v — u) € B,. That is, there is a(x, Vu) € X () satisfying

(v —u) = —div a(z,Vu), inD'(Q), (3.39)
a(z,Vu) - D%u = f°(z, D°u), and (3.40)
[a(x, Vu),v] € sign (¢ —u)fO(z,v(z)) HN'—ae. (3.41)

By Lemma 3.3, we know that for any n € N there exists u, € W}?*(Q2) N L>(2) such that
(Un,v —up) € Ay . Hence

/(w —up)(v —up) dx < / a,(x,Vuy) - V(w—u,) der Ywe W;’Q(Q) dx. (3.42)
o Q

Let M := sup{||¢|lso; |V]lsc }- Then, taking w = u,, — (u,, — M1)" as test function in (3.42), we
obtain

/(un — M) (up, —v) dz < 0.
Q

Hence,

/ (t,, — M1)? dxg/ (un — M1)(un, —v) dx:/(un—M1)+(un—v) dx <0.
{un>M1} {un>M;} Q

Consequently, u, < M; a.e. in Q. Analogously, taking w = u,, + (u, + M;)~ as test function, we
get —My < u, a.e. in . Therefore,

ltenlloo < My for all n € N. (3.43)

Taking w = wo € W2 ?(Q2) N L>*() in (3.42), applying Young’s inequality and using (3.43) we get

14



1
/ a(x,Vuy) - Vu, dr + —/ |Vu,|? de <
Q nJa

/ a(z, Vuy,) - Vwy dz + ! / Vu, - Vwy dx + / (wo — Up) Uy, —v) dz <
Q nJa Q

1
2 1 1 1
< M2(/ |Vawg)|? dm) + —/ |V, |* do + —/ |Vwo|? dz + Mz < My + —/ \Vau,|? du.
Hence, by (2.5), we obtain
/ [Vu,| de < M5 VneN (3.44)
Q

and .
5/ |Vu,|? de < Mg V¥n €N (3.45)
Q

Thus, {u, : n € N} is bounded in W11(Q) and, by extracting a subsequence if is necessary, we
may assume that u, converges in L!(Q2) and converges almost everywhere to some u € L'(£2) as
n — +oo. Now, by (3.43) and (3.44), we have that u,, — u in L*(Q2) and u € BV (Q) N L>=(Q).

Observe that by (2.4) and (3.45), {a,(z, Vu,) : n € N}is bounded in L2(2, RY). Consequently
we may assume that

a,(z,Vu,) — 2z as n — oo, weakly in L?(Q,R"). (3.46)

Given ¢ € C§°(R2), taking w = u,, £ 9 in (3.42) we obtain

(v —uy,) dre = / a,(z, Vu,) - Vi dx.

Q Q

Letting n — 400, we obtain

A(v—u)wdx:/glz~vwdx,

that is,
v—u = —div(z), in D'(Q) (3.47)
and
div a, (r, Vu,) — div(z)  weakly in L?(9Q). (3.48)
Since, by (3.45),
1
E|vun| —0 in L*Q), (3.49)

as a consequence of (3.46), it follows that

a(z,Vu,) — 2z as n — oo, weakly in L?(Q,R"). (3.50)
Moreover, by (2.4) we may assume that

a(z,Vu,) =z asn — oo, weakly* in L (2, RY). (3.51)

Let us prove that

lim | a(z,Vu,)- - Vu, dz= /

n— oo Q Q

(z, Du) — /89[2, v(u — @) dHN 7L, (3.52)
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By (3.42), we have

/Q(u) —up)(v —uy) dx +/Qa(x,Vun) -Vu, dr <

1
< / a(z,Vu,) -Vw dr + — | Vu, - -Vw dz (3.53)
Q nJo

for all w € W)?(Q2). By Lemma 3.4, there exists v; € C*(Q) such that Vjjag = ¥5 Vj — uin
LY(). If we set w = v; in (3.53), taking the upper limit when n — oo, we get

n— oo Q

/(vj —u)(v —u) dr+lim sup/ a(z,Vuy,) - Vu, dx < / z-Vv; dz. (3.54)
Q Q

Now, by Green’s formula we have

/Z-ij dmz—/div(z)vj dm—i—/ [2,v]p dHNflz/(v—u)vj dx—l—/ [z, V] dHN L,
Q Q o0 Q a0

Hence, taking limit as j — oo and applying again the Green’s formula we obtain that

i -Vou; doe = z, Du) — z,v|(u — N-1 .
tim [ V0, d /Q(,D) /m[,]( ) dH (3.55)

J—00

Letting j — oo in (3.54) , we have

limsup/ a(z, Vuy,) - Vu, dx < /
Q

n— 00 Q

(z, Du) — / [z, V](u — @) dHN 1, (3.56)
a0
On the other hand,

/ a(z,Vuy,) - Vu, dx = / (a(x, Vu,) — a(z, ij)) - V(up —vj) do+
Q Q

—|—/ (a(z, Vu,) — a(z, Vvy))) - Vo; dz —|—/ a(z, Vv;) - Vu, dr >
Q Q

> / (a(z, Vu,) — a(z, Vv;)) - Vv; dz +/ a(z, Vv;) - Vu, dz.
Q Q
Hence

n—oo

lim inf/ a(x,Vuy) - Vu, dr >
Q

> lim (/ a(z, Vuy) - Vu; dx — / a(x, Vv;) - Vu; dx —|—/ a(x, Vvj) - Vuy, dac).
n—eeNJa Q Q
If we consider the RV -valued measures j,, 1 on Q which are defined as
pn(B) := Vu, dz
BNQ

wu(B) == Du+/ (¢ —u)vy dHN !
BNQ BNoQ

for all Borel sets B C €2, we have

P — 1 weakly as measures in (2.
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Then, since a(z, Vv;(x)) € C(Q,RY), we have

lim [ a(z,Vv;)-Vu, dr = /

a(z, Vv;) dDu + / a(x, Vu;) - v(p —u) dHN L.
o0

Therefore, we have

liminf | a(z,Vu,)- Vu, dz > /

z- Vv, dx — / a(z, Vu;) - Vu; da+
Q

+/a(z,ij) dDqu/ a(r, Vu;) - v(p —u) dHN L.
Q 19)

