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Abstract

In this paper we study the questions of existence and uniqueness of weak and entropy solutions
for equations of type —div a(xz, Du) + v(u) 3 ¢, posed in an open bounded subset Q of RY, with
nonlinear boundary conditions of the form a(x, Du) - n + B(u) 3 %. The nonlinear elliptic operator
div a(z, Du) modeled on the p-Laplacian operator A,(u) = div (|Du|P~2Du), with p > 1, v and
8 maximal monotone graphs in R® such that 0 € ¥(0) and 0 € 8(0), and the data ¢ € L'(Q) and
¥ € L (09).

Résumé

Dans ce papier nous étudions les questions d’existence et d’unicité de solution faibles et en-
tropiques pour des équations elliptiques de la forme —div a(z, Du) + v(u) ¢, dans un domaine
borné 2 C R, avec des conditions au bord générale de la forme a(z, Du) -n+ B(u) 3 9. L’opérateur
div a(z, Du) généralise 'operateur p-Laplacien A,(u) = div (|Du|P~2Du), avec p > 1, v et 3 sont
des graphes maximaux monotonnes dans R? tels que 0 € v(0) N 5(0), et les données ¢ et v sont des
fonctions L!.

Mathematics Subject Classification (2000): 35J60, 35D02

1 Introduction

Let Q be a bounded domain in RV with smooth boundary 9Q and 1 < p < N, and let a: Q x RN — RY
be a Carathéodory function satisfying

(H1) there exists A > 0 such that a(x,£) - € > [P for a.e. z € Q and for all £ € RV,

(Hy) there exists o > 0 and g € L?' (Q) such that |a(z, &)| < o(g(x) + |¢[P") for a.e. z € Q and for

all £ € RV, where p’ = ﬁ,



(Hs) (a(z,&) —a(x,n)) - (E—n) >0 for ae. x € Q and for all ,n € RN, £ £ 1.

The hypotheses (Hy — Hs) are classical in the study of nonlinear operators in divergent form (cf.
[23] or [5]). The model example of function a satisfying these hypotheses is a(z, &) = |£|P~2¢. The
corresponding operator is the p-Laplacian operator A, (u) = div(|DulP~2Du).

We are interested in the elliptic problem

—div a(z, Du) +v(u) > ¢ inQ
(S3:0)

a(z,Du)-n+ p(u) 3¢ on 0f2,
where 7 is the unit outward normal on 99, ¢ € L(9€) and ¢ € L*(€). The nonlinearities v and 3 are
maximal monotone graphs in R? (see, e.g. [12]) such that 0 € v(0) and 0 € 3(0). In particular, they may
be multivalued and this allows to include the Dirichlet condition (taking 8 to be the monotone graph
D defined by D(0) = R) and the Neumann condition (taking 5 to be the monotone graph N defined
by N(r) =0 for all r € R) as well as many other nonlinear fluxes on the boundary that occur in some
problems in Mechanic and Physics (see, e.g., [16] or [11]). Note also that, since v may be multivalued,
problems of type (ngZ) appears in various phenomena with changes of state like multiphase Stefan

problem (cf [14]) and in the weak formulation of the mathematical model of the so called Hele Shaw
problem (cf. [15] and [17]).

Particular instances of problem (S;i) have been studied in [9], [5], [3] and [1]. Let us describe their
results in some detail. The work of Bénilan, Crandall and Sacks [9] was pioneer in this kind of problems.

They study problem (Sgg ) for any v and 3 maximal monotone graphs in R? such that 0 € v(0) and
0 € B(0), for the Laplacian operator, i.e., for a(z,£) = £, and prove, between other results, that, for

any ¢ € L1(Q),
inf{Ran(vy)}meas(Q2) 4+ inf{Ran(8) }meas(9Q) < A @

< sup{Ran(v) }meas(£2) + sup{Ran(53) }meas(992),

there exists a unique, up to a constant for u, named weak solution, [u, z,w] € WH1(Q) x LY(Q) x L} (9Q),
z(z) € y(u(z)) a.e. in Q, w(x) € f(u(z)) a.e. in I, such that

/Du~Dv+/zv+/ wv:/gbv,
Q Q oN Q

for all v € W1°(Q). For nonhomogeneous boundary condition, i.e. 1 # 0, one can see [18] for
1 € Ran(f), and [19, 20] for some particular situations of 5 and ~.

Another important work in the L'-Theory for p-Laplacian type equations is [5], where problem
—div a(z,Du) +v(u) > ¢ inQ

(D})
u=~0 on 0N

is studied for any 7 maximal monotone graph in R? such that 0 € v(0). It is proved that, for any
¢ € LY(Q), there exists a unique, named entropy solution, [u, z] € Ty"P(Q) x L'(), z(z) € y(u(x)) a.e.
in , such that

/Qa(.,Du)~DT;€(u—v)+/QzT;€(u—v)S/quTk(u—v) Vk >0,

for all v € L®(Q) NWP(Q), v(x) = 0 a.e. in AN (see Section 2 for the definition of 7y ?(Q2)).



Following [5], problems (S;%B ) and (S;df ), where id(r) = r for all r € R, are studied in [3] and [1],
for any 3 maximal monotone graph in R? with closed domain such that 0 € 3(0). It is proved that,
for any ¢ € L'(Q) and ¢ € L1(9RQ), there exists a unique u € 7,7(€), and there exists w € L(99),
w(z) € B(u(zx)) a.e. in I, such that

/Qa(.,Du)~DTk(u—v)+/QuTk(u—v)+/ wTi(u —v)

[219]

< wTk(u—v)—i—/(ka(u—v) Yk > 0,
lo) Q

for all v € L= (Q) N WHP(Q), v(x) € B(u(x)) a.e. in ON.