Now, by Theorem 7.4 of [7], we have

lim [ a(z,Vwv;)-Vu; do =

J— J0

:/a(x,Vu)'Vu dx+/a°°(x,m)~Dsu+/ a*®(z, (¢ —u)v) - v(p —u) dHN L.
Q Q o0

On the other hand, as a consequence of Lemma 3.4, we have

lim [ a(z,Vv;) dDu= lim (/ a(z, Vu;) - Vu dx +/
Q

a(x7ij)stu> =
= / a(z, Vu) - Vu dx —|—/ am(x,m) - D%y
Q Q

and

lim a(x, Vu,) - v(p —u) dHN 1 = /
J—=° Jo0 o

a*> (x, uu) (e —u) dHN T =
Q | — ul
:/ a™(z, (¢ —wv) v(p —u) dHN 1
[5}9)

Collecting all these facts, we obtain

liminf/ a(z,Vuy,) - Vu, de > lim [ z-Vu; de = / (z, Du) —/ [z,V](u — @) dHN 1,
n—ee Ja JmeeJa Q o0

Combining this inequality with (3.56), we obtain (3.52).
Our next purpose will be to show that
/ h(z, Du) +/ o — ulfO (e, v(z)) dHN! = / (2, Du) — / o] (u— ) dHN-L. (3.57)
Q X9) Q a0
According to [6], there exists a sequence {w;} C C*(Q) N BV () such that Wj a0 = P;

w; —u in LNQ), and ®,(wj) — Dy (u).

Now, by the convexity of f, we have

/ f(x,Vuy,) de < / a(x,Vuy) - Vu, dr — / a(x, Vuy,) - Vw; dx —|—/ f(z, Vw;) dz.
Q Q Q Q
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Thus,
D, (up) < / a(z,Vuy,) - Vu, dx — / a(x, Vuy,) - Vw; dz + @, (w;).
Q Q

Using (3.52), it follows that
limsup @, (uy,) <

n—oo

— zZ,V N—-1 _ 1m a\xr U . w,; axr wi;) =
< [on = [ lelu=) amr®= = tim [ a@ V) Vi, do+0w)

n—oo Q

2/(z,Du)—/ [z, V](u — ) dHNfl—/z-ij dz + @, (wj).
Q 1) Q
Since

lim [ z-Vw; dz = lim (— / div(z)w; d$+/ [z, V]p dHN‘l) =
Q a0

J— Jo Jj—00

—/Qdiv(z)u da:+/aQ[z,u]cp dHN_lz/Q(z,Du)—/BQ[z vl(u — @) dHN 1,

letting j — oo in the above inequalty, we obtain

limsup @, (uy,) < lim @y (w;) = Py(u).

n— o0 Jj—oo

Thus, by the lower-semicontinuity of ®,, we get

O, (u) = lim Py (uy). (3.58)

n—oo

Now

Hence, (3.58) yields
tim [ o) = [ Fai

n—oo

Then, applying Theorem 3 of [18], it follows that
/_ h(z,i) = lim [ h(z, fin) = lim [ a(z,Vu,) - V. (3.59)
Q n—oo J& n—oo [

Since

oS

7 ~ 7 ~a d ~S|
L= [ @) dot [ e @) i
7 a d ° s|
= [ttt 1) ot [ A T (@).0) ] -
_ a dps? S =
= [ hept @) dot [ 10 T @) ] -

:/Qh(x,Vu(a:)) dx—i—/ho(x DFu(x)) d|DSu|+/mh0<m, 7&_33:’;') dHN 1 =

= [ haDu) + / o — ul e, v(a)) dHN T,
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(3.57) follows from (3.52) and (3.59).
By (3.49), (3.50) and (3.48), applying Lemma 3.6 (ii), we get

[2(x), v(x)]] < fOx,v(z)) ae. in OQ. (3.60)

Let v; € C*(Q) be a sequence such that v; — u in L*(Q2) and / |[Vv;| — ||Dul|. According to
Q

(Hs), we have
la(z, Vuy,) - Vo;| < fo(x,ij).

Then, if 1, ¢ € C1(Q), with 0 < < ¢, we have

‘/ a(z,Vu,) - Vu; ¢ do
Q

< [ .50 d.

and, letting n — oo, we get

’/z-wj ¥ dx g/fo(x,wj)w dz.
Q Q

Now, since

b

= ‘ - / div(z)v; doe — / vjz - Vi dx
Q Q

‘/Z~ijwdx
Q

letting j — oo we obtain that

(2, Du), )] _'_/de(z)uw da:—/ﬂuz-Vd/ da

0 T u 0 T u).
S/wa(,D)S/QM(,D)
Hence

(D) < [ 67, D).
Q

Thus, we have
|(z, Du)| < f%(xz,Du)  as measures in €.

Then, the singular parts also satisfy a similar inequality,
|z- D%u| < fO(x, D®u)  as measures in €. (3.61)

Now, by (3.58), (3.51), (3.60) and (3.61), the assumptions of Lemma 3.5 are satisfied, and we
have

/Qz -Vudr = /Qh(a:7 Vu) dx = /Qa(:c, Vu) - Vu dz, (3.62)
z-D*u = f(z, D*u), (3.63)
[z,v] € sign (p — u) fO(x,v(z)) HY"! —ae. (3.64)

Moreover, since the assumptions of Lemma 3.7 hold, we have that
z(z) = a(z, Vu(x)) a.e. €. (3.65)

Observe that (3.39) follows from (3.47) and (3.65); (3.40) is a consequence of (3.62), (3.63) and
(3.65); and (3.41) follows from (3.64) and (3.65). This concludes the proof in the case ¢ € C(Q).
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Step 2. Suppose now we are in the general case, that is, ¢ € L'(9€). Take ¢; € C1(Q) such
that ¢; — ¢ in L'(99). Given v € L*°(f2), from the Step 1, there exists u; € D(B,,) such that

(uj,v —uj) € By,. Hence, we have
—div(a(z, Vu,)) = v — uj, in D'(Q),
a(r, Vu;) - D*uj = f(z, D%uj),
[a(z, Vu,),v] € sign(p; — u;) fO(x,v(z)) HN=1 _ae.
By (3.66), (3.67) and (3.68), we get

/a(x,Vuj) -V, dx—i—/ fo(:E,Dsuj)—i—/ lo; — us| fO (2, v(x)) dHN 14
Q Q o9

—|—/u? dx:/ujv dx—i—/ (a(z, Vuy) - v)p; dHN L.
Q Q G19)

From (3.69), using Young’s inequality and (2.5), we obtain that

1
Coll Duj|l + Co/ o5 — ;| fO(, v(x)) dHN " + 5/ u;de <C  VjeN,
o0 Q

for some constant C' > 0. It follows that there exists u € BV (Q) N L2(Q), such that

uj —u  weakly in L*(Q), uj —u in LYQ) foralll<g< N1

Hence,
/ w? dx < limsup/ u? dx.
Q j—oo JQ
After passing to a subsequence, if necessary, we may assume that
a(z,Vu;) = z as j — oo, weakly* in L*°(Q,RY)

and
—div(z)=v—u in D' (Q).