Our aim is to prove existence and uniqueness of weak and entropy solutions for the general elliptic
problem (S;:B ). The main interest in our work is that we are dealing with general nonlinear operator
—div a(z, Du) with nonhomogeneous boundary condition and general nonlinearities 5 and v. Asin [9], a
range condition relating the average of ¢ and 1 to the range of § and -y is necessary for existence of weak
and entropy solution. However, in contrast to the smooth homogeneous case, a smooth and ¥ = 0, for
the nonhomogeneous case this range condition is not sufficient for the existence of weak solution. Indeed,
in general, the intersection of the domains of 5 and -y seems to create some obstruction phenomena for
the existence of these solutions. In general, even if D(3) = R, it does not exist weak solution, as the
following example shows. Let v be such that D(y) = [0,1], 8 =R x {0}, and let ¢ € L*(Q2), ¢ <0 a.e.
in 2, and ¢ € L'(99), ¢ < 0 a.e. in Q. If there exists [u, z, w] weak solution of problem (S;i), then
z € y(u), therefore 0 < u <1 a.e. in Q, w = 0, and it holds that for any v € WhP(Q) N L>(Q),

/Qa(:c,Du)Der/QZU:/aﬂwar/quv.

Taking v = u, as u > 0, we get

Og/Qa(x,Du)Du—i—/Qzu:/mz/)u—i-/Qd)ug0.

Therefore, we obtain that fQ |Dul? = 0, so u is constant and

/ 20 = / v+ [ ov,
Q Fly) Q

for any v € W1P(Q) N L>(Q), and in particular, for any v € Wol’p(ﬂ) N L (). Consequently, ¢ = z
a.e. in €, and ¥ must be 0 a.e. in 9.

The main applications we have in mind is the study of doubly nonlinear evolution problems of
elliptic-parabolic type and degenerate parabolic problems of Stefan or Hele-Shaw type, with nonhomo-
geneous boundary conditions and/or dynamical boundary conditions (see [2]). Notice that in all these
applications one has D(y) = R, which is sufficiently covered in this paper.

The results we obtain have an interpretation in terms of accretive operators. Indeed, we can define
the (possibly multivalued) operator B in X := L'(Q) x L'(09) as

v+, w+w

B = {((v,w), (6,0)) € X x X : Ju e T,2P(Q), with [u, v,w] an entropy solution of (S7 )}

Then, under certain assumptions, 877 is an m-T-accretive operator in X. Therefore, by the theory of

Evolution Equations Governed by Accretive Operators (see, [4], [8] or [13]), for any (vg, wo) € D(BY:8 )X
and any (f,g) € LY(0,T; L*(Q)) x L1(0,T; L'(99)), there exists a unique mild-solution of the problem

V' +BY(V) 3 (f.9).  V(0) = (vo,w),



which rewrites, as an abstract Cauchy problem in X, the following degenerate elliptic-parabolic problem
with nonlinear dynamical boundary conditions

vy —diva(z, Du) = f, v € y(u), in Qx (0,T)
DP(v, ) wy +a(x,Du) -n=g, we B(u), ondx(0,T)
v(0) =vg in Q, w(0) =wy in IN.
In principle, it is not clear how these mild solutions have to be interpreted respect to the problem

DP(v, ). In a next paper ([2]) we characterize these mild solutions.

Let us briefly summarize the contents of the paper. In Section 2 we fix the notation and give some
preliminaries. In Section 3 we give the definitions of the different concepts of solution we use. The next
section is dedicated to establish the uniqueness results. Finally, in Section 5 we prove the existence
results. First, we study the existence of solutions of approximated problems, next we prove the existence
of weak solutions for data in L and finally the existence of entropy solutions for data in L'.

2 Preliminaires

For 1 < p < +o0, LP(Q2) and W1P(Q) denote respectively the standard Lebesgue space and Sobolev
space, and WP () is the closure of D(Q) in W2(Q). For u € W1?(£2), we denote by u or 7(u) the trace

of u on 9 in the usual sense and by Wpil”p(aQ) the set 7(W1?(€2)). Recall that Ker(r) = W, (Q).
In [5], the authors introduce the set

TP(Q) = {u: © — R measurable such that Tj(u) € W'*(Q) Vk > 0},

where Ty (s) = sup(—k,inf(s,k)). They also prove that given u € T1P({2), there exists a unique
measurable function v : 2 — R such that

DTy (u) = VX{|v]<k} vk > 0.
This function v will be denoted by Du. It is clear that if u € WP(Q), then v € LP(Q) and v = Du in

the usual sense.

As in [3], ;-7 () denotes the set of functions u in 7?(Q) satisfying the following conditions, there
exists a sequence u,, in W?(Q) such that

(a) u, converges to u a.e. in Q,
(b) DTy (uy,) converges to DT},(u) in L*(Q) for all k > 0,
(c) there exists a measurable function v on 95, such that u,, converges to v a.e. in 9.

The function v is the trace of u in the generalized sense introduced in [3]. In the sequel, the trace of
u € T,-7() on A will be denoted by #r(u) or u. Let us recall that in the case where u € W' (), tr(u)
coincides with the trace of u, 7(u), in the usual sense, and the space 7,"?(Q), introduced in [5] to study
(D}), is equal to Ker(tr). Moreover, for every u € T,0P(Q) and every k > 0, 7(Ty(u)) = Ti(tr(u)), and,

if p € WLP(Q) N L=(Q), then u — ¢ € T,-7(Q) and tr(u — ¢) = tr(u) — 7(¢).
‘We denote

ViP(Q) = {qb € L*(Q) : IM > 0 such that / |pv| < M|[v|wiw) Yo € W“’(Q)}
Q



and
VIP(9Q) = {¢ € L'(8Q) : IM > 0 such that /BQ o] < Mol Yo € leP(Q)}.
V1P(Q) is a Banach space endowed with the norm
[llvir() :==nf{M >0: /Q [pv] < M[v|lwreo) Yo € WHP(Q)},
and V1?(9Q) is a Banach space endowed with the norm

el (o0) = inf{M > 0: /(9 o] < Ml[vllwro) Yo € WHP(Q)}.
Q

Observe that, Sobolev embeddings and Trace theorems imply, for 1 < p < N,
Lp'(Q) C L(Np/(N*p))'(Q) c VhP(Q)
and , )
LP(0Q) ¢ LN=Dr/(N=P)"(50)) ¢ V1P(90).

Also,
ViP(Q) = LY(Q) and V'P(9Q) = L'(0Q) when p> N,

LYQ) c VEN(Q) and L9(9Q) c VIV (9Q) for any ¢ > 1.

We say that a is smooth (see [3]) when, for any ¢ € L>°(£2) such that there exists a bounded weak
solution u of the homogeneous Dirichlet problem

—diva(x,Du) =¢ inQ
(D) { u=20 on 02,

there exists g € L'(09) such that u is also a weak solution of the Neumann problem

—div a(z,Du) =¢ in
(W) { a(z,Du)-n=g on 0f.

Functions a corresponding to linear operators with smooth coefficients and p-Laplacian type oper-
ators are smooth (see [11] and [22]). The smoothness of the Laplacian operator is even stronger than
this, in fact, there is a bounded linear mapping 7 : L'(Q) — L'(99), such that the weak solution of
(D) for ¢ € L*(Q) is also a weak solution of (N) for g = T'(¢)) (see [9]).

For a maximal monotone graph 7 in R x R and » € N we denote by 7, the Yosida approrimation of
n, given by 0, =r(I — (I + %n)*l). The function 7, is maximal monotone and Lipschitz. We recall the
definition of the main section n° of n

the element of minimal absolute value of 7(s) sin(s) # 0

1°(s) = ¢ +oo if [s,4+00) N D(n) =0

—00 if (—o0,s]ND(n) = 0.

It s € D(n), [ne(s)] < [1°(s)] and nr(s) — n°(s) as v — +o0, and if s € D(n), 1 (s)| — +o0 asr — +o0.



We will denote by P, the following set of functions,
Po={pe C®R):0<p <1,supp(p’) is compact, and 0 ¢ supp(p)} .
In [7] the following relation for u,v € L'(£2) is defined,

u<Kv if

/Q(u—wg/Q(v—w and /Q(u+k)—g/g(u+k)— for any k > 0,

and the following facts are proved.

Proposition 2.1 Let Q be a bounded domain in RV .

(i) For any u,v € L*(Q), if [, up(u) < [, vp(u) for all p € Py, then u < v.

(ii) If u,v € LY(Q) and u < v, then |lull, < ||v||q for any q € [1,+00].

(iii) If v € L1 (), then {u € L'(Q) : u < v} is a weakly compact subset of L'(12).

3 Weak solutions and entropy solutions

In this section we give the different concepts of solutions we use. The first one is the concept of weak
solution.

Definition 3.1 Let ¢ € L*(Q) and v € L(9Q). A triple of functions [u, z,w] € WHP(Q) x L1(Q) x
L1(09) is a weak solution of problem (S;i) if z(z) € y(u(z)) a.e. in Q, w(z) € f(u(x)) a.e. in 9N, and

/Qa(;c,Du)~Dv+/ﬂzv+/mwv:/mwv+/ﬂ¢v, (1)

for all v € L>®(Q) N WHP(Q).
In general, as it is remarked in [5], for 1 < p < 2— %, there exists f € L'(Q) such that the problem
u€ Wigs (), u—Ap(u) = f in D'(Q),

has no solution. In [5], to overcome this difficulty and to get uniqueness, it was introduced a new
concept of solution, named entropy solution. As in [3] or [1], following these ideas, we introduce the
following concept of solution.

Definition 3.2 Let ¢ € L'(Q) and ¢ € L'(Q). A triple of functions [u, z,w] € T,-7(Q) x L'(Q) x
Ll((iaQ) is an entropy solution of problem (S;Z) if z(x) € y(u(x)) a.e. in Q, w(z) € B(u(z)) a.e. in ON
an

/Qa(:z:,Du) - DT (u — v) +/

; 2Tk (u — v) +/ wTy(u —v)

19]9)
(2)
< YTg(u—v)+ [ ¢Tp(u—v) Yk >0,
o0 Q

for all v € L*°(Q) N W1P(Q).



Obviously, every weak solution is an entropy solution and an entropy solution with u € W1?(€) is
a weak solution.

Remark 3.3 If we take v = Tj,(u) £ 1 as test functions in (2) and let h go to 400, we get that

Jor e ha= L e

Then necessarily ¢ and 1 must satisfy

R- g/ w+/¢>§7€+,
V.8 5% Q v,8

R,J;ﬁ := sup{Ran(7) }meas(2) + sup{Ran(3) }meas(0)

where

and

R-

-5 = inf{Ran(vy)}meas(£2) + inf{Ran(3) }meas(012).

We will write R, 5 :=|R_ 5, R sl when R 5 < R;[j

Remark 3.4 Let ¢ € VIP(Q) and ¢ € VIP(9Q). Then, if [u,z,w] is a weak solution of problem
(S(;’f;), it is easy to see that

/Qa(a:,Du)-Du—i—/glzu—i—/mwu:/mwu—&-/Q@L

Moreover, if D(y) # {0} and D(3) # {0}, it follows that z € V1P(Q), w € V1P(9Q) and
/a(x,Du)~Dv+/ zv+/ wv:/ z/w+/ v,
Q Q I9) I9) Q
for any v € WHP(Q).