(3.69)

(3.70)

(3.71)

(3.72)

(3.73)

According to [6], Fact 3.3, there exists a sequence {w;} C C*'(Q2)NBV(£2) such that wgjoq = ¢,

w, —u in L*(Q) and D (wy) — Py (u).

Now, by the convexity of f we have

/ f(x, Vu;) dx < / a(z, Vuy) - Vu; do — / a(z, Vuy) - Vwy, dm+/ f(z, Vuwy) dz
Q Q Q Q

Thus, having in mind (3.66), (3.67) and (3.68), we get

q>%(uj)=/gf(x,vuj) da:—|—/Qf0(x,DSuj)+/BQ lu; — 50, () dHN 1 <

S/Qf(x,Vwk) dx—&-/ﬂa(x,Vuj)-Vuj dx—&—/ﬂfo(x,Dsuj)-i-

20
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+/aQ Juj =l (@, v(x)) dHY _/

a(z, Vu;) - Vuy, do < / f(z, Vwy,) dz+
Q Q

+/(v —uj)u; dx +/ [a(z, V), v]p; dHN 7 — / a(x, Vu;) - Vwy, da.
Q X9) Q
Using (3.71) and (3.72), it follows that

lim sup @, (u;) = limsup @, (u;) <

j—o0 j—oo

S/f(x,Vwk) dx—l—/uv dx—/u2 daz—|—/ [z,u]godHN_l—/z.Vwk dx <
Q Q Q a0 Q

< / f(z, Vwy) da:Jr/(v —u)u d:L'Jr/ div(z)wy, dx.
Q Q Q
Hence, by (3.73), letting k — oo, we arrive to

limsup @, (u;) < klim O, (wi) = Py(u).

j—00
Thus, by the lower-semicontinuity of ®,, we get
P, (u) = lim Dy, (u;). (3.75)
Jj—o0

Applying Theorem 3 of [18] as in the Step 1, it follows that

lim [ h(z,Du;j) —l—/ lu; — ;] fO (2, v(x)) dHN ! =
a0

J— Jo

(3.76)
= / h(zx, Du) —|—/ lu — | fO(z, v(x)) dHN L.
Q o0

On the other hand, by Green’s formula, (3.66), (3.67) and (3.68), we have

/ h(z, Du;) +/ luj — <pj|f0(x71/(x)) dHN1 =
Q 90

:/ (a(w,Vuj),Duj) —l—/ [a(z, Vu,), v](v; —uj) dHN"! =
Q 90

:/uj(v—uj) dm—l—/ [a(z, Vu,), vlp; dHN L.
Q o0

Since [a(x, Vu;), v] — [z,v] weakly™ in L>(01), letting j — 400, and using (3.76), it follows that

/Qh(:mDu)Jr/aQ lu — | fO(z, v(x)) dHN ! §/Qu(v—u) dﬂch/ [z, V] dHN 7! =

o0

:/Q(z,Du)-F/aQ[z,l/](cp—u) dHN 1L,

Now, by Lemma 3.6 (i), we have

[z(2),v(2)]| < fO>z,v(z)) HN"'—ae indQ.
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Moreover, as in the Step 1, we get
|z- D*u| < fO(x, D®u) as measures in €.

With this and using Lemma 3.5, we obtain

/ z-Vudr = / h(z,Vu) dx = / a(x,Vu) - Vu dz, (3.77)
Q Q Q
z-D*u = f(z, D%u), (3.78)
[z,v] € sign (p — u) fO(x,v(z)) HY"! —ae. (3.79)
As in the Step 1, to get that (u,v — u) € By, we only need to prove that
div z = div a(z, Vu), in D'(Q), (3.80)
and
[z,v] = [a(z, Vu), V] HYN! —ae. on 09. (3.81)

Now, by (3.66), (3.70) and using Fatou’s Lemma, we are able to adapt the proof of Lemma 3.7
obtaining that z(z) = a(z, Vu(z)) a.e. in Q and this implies both (3.80) and (3.81).

2
Step 3. To prove the density of D(B,) in L?*(Q), we prove that C§°(Q) C D(B@)L @ Let
v € C§°(Q). By the above, v € R(I + 1B,) for all n € N. Thus, for each n € N, there
exists u, € D(B,) such that (un,n(v —uy)) € B,. Consequently, we have a(z, Vu,) € X(£),
n(v — uy,) = —div(a(z, Vuy,)) in D'(Q2) and

/Q(w —un)n(v — up) dz = / (a(z, Vi), Dw)—

Q

—/ [a(z, Vuy,), v](w — ) dHN 71 — / h(zx, Duy,) —/ | — Un|fO(x, v(x)) dHN L.
I9) Q o9
for every w € BV (Q) N L%(Q). Taking w = v, we get

/Q(’U —up)? dr = 1</Qa(:c,Vun) Vo dx — Ag[a(z,v%),y](v — @) dHN 1=

n

,/Qh(z,Dun)f/fm|<p—un|f0(z,u(x)) dHN1> <

< %(/ﬂa(m,Vun) -Vu dz — /aQ[a(x7Vun),u](v — ) dHN_1> <

M
§—</|VU| dm—l—/ v — ] dHN_1>.
n Q o0

2
Letting n — oo, it follows that u, — v in L*(Q2). Therefore v € D(B¢)L @ and the proof is
complete. O

Proof of Theorem 3.1. First, we prove that B, C ®,. Let (u,v) € B, and w € W}*().
Then, by (2.2), and applying Green’s formula we get

/Q(UJ—U)U dl’:—/Q(w—u) div a(x, Vu) dz =

22



:/(a(x7Vu)7Dw—Du)—/ [a(x, Vu),v](p —u) dHNt =
Q o9

= / a(z,Vu) - Vw dx — / a(z,Vu) - Vu dx — / a(z,Vu) - D°u—
Q Q Q

- / Az, V), v](p — w) dHN! <
o0

< /Qf(x,Vw) dx —/Qf(x,Du) dx — /89 lo — u| fO(x, v(x)) dHN! = P, (w) — Py(u).