In fact, let v € W'P(€2) and take Ty (|v|) 1T} (u) as test function in (1). Then, letting 7 go to 0, there
exists M; > 0 such that

/ ATl + [ [wlTe(le) < Mol
{zeQ:u(z)#0} {x€0Q:u(x)#0}

Letting now k go to +o00, applying Fatou’s Lemma, we get

/ J2lfo] + / follo] < My ollwnga.
{zeQ:u(x)#0} {z€dQ:u(x)#0}

If 5(0) is bounded, there exists Ma > 0 such that

/ ullo] < Mool
{z€dQ:u(z)=0}

In the case 5(0) is unbounded from above (a similar argument can be done in the case of being unbounded

from below) let us take Ty (|v])S,(u) as test function in (1), where S,.(s) := =E-x_, 51(s) + X[0,+00[($)-

then, letting 7 go to 0, there exists My > 0 such that

/ WTi(jo]) < Mollollwr ey,
{z€dQ:u(z)=0}



and consequently, since 3(0) must be bounded from below (because D(8) # {0}), there exists M3 > 0
such that

/ 0l Ti(v]) < Msllollwrmoy-
{z€dQ:u(x)=0}

Letting now k go to +o00, applying Fatou’s Lemma, we get

/ ollo] < Maljollwsn(c-
{x€dQ:u(x)=0}

Similarly, there exists M5 > 0 such that
/ 2llo] < Mol
{zeQ:u(xz)=0}

4 Uniqueness results

This section deals with uniqueness results for entropy solutions and therefore for weak solutions. We
firstly need the following result.

Lemma 4.1 Let [u, z,w] be an entropy solution of problem (S’(Zi) Then, for all h > 0,

)\/ \DulP < k/ | +k/ 19,
{h<lul<h+k} 90 {lul>h) on{jul>h)

Proof. Taking T}, (u) as test function in (2), we have

2Tk (u — Th(u)) + /69 wTy(u — Th(u))

/Qa(m, Du) - DT (u — T (w)) + /

Q

< [ WTu(u—T(w) + /Q 6T (u — T, (u)).

[219)

Now, using (H;) and the positivity of the second and third terms, it follows that

v/ D < [ ek [ el
{h<|u|<h+k} oQN{|u|>h} QN{|u|>h}

O

Theorem 4.2 Let ¢ € LY () and ¢ € L1(99Q), and let [uy, 21, w1] and [uz, 22, ws] be entropy solutions
of problem (Sgi) Then, there exists a constant c € R such that

Uy —us =c¢ a.e. in €,

z1—22=0 a.e. in Q.

wy; —we =0 a.e. in ON.

Moreover, if ¢ # 0, there exists a constant k such that z1 = zo = k.



Since every weak solution of problem (Sgi) is an entropy solution. The same result is true for weak
solutions.

Proof. Let [u1,21,w;] and [ug, 22, ws] be entropy solutions of problem (S;i) For every h > 0, we
have that

/ a(z, Duy) - DT (ur — Th(u2)) +/ T (w1 — Th(u2)
Q Q

-i-/aQ w1 Ty (up — Th(ug)) < /an YT (ur — Th(uz)) +/Q¢Tk(ul — Th(uz))

and

/ a(x,Dug) . DTk(UQ — Th(ul)) +/ ZQTk(UQ — Th(ul))
Q Q

+/ w3 Th(uz — Th(ur)) <
onN oN

Adding both inequalities and taking limits when h goes to co, on account of the monotonicity of v and

B, if

T(uz — T (ur)) + /Q 6T (uz — T (ur))

In g = /Qa(:c,Dul) - DTy (uy — Th(uz)) +/Qa(x,DuQ) - DTy (ug — Th(uq)),

we get

li}ansup Ing < — / (21 — 22) T (ug — uz) 7/ (w1 — wa)Tk(uy —ug) < 0. (3)
—00 Q oN

Let us see that
hhm inf I, >0 for any k. (4)

To prove this, we split
In = I}ll,k + I}%,k + I}i’,k + Iﬁ,k,

where
Iflb,k = / (a(z, Duy) — a(x, Dug)) - DTy (u1 — us),
{lur|<h, |uz|<h}

= [ a(, Dur) - DTi(us — hsign(ua)) + [ a(z, Dus) - DTi(uz — uy)
{lu1|<h, |uz|>h} {lu1|<h, |uz|>h}

> / a(z, Dug) - DTy (uz — uy),
{lurl<h, |uz|>h}
Ig)k = / a(x, Duy) - DTy (u1 — uz) —|—/ a(x, Dug) - DTy (us — hsign(uy))
{lur|=h, |uz|<h} {lur|=h, fuz|<h}

> / a(x, Duy) - DTy (up — ug)
{lui|>h, |uz|<h}
and
I;i,k? = / a(a?,Dul) . DTk(ul — hSIgn(u2))
{lur|>h, |uz|>h}
Jr/ a(x, Dug) - DTy (ug — hsign(u;)) > 0.
{lu1|>h, |uz|>h}

Combining the above estimates we get

Iy 5 > I}lL,k + Lilz,k + L}QL,ka (5)



where
Ly = / a(z, Dug) - DTy (ug — uy),
{lurl<h, Juz|>h}

L}y = / a(z, Du1) - DTk(u1 — ug)
' {lu1|=h, |uz|<h}
and [ flz,k is non negative and non decreasing in h. Now, if we set
C(h, k) :={h <|ui| <k+h}N{h—k <|ug| <h},

we have

< [ a(z, Duy) - (Duy — Dus)
{lur—uz2|<k, |ui|>h, |uz|<h}

< / |a(z, Duy) - Duy | +/ |a(z, Duy) - Dus).
C(h,k) C(h,k)

Then, by Hoélder’s inequality, we get

1/p’ 1/p 1/p
2, < ( / |a<x,Du1>|p> (( / Dml”) n ( / |Du2|p) )
C(h,k) C(hk) C(h,k)

Now, by (Hs),
, 1/p’ , '\ 1/p
( / |a<x,Du1>|P) <( [ o (g<m>+|Du1|p-1) )
C(h,k) C(h,k)

. , 1/p’
<ot (ol + [ DupP)
{h<|ui|<k+h}

On the other hand, by Lemma 4.1, we obtain

/ pup<S( [ wie [ el
{h<lus|<k+h} AN\ |=ny {Jus|>h}

k
/ pupr<t( [ wl+ [ ).
{h—k<|uz|<h} {Jusl>h—k} {Jus|>h—k}

Then, since ¢ € L1(Q), ¥ € L*(99Q) and having in mind that

and

lim meas{z € Q: |u; ()] >7r} =0

r—-+4o00
and
lim meas{x € 9N : |u;(x)| >r} =0,
r—+00
since u; € T,-7(), we obtain that
Jim. L}, =0.
Similarly, limp, .o Lj, ;, = 0. Therefore by (5), (4) holds. Now, from (4), (3) and (5), we have that

lim (a(x, Duy) — a(x, Dug)) - DTy (u1 — ug) = 0.
h=400 J{jui|<h, |uz|<h}

10



Therefore, for any h > 0, DT}, (u1) = DTy (uz2) a.e. in 2. Consequently, there exists a constant ¢ such
that
UL — U = ¢ a.e. in Q.
Moreover, by (3) and (4), we have
/(Zl — ZQ)Tk(Ul — UQ) +/ (w1 — wg)Tk(ul — ’LLQ) = 0 Vk > 0, (6)
Q a0
from where it follows that
(wy — wg)X{ul,u2¢0} =0 a.e. in 99,
and
(21 — 22)X{uy—us0y = 0 a.e. in €

Then, if ¢ # 0 it follows that w; = wq, and z; = 25.

In order to see that z; = 23 in the case ¢ = 0, we take T}, (u1) — ¢ and Th(u1) + ¢, ¢ € D(), as test

functions in (2) for the solution [uj,z1,w;] and [ug, 22, ws], respectively, adding these inequalities and
letting h go to 400, if k& > |||/, We get

lim Jh,k + / (Zl — 22)(,0 <0,
h—oo Q
where
Jh,k = / a(:m Dul) . [DTk(ul — Th(ul) + (,0) + DTk(U1 — Th(ul) — Lp)]
Q

= / a(z, Duy) - [DTi(uy — Th(u1) + @) + DTp(ur — Th(ur) — 9)].
{lui|>h}
Then, using Hoélder’s inequality and Lemma 4.1, we obtain that

lim Jp = 0.
Jim T

/zlgag/ngo.
Q Q
/ZQQDS/ZlgD
Q Q

If ¢ # 0, following the arguments of Lemma 3.5 of [6], we have that z; = 25 is constant. In fact,
let j(r) = [; 7°(s)ds, therefore, v = 07, the subdifferential of j. Now, z1(x) € y(u1(z)) N y(ui(z) + c)
a.e. x € ), consequently, j(ui(x) + ¢) — j(u1(z)) = cz1(xz) a.e. in Q. Moreover, if ¥(R) is bounded, j is
Lipschitz continuous, j(Tk(u1) + ¢), j(Tk(u1)) € WHP(Q) and V (j(Tk(u1) + ¢) — j(Tk(u1))) = 0 a.e. in
Q. The above identity is obvious when |u1| > k, and in the case |ui| < k, we have V (§(u1 + ¢) — j(u1)) =
0. Therefore j(Tk(u1) + ¢) — j(Tx(u1)) is constant (this constant, in fact, does not depend on k) and
consequently cz; is constant. As ¢ # 0, z1 is constant. In the case v is not bounded, we work, again as
in Lemma 3.5 of [6], truncating ~.

Hence

Similarly,

Therefore z1 = 2.

Finally, in order to see that wy = ws, we use the fact that we can take as test function in (2), for
the corresponding (S’;i% v =Th(u;) £ ¢, for any ¢ € WHP(Q) N L>°(2). Then, since u; = us + ¢ and

21 = z2, We get
/ wip = / wWap.
o0 o

Therefore w, = ws. O
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5 Existence results

In this section we give the existence results. Let us begin with some approximation results which allow
to get the existence results.

5.1 Approximated problems

For m,n € N, we approximate v and 3 by v, n(r) = v(r)+ %TJF — %r* and B (1) = B(r)+ -
respectively, so we first consider the problem

5 —div a(z, Du) + Ymn(u) 3¢ in Q
(s
a(:E, Du) -n + /Bm,n(u) =) dJ on ON.

For (S;wﬁ ™) we have the following existence and uniqueness results.
Proposition 5.1 Assume D(y) = D(8) =R. Let m,n € N, m <n. Then, the following hold.
(i) For ¢ € L*°(Q) and ¢ € L*>(99), there exist u = Ugp pmn € WP (Q) N L>®(Q), 2 = 24 pmn €
L>(Q), z(z) € y(u(zx)) a.e. inQ, and w = Wy yp.mn € L2(00), w(z) € B(u(x)) a.e. in 0Q, such

that [u, z,w] is a weak solution of (Sl%"’ﬁmm)‘

Moreover, if M = ||¢||loo + ||¥]lco;
—nM

" (=nM)
and there exists ¢(2, N,p) > 0 such that
c(Q,N,p)

A
(i) If my < mg <np <ny, ¢1,¢2 € L(Q), Y1,z € L(0Q) then

nM,

<u<
<z <4 (nM),

||DU||1£;(19) < ([lpllvr.e ) + [¥llviean)) -

+ +
/Q(Zdﬁlﬂl)hml,m - Z¢2,¢2,m27n2) + /BQ(U)(blawl»mlv"l - w¢2,1/)2,m27n2)

< /m(wl )+ /Q(m o)t

1 1 .— _ 1 11y - 11 1
Proof. Observe that ESJF — 5T =5+ (— — 7) E— (— — 7) st + Ls.

m n m n n
Let us take
Cr > Sup{nM7 ’YT(nM), _’YT(_nM)a ﬁT(nM)7 _BT(_HM)}7

where v, and 3, are the Yosida approximations of « and (3, respectively. For r € N, it is easy to see
that the operator B, : WhP(Q) — (WP(Q))’ defined by

(B, v) = /Q a(z, Du) - Do+ /Q TCT(%(u))iH—% /Q P~ 2uw

s [ o=t [ o [ TGy

—i—l TC,,,(u+)v—l/ TC,,,(u_)v—/ wv—/(bv,
m Joq n Joq o0 Q

12



is bounded, coercive, monotone and hemicontinuous. Let K = W1?(2). Then, by a classical result of
Browder ([21]), there exists u, = tg y,mn,» € K, such that

1
/a(m,DuT)~Dv—|—/TCT('yT(uT))v—&—f/ |ur|p_2urv
Q Q rJo

1 1 _
o [ Tt o= 3 [ T e
1 1 g
Up))0 + — up) o — = Upr) )V
[ T [ T -1 [ ()

:/ wv+/¢w,
o0 Q
for all v € K.