Suppose that w € BV(2) N L?(Q). According to [6], Fact 3.3, there exists a sequence w,, €
W22(Q), with w,, — w in L*(Q), and @, (w,) — P, (w). Then, by the above inequality, we have

/(wn —u)v dz < @y (wy) — Py(u).
Q

Now, letting n — oo, we get

/(w —u)v de < O (w) — Dy, (u),
Q

and therefore, (u,v) € 0P,,.

g2
Since B, C 0®,, and, by Proposition 3.2, L>(Q) C R(I + B,), we have 909, = BWL @ To

finish the proof we only need to prove that the operator By, is closed. Let (uy,vy) € B, and assume

that (un,v,) — (u,v) in L2(Q) x L2(2). Let us prove that (u,v) € By,. Since (un,v,) € By, we

know that a(x, Vu,) € X (£2) is such that

—v, = div a(x, Vuy,), in D'(Q), (3.82)
a(z,Vuy,) - D*u, = f°(x, D*u,), (3.83)
[a(x, Vuy,),v] € sign (¢ — uy,) fO(x, v(z)) HY"! —ae. (3.84)

Multiplying (3.82) by w,, and applying Green’s formula we obtain

f/unvn dx:/ [a(z, Vuy,), v]e dHNflf/ h(x,Dun)f/ lo — un | fO (2, v(z)) dHN L.
Q o0 Q o9
Hence,
/h(x,Dun) §/unvn der/ [a(z, Vu,), v]p dHN L, (3.85)
Q Q o0

From (2.5) and (3.85), we have

C'O/ |Duy,| de — D1 AN (£2) §/h(x,Dun) dasg/
Q Q

Up Uy, dT +/ [a(x, Vuy,),v]p dHN L
Q 19]9)

Hence,
/ |Duy,| dx < M, VneN (3.86)
Q
Therefore, u € BV (2) N L?(2). On the other hand, since ||a(z, Vu,)|so < M, we may assume

that
a(z,Vu,) — z in the weak® topology of L>(Q,RY), (3.87)
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with ||z]|ec < M. Moreover, since v,, — v in L?*(2), we have that v = —div(z) in D'(Q). By the
definition of the weak trace on 0f2 of the normal component of z, it is easy to see that

[a(z, Vuy),v] — [z,V] weakly” in L*(99Q). (3.88)

Now, we prove the convergence of the energies. According to [6], Fact 3.3, there exists a sequence
wj € CHQ)NBV(Q), with Wj|pq =¥, wj — uin L'(Q), and @, (w;) — P, (u). Moreover, looking

at the proof of Fact 3.3 in [6], we have that, w; = wj1 + wj2 with wh(9Q = ujpn and wjl- — u in
LY(Q), wf-laﬂ = — ujpn, wi — 0 in L'(Q), and, using [5], Lemma 1.8, we have that

/Q(Z,Dw;) R /Q(z,Du).

By the convexity of f and taking (3.83) and (3.84) into account we have

bo() = [ £ Fu) dot [ Do)+ [ =l se) dH <

< / a(z, Vuy,) - Vu, dx — / a(z, Vu,) - Vw; d:rJr/ f(z, Vw;) daz+
Q Q Q
+/ a(z,Vuy,) - D’uy, —|—/ [a(x, Vu,), v](¢ —u,) dHN 7! =
Q 0

= /(a(x,Vun),Dun) - / a(x, Vuy) - Vw; dx + @, (w;)+
Q Q

+/(99[a(:v,Vun),l/](<p —uy,) dHN ! = @, (w)) — /Qa(x, Vuy,) - Vw; de—

7/ div(a(x, Vuy))uy dx+/ [a(x, Vuy,),v]p dHN 7! =
Q o2

=, (wj) — /Q a(z, Vu,) - Vw,; dz —|—/

VUp iy, dx—!—/ [a(z, Vuy,),v]e dHN L.
Q 0

Hence, by (3.87) and (3.88), it follows that

limsup @, (uy) < Py (w;) — / (z, Dwj) —|—/ uv d:r—i—/ [2,v]p dHN 71 =
Q Q o0

n—oo

=d,(w;) —/Q(Z,Dw]l-)—/ﬂ(z,Dw?) f/Qdiv(z)u dx+/m[z,u]¢ dHN1 =

= d,(wj) — / (z,ijl») + div(z)w? dx —|—/ [z, v]u dHN=Y — [ div(2)u dz.
Q Q a0 Q

Letting j — oo, we have that

lim sup @y (up,) < Pyp(u) — / (2, Du) —|—/ [z,v]u dHY ™' — [ div(z)u dz = D, (u).
Q a0 Q

n—oo

Finally, by the lower-semicontinuity of ®,, we obtain

D, (u) = nler;o Dy, (tp). (3.89)
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If we consider the RV -valued measures j,,, 1 on Q which are defined as

pn(B) :

Dun+/ (¢ — up)v dHN 1,
BNQ BNON

w(B) :

Du+/ (o —u)vy dHN !
BNQ BNoQ

for all Borel sets B C Q, we have

i — weakly as measures in €.
Moreover,

= [Fei @) = [ F)
Hence, (3.89) yields
lim f X, fin) / f

n—oo

Then, applying [18], Theorem 3, it follows that

/ h(z,fi) = lim [ h(z,fin,) = lim [ h(z, Duy) —l—/ un — @] fO (2, v(z)) dHN L.
Q n—ooJa o9

n—oo Q
Since
L= [ hau+ [ o=l mt@) da,
Q a0

we have

/hxDu / lo — ulfO(z,v(x)) dHN ! =

(3.90)
= lim [ h(z,Du,) +/ [, — | fO(z, v(z)) dHN L.
n—eeJa o9

Now, since

lim [ h(x, Duy) —|—/ [un — | Oz, v(z)) dHN 7! =
n—eeJa o0

= lim [ a(z,Vu,)- - Vu, dx —|—/ fO(x, D*u,) —|—/ [a(z, Vu,), V(¢ — u,) dHN 1 =
n—o0 Jg Q 19)

n—oo o)

= lim [ (a(x,Vuy,), Du,) —|—/ [a(x, Vu,), v](p — up) dHN 1 =
o0

= lim [a(z, Vu,), v]p dHN 7 — / div(a(z, Vuy))u, dx =
Q

n=oe Joq

:/(m[z,u]cp dHNflf/Qdiv(z)u dx:/ﬂ(z,Du)+/aQ[z,V](<pfu) dHN

we finally obtain

0 N-1 _ z [ zZ,V — U Nﬁl. .
/Qh(x,DUH/mI%*U\f (2, () dH f/Q< D >+/m[, (- u) dH (3.91)
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Again, by (3.87) and (3.88) we can apply Lemma 3.6 obtaining that
[2(x), v(x)]] < fOx,v(z)) ae. in OQ. (3.92)
Moreover, acting as in the proof of Proposition 3.2, we get that
|z D%u| < fO(x, D%u) as measures in €. (3.93)

Hence by (3.89), (3.90), (3.91), (3.87) (3.93) and (3.92), we can apply Lemma 3.5, to obtain

/Qz -Vudr = /Qh(x7 Vu) dx = /Qa(x, Vu) - Vu dz, (3.94)
z-D%u = fO(x, D*u), (3.95)
[2,V] € sign (o —u)fO(z, v(z)) HY"! —ae. (3.96)

Now, using Lemma 3.7, we have
div z = div a(x, Vu), in D'(Q), (3.97)

and
[z,v] = [a(z, Vu), V] HN=1 _ae. on 0Q. (3.98)

Since v = —div(z) in D'(Q), taking (3.97) into account, we get
v = —div(a(z, Vu)), in D'(Q),
and, using (3.94), (3.95) and (3.97), we get
a(z,Vu) - D*u = f°(z, D%u).
Finally, by (3.96) and (3.98) we get
[a(x, Vu),v] € sign (¢ —u) f°(z, v(x)) HN"! —ae.

Therefore, (u,v) € B,. O

Proof of Theorem 2.2. Let (S(t)):>0 be the semigroup in L?(2) generated by the subdifferential
of ®,. Then by the nonlinear semigroup theory ([9]), given ug € L*(Q2) = D(9®,,), u(t) = S(t)uo
is the only strong solution of problem (3.1). Thus, by Theorem 3.1, we have that for almost all
t € [0, +oo[, u(t) € D(B,) and —u'(t) € B, (u(t)). This concludes the proof. O

4 Behaviour of the solution
We have the following weak form of the maximum principle.

Theorem 4.1 Suppose uq1 and us are two solutions of (1.1) corresponding to initial data uq,o and
uao in L2(Y) and boundary data ¢1 and o in L*(0Q), respectively. If

U0 > u20 and @1 > o,

then uy > us.
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Proof. For almost all ¢ € [0, +oo[, we have u}(t) € L*(Q), u;(t) € BV(Q) N L3(Q), a(z, Vu;(t)) €
X(Q), and

uh(t) — vy (t) = div[a(z, Vus(t)) — a(z, Vui(t))], in D'(Q), (4.1)
a(z, Vu(t)) - D*u;(t) = fO(x, Duy(t)), (4.2)
[a(x, Vu;(t)), v] € sign(p; — ui(t)) fO(z,v(z)) HY"!—ae on 0Q. (4.3)

Multiplying in (4.1) by (UQ(t) — ul(t))+, integrating in €2, and using Green’s formula, we get

3 /Q 7 [(ug(t) — u1(t))+]2 dx =

- /Q div[a(z, Vus(t)) — alz, Vur (£))] (ua(t) — i ()" do =
(4.4)

_ _/Q (a(e, Vus(t)) — ale, Vua (), D((uz(t) — w(8) 7))+

+/ [a(z, Vua(t)) — a(z, Vuy (1)), V] (ua(t) — ul(t))+ dHN L,
09

Now, by the chain rule for BV-functions ([2], [14], Lemma 1.2), there exists a scalar function 7(t),
with 0 < n(t) < 1, such that

/Q (a(z, Vus(t)) — a(z, Vuy (8)), D((us(t) — ur () 7)) =
= /{ ) (a(l‘, Vus(t)) — a(z, Vul(t)) . (VUZ(t) — Vuy (t)) do+

+/ n(t)(a(z, Vug(t)) — a(z, Vui (t)) - D*(ua(t) — ui(t)).
Q

Observe that, by the monotonicity of a, (Hs) and (4.2), we have that

/Q (a(z, Vua(t)) — a(z, Vui (1)), D((us2(t) — ul(t))+)) > 0. (4.5)
On the other hand, since @1 > @9, from (4.3), it is easy to see that
/BQ [a(z, Vus (1)) — a(z, Vuy (), V] (usz(t) — ul(t))+ dHN=! <0. (4.6)
From (4.4), (4.5) and (4.6), it follows that
3 [ gl® - )] d <o
Since u1,0 > u2,0, we have u; > us, and the proof is concluded. O

We shall now prove that the solution u(t) stabilizes as t — +o00 by converging to a solution of
the steady-state problem. To do that, we follow the proof of Theorem 4.2 in [17].
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Theorem 4.2 Suppose ug € L?(Q) N BV (Q) and ¢ € L°(0N). Then the solution u(t) of (1.1)
converges as t — 400 to some limit w € 8;1(0) in the following sense:

u(t) — w strongly in L'(Q) and weakly in L?*(Q).

Proof. Since B, is the subdifferential of ®,, by a classical result of Bruck ([10], Theorem 4), to
prove the weak convergence in L?(f2), it is sufficient to prove that ®,, attains its minimun in L?(£2).
In fact, let {u,} be a minimizing sequence for ®,. Without loss of generality, we may assume that
u, € BV(Q)NL%(2). Now, by approximation we may assume that u,, € WH1(Q)N L?(£2). Denote
by J : R — R the truncature function

~ll¢lloo it r <=l
J(r)=4qr it r] <[lello
[l oo if 2> (el

If we take wy, := J 0 Uy, w, € WH1(Q) N L>®(Q), and using that |J’| < 1, we have

@) = [ f@Vu) dot [ — ol e vl@) 4 =

=/ f(z, Vuy,) dac—l—/ |J o, —Jo|fOx,v(z)) dHN ! <
{lun|<llelloc} o0

< /Qf(:z:,Vun) d:ch/aQ lun — @] fO(z,v(z)) dHN L.

Thus, {w, } is still a minimizing sequence for ®,,. Moreover, this sequence is bounded in W(Q)N
L (), hence, relatively compact in L!(Q). We may extract a subsequence converging in L!()
to some u € L(Q) N BV (). Therefore,

®,(u)= inf & .

@)= inf @

Then, by Bruck’s result ([10], Theorem 4), there exists w € B;'(0), such that u(t) — w weakly in
L*(Q). Finally, we prove the strong convergence in L'(§). Since (u(t), —u'(t)) € 0@, using [9],
Lemma 3.3, we have

d / 2
Ei@,(u(s)) = —/Qu (s)* dx <0,

hence,
D, (ut)) < Py(ug) ViE>0.