Taking v = Tk ((u, —mM)™T) in (7), misleading non negative terms, dividing by k, and taking limits
as k goes to 0, we get

r

1 1
—/ T., (u,)sign™ (u, — mM) + — T, (u,)sign™ (u, —mM)
m Ja m Joq

< Ysign® (u, —mM) + / psign™ (u, — mM).
o9 Q

Consequently

/ (T., (uy) — mM)sign™ (u, — mM) + / (T., (u,) — mM)sign™ (u, — mM)
Q o9

< / (map — mM)sign™ (u, — mM) + / (m¢ — mM)sign™ (u, —mM) < 0.
e} Q

Therefore, since m < n,
up(z) <nM a.e. in Q.

Similarly, taking v = Ty ((u, + nM)™) in (7), we get
up(x) > —nM a.e. in Q.

Consequently,
Jur oo < nMM, (8)

1 1 1
/ a(z, Du,.) - Dv +/ ¥ (ur)v + 7/ [P~ 20,0 + —/ ufv— 7/ U, v
Q Q rJa m.Ja nJa

1 1
+ Br(ur)v + — ujvf—/ u;vz/ 1/)v+/¢11,
o9 m Joq n Joo o9 Q

and (7) yields

for all v € W1P(Q).

Taking v = Ty ((u-)™") in (9), disregarding some positive terms, dividing by k and letting &k go to co
we get that

13



1
. uj_ +/ %'(u7')+ + 67.(11,7')4' < ¢+ + ¢+7 (10)
m Jo Q F619) Q F19)

and, similarly, taking Ty ((u,)”) we get

1 - - _ - -
s [+ [ < [ [ 0 (1)

Taking v = u, — m S50 ur as test function in (9) and having in mind that

o0 67’(“‘7“) <Ur N m ~/89 ur)

(vt ) (s ) 2

oo (o~ gy o) =, (0= (o L)) (o~ s )

_/Qw(ur) (measl(aQ) /asz tr = meals(Q)/Qur)
> 7/977“(“47“) (measl(am/mw B Hleale(Q)/Qur)

and working similarly with the other terms, we get

s o< [ (v~ i L)+ [ (o e L)
v (e Ly~ o L)
o o (e, ey )

*faé“?<m%§a»4“f‘nm$wn»é9”)'

Now, by Poincaré’s inequality and the trace Theorem, there exists ¢; = ¢1(£2, NV, p) > 0 such that

1
T T Al r < P D r||LP )
6 (w = ez [ ) = alélvrneDu o)

and

1
P < P D ¥l .
v (o= sy [ ) < altlveson IDu sy
On the other hand, by (10) and (11),

fyortw0) (et v~ s )~y (st v~ s )
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o o0 (e [~ st )
<2 (o1 1) [ty = o Lo

Moreover, applying again the generalized Poincaré inequality, there exists ca = ¢o(2, N,p) > 0 such

that
LP(Q)>

— C3
[Dur| g < 5y (Igllvim@) + 1Ullvieoa)) - (12)

<

1 1

1 @ e i |
— | o — ———= [ ur + ||up — ——== Uy
meas(Q2)» (H meas(2) Jo |10 meas(0$2) Jaq

< ea||Dug|| e (o)

Therefore, there exists c¢s = ¢3(2, N, p) > 0, such that

As a consequence of (8) and (12) we can suppose that there exists a subsequence, still denoted wu,.,

such that
u, converges weakly in W1P(Q) to u € WhHP(Q),

u,. converges in LI(Q)) and a.e. in Q to u, for any ¢ > 1,

u, converges in LP(9Q) and a.e. to u,
with
—nM < u<nM. (13)

Taking into account (13), we get that |v,(u,)| is uniformly bounded. Consequently, we can assume
that v, (u,.) — z € L>(Q) weakly*, moreover

% (—=nM) < 2 <A (nM) .
Since u,, — u in L'(Q), applying [9, Lemma G], it follows that z(z) € v(u(z)) a.e. on Q.

On the other hand, since f,(u,) is also uniformly bounded, we can assume that G,(u,) — w €
L>(09) weakly*. Again, applying [9, Lemma G, it follows that w(z) € S(u(x)) a.e. in 9.

Let us see now that {Du,} converges in measure to Du. We follow the technique used in [10] (see
also [3]). Since Du, converges to Du weakly in LP(Q), it is enough to show that {Du,} is a Cauchy
sequence in measure. Let ¢t and € > 0. For some A > 1, we set

C(IvAvt) = lnf{(a(xag) - a(%n)) : (5 - 77) : ‘€| S Av ‘77| S A7 |§ - 77| Z 3 }

Having in mind that the function ¢ — a(x, ) is continuous for almost all z € Q and the set {(§,7n) :
€] < A, In| < A, |€—mn| >t} is compact, the infimum in the definition of C(z, A4,t) is a minimum.
Hence, by (Hj), it follows that

C(x,A,t) >0 for almost all = € Q. (14)

Now, for r,s € N and any k > 0, the following inclusion holds

{|Du, — Dus| >t}
(15)
C{|Du,| > A} U{|Dug| > A} U {|u, —us| > k*}U{C(z, A, t) <k} UG,
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where
G = {|u, —us| < k* C(x,A,t) >k, |Du,| < A, |Dus| < A, |Du, — Dug| > t}.

Since the sequence Du,. is bounded in LP(§2) we can choose A large enough in order to have

meas({|Du,| > A} U {|Du,| > A}) gi for all 7,s € N. (16)
By (14), we can choose k small enough in order to have
meas({C(x, A,t) < k}) < i (17)

On the other hand, if we use Ty (u, —us) and Tk (u, —us) as test functions in (9) for u, and u, respectively,
we obtain

/ a(z, Du,) - DTy (ur — us) —|—/ V() T (uy — )
Q Q

1 1 1
—|—7/ \ur|p*2uer(ur —ug) + —/ Ty (U — ug) — f/ . T (ur — us)
rJa m.Ja Q

n
(18)
1 1
+ Br(ur) T (uy — us) + — Ty (uy — ug) — 7/ u, T (u, — usg)
0 m Joq n Jon
= wTk(ur - Us) +/ ¢Tk(ur - Us)a
o Q
and
7/ a(z, Dug) - DTy (u, — us) — / s (us) T (wr — )
Q Q
1 p—2 1 " 1 _
_; Q|u\s| UsTk(ur_us)_E Qus Tk‘(ur_us)'i'ﬁ Qus Tk(ur_us)
(19)

1 1
— Bs(us) T (up — us) — — ul Ty (uy — ug) + f/ ug T(up — us)
90 m Joq n Joa

=— [ YTe(u, — us) —/ T (ur — us).
o0 Q

Adding (18) and (19) and disregarding some positive terms, we get

/ (a(e, Duy) — alz, Duy)) - DTi(uy — ) < — / (o (1tr) — 7 (112)) Th (tr — 1)
Q Q

1 _ 1 _
_/ <|ur|p “u, — —[us | 2“8) T (ur — us) — / (Br(ur) = Bs(us)) Ti(ur — us).
o \7" s a0
Consequently, there exists a constant M independent of 7 and s such that

/Q (a(z, Duy) — alx, Dus)) - DTx(uy — us) < kAT
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Hence
meas(G)

< meas({|u, — us| < k?, (a(x, Du,) — a(z, Duy)) - D(u, —us) > k})

1
< */ (a(z, Du,) — a(x, Dus)) - D(u, — ug)
kS sl <h2)

— kM <

el
W~

[ (@t D) ~a, D) DTiaa, — ) <

T =

for k& small enough.

Since A and k have been already chosen, if rq is large enough we have for r,s > ry the estimate
meas({|u, — us| > k?}) < £. From here, using (15), (16), (17) and (20), we can conclude that

meas({|Du, — Dus| > t}) <e for r,s>rg.

From here, up to extraction of a subsequence, we also have a(., Du,.) converges in measure and a.e.
to a(., Du). Now, by (Hz) and (12),

a(., Du,) converges weakly in L? ()N to a(., Du).

Finally, letting r — +o0 in (9), we prove (i).

In order to prove (ii), we write w1, = Ugy iy, myn,r A0d U2y = Ugy yo,ma,ng,r. Laking Tp((ur,, —
ug,) 1), with r large enough, as test function in (9) for us ,, m = m; and n = nq, we get

/ a(z, Duy ) - DTy ((ur,r — ug,)™) +/ Yo (1) T (g, — ug,r) )
Q Q

1 _ 1 1 _
+*/ |t P 2U1,er((qu—U2,r)+)+f/ uf, Te (g, —ugp)™) — */ uy, Tr((ur,r — ugr) ™)
rJa mi Jq ni Ja
1

1 _
+ [ Brlur)Ti((urr — ug,p)™) + — / ul, T ((ur e — ugr)™) — — / uy T (w1 — ugr)™)
0 mi1 Jaq ni1 Joq

= V1T ((uy e — ug,) ) + /Q &1 T (w1, — uzr) ™),

oN

and taking Ty (u1,, — u2,)" as test function in (9) for us,, m = ms and n = ny, we get

—/M&mmmDﬂwu—mﬂﬂ—/w%ﬁﬂwu—mﬁﬂ
Q

Q

1 B 1 1 _
—;/ g, [P ug T ((r 1 — U ) T) — */ ug , Te((u1,r —ugr)™) + */ ug T ((ur,r — ugr) ")
Q Q Q

mo n2
. + oL - +
— | Brlug)Th((ury —u2pe)™) — — [ ug Tp((urr —u2,)") + — [ ug, Ti((u1, —uzy)™)
a0 ma Jaq n2 Joq
—— [ T~ w)) = [ 6Tl — )",
o0 Q
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Adding these two inequalities, misleading some non negative terms, dividing by k, and letting k& — 0,
we get

/wmm»~mWnﬁ+/<mwm—mme*
Q

o0
(21)
< [ -t [ (@ o),
o0 Q
Therefore, taking into account the above convergence, (ii) is obtained. ]

In the case ¥ = 0, we have the following result.
Proposition 5.2 Assume D(3) = R. Let m,n € N, m < n. Then, the following hold.
(i) For ¢ € L>(Q), there exist u = Ugpmn € WHP(Q)NL®(Q), 2 = zp.mn € L(Q), 2(x) € y(u(z))

a.e. inQ, and w = Wy mn € L®0N), w(z) € fu(z)) a.e. in 00, such that [u,z,w] is a weak
solution of problem (ngg‘”’ﬁm'”), and z << ¢.

(1t) If mi < mao < ng < ny, ¢1, 02 € L(2), then
/(zdn,ml,nl - Z¢>27m2,n2)+ +/ (w¢17m1,n1 - w¢2~,m2,n2)+ < /(¢1 - ¢2)+'
Q o Q

Proof. Following the proof of Proposition 5.1 there exists u, = g m nr € K = WHP(Q), such that

[tr]loo < 1l loo,

and )
/a(x7Dur)~Dv—|—f/ | [P~ 2,0
Q rJa
+/’y(u)v+i/u+(u fv)fl/u*v (22)
Q o mJo " " nJo "
1 1
Gr(ur)v + — / u+v7—/ U, vf/gbv
o0 le) o0
forallv e K.