Thus, {u(t) : t >0} is bounded in BV (2), and therefore relatively compact in L!(f2). The result
follows. a

5 Appendix
In this appendix we prove the approximation Lemma. Before giving the proof, let us construct
a substitute for the distance function to the boundary d(.,0€?). That construction would be

unnecessary if 9Q would be of class W% ([7]). We follow the proof of Lemma 5.1 in [7] for C?
domains.
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If 09 is a manifold of class C!, then there is some £ > 0 such that for all points y € Q such
that d(y, ) < € there is z € 9Q and ¢ € (0,¢) such that y = z — tv(z), v(z) being the outer unit
normal to 9 at z ([11]). In other words, Q° :={x € Q:z =y —tv(y), y € 9, t € (0,¢)} is open.
Then there is a function D € C'(Q) such that D = 0 on 9, D > 0 on Q and VD(z) = —v(x)
for all x € 99Q. This is a consequence of Withney’s extension Theorem ([15], p.48, [13], p.245).
Indeed, since
r—y
|z =yl

by Withney’s Theorem , we know that there exists a function D € C'(Q) such that D = 0 on
00 and VD(z) = —v(x) for all z € 9Q. Now, let y € 9Q and ¢t € (0,¢). Using the mean value
theorem, we know that

D(y —tv(y)) = D(y) — tVD(y — sv(y)) - v(y) = —tVD(y — sv(y)) - v(y).

Since D € C'(9Q), we have

D(y —tw(y)) = t(1 +w(t))

where w(t) = o(1) as t — 0+ and is the modulus of continuity of VD. Without loss of generality
we may assume that € > 0 is such that w(t) < 1 for all ¢ € (0,¢). In particular, we have that

D(z) >0 for all x € Q°. (5.1)

We shall modify D so that the modified function is > 0 in Q. Let 5 € C(]0,00)), n(t) > 0, for
all t € (0,00), n(t) = o(t) as t — 0+. Let Q; be an open set, 1 C §, with smooth boundary
0 C QF such that 0 < § —n(6) < D(x) < 0 + n(d) for all z € 9y for some § > 0. Let
) be an open set with smooth boundary such that Q) C ©Q; and n(d) < d(9Q,00%) < 2n(d),
where d(091,00) = inf{|z —y| : = € 0Q1, y € 00y} Let dag, be the distance function to
0, > 0 in O, negative outside. Let dpoy.n = pn * doqy, pn being a positive regularizing kernel.
Observe that [|[Vdaoynllee < 1. We may choose n large enough, and Qy such that Qy C Q,
77(5) < d(@ﬂl,an) < 277(5), 0< daﬂ’z,n < 77(5) in 592, and dag/z)n > 01in Qy. Let BLQ =M \Q_Q
Then, using again Withney’s extension Theorem, there is a function R € C!(Bj2) such that
R=D-6and VR = VD on 0Q, and R = daqy n, VR = Vdaqy , on 0. Moreover, ||VR||s
is bounded by a constant depending on ||DH0078917 oy nll o002 s ||VD\|0073917 Vdaqay nlloo,00,
and
D) 0o )] 206)
2€00 Y€ [z =yl 1(d)

We define D : Q — R by

=2.

D=D inQy,
D=R+4 in By,
D =dsoyn+06 in Q.
Then D € C1(Q2), D=0 0n 9, D > 0 on  and VD(z) = —v(z) for all z € 9.

Proof of Lemma 3.4. We may think that u and v are extended as BV functions in R" in such

a way that
/ Dl :/ Do| = 0. (5.2)
a0 o0
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We consider a family of radially symmetric positive mollifiers ; = TLNn(f), n >0, / n(z)dz =1,
J RN

7; | 0+, and we set
U
zj =1 x (v+ ;) (5.3)

Clearly, we have z; € C'(2) and obviously we have
zj — v in LV/(N=1(Q). (5.4)

Also, from (5.2) it follows that

\/1+ |Dzj(x)]2de — | \/1+ |Dv(z)[2dz. (5.5)
Q Q

This implies, by the Theorem of convergence of traces for BV functions that
ziloa — v|aa in L'(09). (5.6)
By the Theorem of differentiation of measures ([7]), we obtain
Dz;j(z) — Vu(z) Ay a.e. in Q. (5.7)

Indeed, since Dz; = n; * Dv + %773‘ x Du, this is a consequence of the four following limits

linln, + Vel(2) = Vola) Ay ae. in ©, (5.8)
timfy; + (Do)']() = (Dv)"(2) =0 Ay ac. in © (5.9)
njr_n%[nj « V) () = V() li§n% —0 Ay ae inQ, (5.10)
lin %[nj £ (DW))(@) =0 Ay ae in Q, (5.11)

since (Du)®, (Dv)?® are singular with respect to Ay and |Vu(z)| < co Ay a.e. in Q. In the same
way, using the Theorem of differentiation of measures, we have

lim[n; * Vv](z) =0 |Dv|® a.e. in Q, (5.12)

J
lim[n; * Vu](z) =0 |Dv|® a.e. in Q, (5.13)

j
lim[n; * (Du)**](z) =0 |Dv|® a.e. in Q, (5.14)

J
! .1 :
lim = [n; * (Du)**|(z) = (Du)**(z)lim = =0 |Dv|® ae. in Q, (5.15)
il J

where (Du)®®, (Du)®® denote the absolutely continuous and singular part of (Dw)® with respect
to (Dv)®, and we obtain

i 2% (@)

im 22y Dz;j(z) Dv
i |Dz(z)]

i Iy * (Dv)]|(z) ~ [Dv]

() |Dv|® a.e. in Q. (5.16)
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Similarly
lim|Dz;(x)| = lim |[n; * |Dv|*](z)] = o0 |Dv|® a.e. in Q. (5.17)
J J

Next, we prove that for a suitable choice of the numbers 7; one has

lim Dz;(z) Du

i (/9 = [Duf*](z) — |Du\($) |Dul** ae.. (5.18)

Assuming this, it is easy to prove that

. Dz(x) Du
lim —2"C = ——(z) |Dul* ae.. (5.19)
i |Dzj(x)| Dyl
Indeed,
1
Dz; = n;*Dvu(xz)+ Enj * Du(z) =

=y Vo) + ;% (Do)*(2) + %m « Vu(z) + §nj « (Du)a(x) + %m— « (Du)* (z).

Since n; * Vu(x) — 0, n; * (Dv)*(z) — 0, %771‘ * Vu(x) — 0, %nj * (Du)®®(z) — 0 |Dul**-a.e., we
see that (5.19) follows from (5.18). To prove (5.18) we observe that
Dz;(x) [n; * Dvl(x) [n; * Dul(z)

(/)0 * [Dal<(a) ~ (1/3)lng = [Dul1@) [y« [Dul(w) (520)

Since
[n; * Du(z) Du

[n; * [Dul*](z)  [Du]

(z) |Dul** ae., (5.21)

it is sufficient to prove that

[n; * Dv](x)

IR L0 |Dul* ac.. (5.22)
7[nj * |Dul**](x)

To prove (5.22), we define
[ * Do(x)
(07 # [ Dul**] ()

Since Dv and |Du|*¢ are mutually singular, then

ar(x) = (5.23)
ar(x) =0 |Dul*® a.e..

Thus, if we consider the sets

E(r,j) ={x € Q:a, ()] > ]iz},

for any fixed j € N we have
lirrb |Du|**(E(T,7)) = 0.

For each j € N, there is some 7; such that

S8 - 1
DUl (B(73,)) < 5
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that is 1
|Du|**({x € Q: jla,(2)] > 3}) < o5

This easily implies that

lim ja, (z) =0, [Dul*® ae

J]—00
which is exactly (5.22). Moreover, we may choose 7; such that %[Uj * |Du|**](x) — oo |Dul** a.e..
From this, and (5.18), it follows that

|Dzj|(z) — oo |Dul*® a.e.. (5.24)

We observe that up to know we have not used neither the hypothesis on the regularity of 92 nor
the regularity of g.

We observe that the functions z; that we have constructed satisfy some of the requirements of
the Lemma but not all of them, in particular, (3.6), (3.8), (3.12), (3.13) have yet to be satisfied.
For that, we construct suitable correction functions o; and p; around the boundary and we shall
define

vj =2z + 05 + pj.

Let g; € C'(99) be such that g; — g in L'(9Q). We shall construct the sequence of functions
o; € C1(Q) such that

0j =g; —%; on0Q, (5.25)
/ joj| 71 — 0, (5.26)
Q
oj(z)=0 if D(x )>z—:]+s (5.27)
/ Y- Doj — / Y -v(g—v)dHN ! (5.28)
for all ¢ € C(Q,RY),

/ Doy — / v — gldHN ", (5.20)

Q 0
|D(0; + 2z;)(x)] = 00 HN"lae inT ={xe€dQ:g(x)#v(x)} (5.30)

D(Uj_'_Zj)(x) — g(ac)—v(x) vix N-1 a.e. in =T . xT v(r
Do oy @ ~ To) o’ H' e mT={reo:g) £o@)}.  (531)

Construction of o;.

For each number € € (0,gp) we consider a function h.(t) : [0,00) — [0, 00) such that
he € C'([0,00)),

1
he(t) <0, h(0) = —=,

3

h.(t) is not decreasing,

he(0) =1, he(t) =0 for t > e + £2.
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Let {€,}22 be a decreasing sequence of numbers such that

2e1 < e <1, limé‘jzo.
J

Now, let G € Wh'(Q) such that Gpg = g. Since g; € C'(99), we may consider a function
G; € CY(Q) which is an extension of g;. We may assume that G; — G in L'(Q) and / IVG;| —
Q

/ |[VG|. We define
Q
0; = [Gj(@) = zj(@)]he, (D()). (5.32)

Clearly, o; € C1(Q),
0j =g; — %z on 0§,

and, if D(z) > ¢; + €7, then he,(D(z)) = 0, and, therefore
oj(z) =0.
Now,
[l — [0 < G a) — ya)OD
Q2 $22¢ SQ2e;
where, for any € > 0, we denote
Q. ={zxeQ:D(x) <e}.
The functions G, z; being independent of €;, we may choose €; > 0 small enough such that
1

/ 1Gj() — 2 () N/ < L
Qo J

Hence
/ lo | NN 50 as j — oo
Q

Let ¢ € C(,RY). Since
Voj(x) = V(G; = z)(2)he;(D(2)) + (G; — 2)(x)h, (D(x))VD(x),

we have

/Q V() - Vo, (x)de = /Q W) - (VG () — Vaj(2)he, (D(x))dat

+ / (G () — 2(2))(x) - V(he, (D(x)))da = / B(x) - (VGy(x) — Vi (2))he, (D(x))de
Q Q

. 2
sJ+€j

+[ (@@ - 5@ 1 (DE) VD@,
Qaj +e?

Again, since |he| <1 for all € > 0, a proper choice of ¢; guarantees that

/Q (x) - (VG;(x) — Vai(2))he, (D(x))dz — 0

cite;
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as j — oo. Now, by our choice of G;, (5.5) and a proper choice of ¢;, we have that

/Q (Gj(2) = 2j(@))e(x) - L (D(2)VD(2)dx — | 4-v(g—v)dH " (5.33)

o0

ejtey

Indeed, using the change of variable’s formula ([13], p. 118, [20], p. 96),

/ (G = )W), (D) VDl =

O & ) TR
A /D (G == )0) KL (D) g d ™ 0)r =

)
C g e () 2 W VoW gy
_ <aj+ej>/[p_u<cj<y> 1Y) ke, D) 5 yrdH ™ )

for some \; € (0,¢; 4 €3) by the intermediate value Theorem. Now, since G, z; do not depend on
our choice of €, by choosing e; — 0+ sufficiently fast, we obtain(5.33). Hence

/ Y(x) - Vo(z)de — w v(g —v)dHN !
as j — oo. In particular, we have
limjinf/Q |Voj(z)|de > /ém lg — v|dHN 1, (5.34)

On the other hand, we have

[ Ve@l< [ VG @) - Vel [ 165(@) - 5@k, (D@)|[V D) da.
¢ ejtes Qejre?

Again, a suitable choice of €; guarantees that
/ IVG;(z) — Vzj(z)|de — 0
Qsj +s?
as j — oo. Similarly, the properties of G, z; and a choice of €; imply that
| 16w -5 @I P@)IVD@ds = [ jge) - o@lan.
QE '+62.
I

Hence

limsup/ |Vo,(x)|dx §/ lg(z) — v(x)|dHN 1,

J Q o0

This, together with (5.34) proves that
lim/ \vaj(x)|dx:/ lg — v|dHN 1. (5.35)
i Ja o0

Finally, since

DO’j + DZj = VGjth (D) + VZj(l — hej (D)) + (Gj — Zj)h/

€

(D)VD,
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we may write on 052
DO‘j + DZj = VGJ — (Gj — Zj)hlgj (O)Z/(SU) (536)

Hence, on 012, we have

Doj+Dz; VG —(Gj —z)hi, )y &,VG;+ (Gj — z)v

|Doj+ Dzl |[VGj — (G — 2zl (0)v] — |&;VGj + (G — z)v|

Now, choosing €; such that €;VG; — 0 as j — oo, we obtain that

Doj + Dz; . g(x)
|Doj + Dz;|  |g(x)

—v

5.37

— @) (5.37)
HN=Vae. in T ={x €00 g(x) #v(z)}. Next, a proper choice of ¢; in (5.36) guarantees that

|Doj(z) + Dz;(x)| — oo (5.38)

HN-1ae inT.

Next, we construct a sequence of functions p; € C'(2) such that

p; =0 on 052, (5.39)
[ 1ol 0. (5.40)

Q
pi =0 if D(x) > 62 (5.41)

for some 6; > 0,

/Q|Dpj| —0 (5.42)
For HN=! —a.e. x € T, there is jo(x) such that Dp;(z) = 0 for all j > jo() (5.43)
If we set vj = zj 4+ 0 + p; then (3.13) holds. (5.44)

Construction of p;.

For all § > 0 consider a function 15 : [0,00) — [0, 00) such that

¥s € C([0,00)),
¥s(0) =0, s(t) =0 for t > 62,

We define ( : 022 — R

{ @) = 9(@) e ) — o) and g(z) £ u(@) (5.45)

0 elsewhere
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Let ¢; be a sequence of functions in C'(99) converging to ¢ in L'(9€). Now, we may assume
that ( is the trace of a function © € W11(Q) and (; are traces of functions ©; € C1(Q) such that
0, — © in L'(Q) and [, |DO;| — [,|DO]. Let §; be a decreasing sequence of positive numbers
that converges to 0 and consider the functions

pj(x) = ©;(x)ihs, (D()). (5.46)

Clearly, p; € C1(Q), p;j(z) = 0 if z € Q. Also (5.41) holds. Since, by our choice of the functions
15, we have
s (t)] < 20. (5.47)

Now,
[ 1050 <25, [ oy v
Q B Q
which tends to 0 as j — oo, which proves (5.40).

Our purpose now is to choose the functions ; such that (5.43) holds. For that, we consider
the sets
Nt ={z€00:({(z) =1},

N~ ={x €00 :((x) =—-1},
N=NTUN~.

We consider increasing sequences of compact sets K;r CNT K ; © N7 such that

thHN—l(N+ \K}) = liJmHN_l(N_ \K;)=0.

We consider also decreasing sequences of open sets G;r DN, G; D N~ such that
li;gn HYN"YGF\NT) = li;gn HY"Y(G7\N7) =0.
Now, we take functions Cj‘, ¢ € C1(09) with values in [0, 1] such that

1 in Kj+
JF
¢Hx) = (5.48)
0 indQ\G;
1 in Kj_
¢ (z) = (5.49)
0 indQ\Gy,

and we set
G=¢ -G

The functions ¢; satisfy
1 inKf\Gy

((z) =<0 ndQ\(G]UGy) (5.50)

-1 in K;\Gj.
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Moreover
lim HN"H(T N (Gf UGy)) =0. (5.51)
J

Recall that the functions ©; are extensions of (; to 2. Now,

Vp;(x) = VO;(z)is, (D(x)) + 6;(x)¢5, (D(2))VD(z).

If x € 09, then
Vpj(@) = —=0;(x)v5 (0)v(z).

Now, using (5.51), for almost all z € T = {x € 9N : g(x) # v(x)}, there exists jo(z) € N such that
¢j(x) =0 for all j > jo(z). Hence, also

Vp;(xz) =0 for all j > jo(x).

Next

/ V| < 26 / V0,1 + 1010V Dl / 45, (D(x))]de
Q Q Q0

IN

4
25, [ 10,1+ 10, || VDl [ d.
Q J Qé?

Now, for j large enough

dHN 1 62
/ dx—/ / d)\<2/ / dHN"(2)d) < C6F
p=y |VD(z) D=)]

where C' depends on Per(0€2). Hence
[ 1ves <25, [ 1961+ 18, |l VDlACH,
Now, choosing J; we may guarantee that

/|ij|—>0 as j — oo.
Q

Since
V’Uj = ijhgj + Vz](l — hgj) + (G] — Zj)héj (D)VD + V@j'(/)éj + @jwéjVD,

on Jf), we have
Vj(x) = VGj(x) = (Gj(7) — 2i(2))he, (0)v(z) — ©,(2)y5,(0)v(z) (5.52)
and we may write on 0f)

V’Uj VGJ — (GJ — Zj)h

() — O35, (0)v
Vo;l VG, = (G5 — 2)hL, (0w — ;45 (0]
0;VG; —6;(Gj — z)h..

10;VG; —8;(Gj — z))

M~ 0O
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Now, we choose d; such that §;VG; — 0, §;(G; — z;)h,,(0) — 0, as j — oo, we obtain that

Vv, _ g(x) —u S
i Jal@) — (@)™

HN=1ae. on {z € 9Q: g(x) = v(x),u(z) # v(z)}. By choosing §; to converge sufficiently fast to
0, from (5.52), we obtain that
V()] — o0

HN=1ae on {x €dN:g(z) =v(x),u(x) # v(z)}.

Let us now check that v; = z; + 0 + p; satisfies the required properties. Since v; = g; on 9€2,
(3.6) follows immediately. The property (3.7) follows from (5.4), (5.26) and (5.40). To check (3.8),
let ¢ € CHQ,RN), o = (Y1, ..., 1) and Yny1 € CH(Q,R). Using (3.6) and (3.7), we obtain

N
lim /Q [; Vi () Dyvj () + Y11 (x)]de =

—lim/divw(x)vj(a:)dx—kf gjw-VdHN71+/¢N+1(m)dx=
i Ja a0 Q

—/divw(z)v(:c)dz—&—/ gi/J-VdHN71+/1/JN+1(3:)dx=
Q o9 Q

[ 19(2)- Deta) + vwa@ldo+ [ (g vppvany
Q oQ

Now, because of the lower semicontinuity of the total variation with respect to weak convergence,

we have
/ 1+ |Dvl? +/ lg—v|dHN ! < 1im_inf/ 1+ |Dv;|2dz.
a o0 J Q

On the other hand, since

1+ Vv-deg/ 1+ Vz-zdx—l—/ VU'd1'+/ Vp;ldz,
[V ievepds < [ e wspas [ (Vo [ (95

using (5.5), (5.29) and (5.42) we obtain that

limsup/ \/1+|va|2dx§/ 1+|Dv\2+/ lg — v|dHN 1.
J Q Q a0

This proves (3.8). Now, using (5.7), (5.27) and (5.41) we obtain (3.9). Next, we observe that
(3.10) is a consequence of (5.16), (5.27) and (5.41). In the same way, (3.11) is a consequence of
(5.19), (5.27) and (5.41). We observe that (3.12) follows from (5.31) and (5.43). Finally, (3.13)
has already been proved. |
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