We can finish the proof as in Propositions 5.1 if we prove that v, (u,) is weakly convergent in L!(£2).
Taking v = p(y,(ur)), p € Py, as test function in (22) we have that, after misleading non negative terms,

/'YT(UT (v (ur) /¢p Vr(wr)
Q

which implies, v, (u,) << ¢. In particular, see Proposition 2.1, || (ur)]leo < [|#]lec and v,(ur) — 2 €

L () weakly in L*(), with z << ¢. O

Remark 5.3 Observe that if D(8) = {0} and ~ is anyone, rewriting the proof of Proposition 5.2, with
K =WyP(Q), we find u = g m.n € Wy P(Q) N L®(Q), 2 = 2pmn € L2(Q), 2(z) € y(u(x)) a.e. in Q,

such that ) )
/a(x,Du)~Dv—|—/zv—|——/u+v—f/u_vz oV,
Q Q mJa nJao Q

for all v € Wol’p(Q). Moreover, if m; < mg < ng < nq, ¢1, 92 € L>¥(N), then

/Q(Zdnﬂﬁhml,nl - Z¢27¢27m2m2)+ < /Q(¢1 - ¢2)+'
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Proposition 5.4 Assume D(v) =R and a smooth. Let m,n € N, m < n. Then, the following hold.

(i) For ¢ € L*°(Q) and ¢ € L*°(9N), there exist u = Uppmn € WIP(Q)NL®(Q), 2 = 24 pmn €
L>2(Q), 2(z) € y(u()) a.e. in Q, and w = Wy yp.mn € L (0N), w(z) € Blu(z)) a.e. in 0N, such
that [u, z,w] is a weak solution of (Sg%’””@’"’”).

Moreover, there exists c¢(Q,p, ) > 0 such that
I Dull o) < (0,0, A) (I¢llvir) + [Ullvieoa) " -

(i4) If mi < ma <ng <ny, 1,02 € L>(Q), 1,12 € L>(0N) then

+ +
/Q(Z¢17'¢’17m1,n1 - Z¢2,¢2,m27ﬂ2) + Ag(w¢1,¢1,m17ﬂ1 - w¢2,w2,m2’n2)

< /m(% — )" +/Q(¢1 —¢a2)™.

Proof. Applying Proposition 5.1 to 3,, the Yosida approximation of 3, there exists u, = ug p,mnr €
WLP(Q) N L>®(Q) and 2, = 244 mnr € LZ(Q), 2 € (u,) a.e. in , such that

/ a(z, Du,.) - Dv +/ zpv + Br(ur)v
Q

Q o0

for all v € WP(Q). Moreover, |u,| is uniformly bounded by nM, M = ||¢|co + ||%co
=% (=nM) < z, <4° (nM),

/z;t+/ w < wi+/¢i-
Q o0 o0 Q

Let now @ € L*°(Q) and 2 € ~(4), 2 € L*°(Q), be such that @ is solution of the Dirichlet problem
(see Remark 5.3)

and

at— -4 =¢ nQ

1 1
—div a(z, D) + 2+ — =
m n

=0 on 0f).

Since a is smooth, there exists ¢ € L'(8Q) such that

1 1 .
/a(x,Dﬁ)~Dv—|—/év+f/ﬂ+v—f/1fv=/ W}—i—/qﬁv, (24)
Q Q mJa nJa a0 Q

for any v € WHP(Q) N L>(Q).

Taking v = p(B,(u, — 1)), p € Py, as test function in (23), and p(5,(u, —@)) as test function in (24),
and adding both equalities we get, after misleading non negative terms, that

/ B (ur)p(Br () < / (6 — D)p(Br(ur).
o0 o0
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which implies (see Proposition 2.1) that
Br(uy) — w € L*(09N) weakly in L*(99).

Now, arguing as in the proof of Proposition 5.1, we obtain (i).

To prove (ii), Proposition 5.1 implies, denoting w; , = g, p,.mi.ni,r A0A Zip = Zey apsmamars © = 1,2,

/ P / (Br(urs) — By (uzs))*
Q o0
(25)
< /m(wl )t /Q<¢1 )t

Taking limits in (25) when r goes to +oo, (ii) holds. O

In the case 1» = 0, we have the following result.
Proposition 5.5 Assume a smooth. Let m,n € N, m <n. Then, the following hold.

(i) For ¢ € L>(Q), there exist u = Uy mn € WHP(Q) N L®(Q), 2 = 2p.mn € L=(Q), 2(x) € y(u(z))
a.e. inQ, and w = Wy ., € L1(ON), w(z) € Bu(x)) a.e. in OQ, such that [u,z,w] is a weak
solution of problem (S;j’o""’ﬁm'"), with z << ¢.

(’LZ) Ifm1 <mg <ng < ny, ¢17¢2 S LOO(Q), then
/(z¢17m1an1 - Z¢727m2,n2)+ +/ (w¢17m1,n1 - w¢2’m2,n2)+ < /((bl - ¢2)+'
Q o Q

From the above results we can obtain existence of entropy solutions for data in L' and also existence
of weak solutions when the data are more regular. We start with the existence of weak solutions.

5.2 Existence of weak solutions

Theorem 5.6 Assume D(y) =R and R 5 < R,Jyr,ﬁ, Let D(B) = R or a smooth.
(i) For any ¢ € VYP(Q) and ¢ € VIP(9) with

/Q“/MMRW’ (26)

there exists a weak solution [u,z,w] of problem (S;g)

(ii) For any [u1, 21, w1] weak solution of problem (S;wal), ¢ € VIP(Q) and 1 € VIP(0Q) satisfying

(26), and any [uz, 22, we] weak solution of problem (ngw), bo € VIP(Q) and 1o € VIP(0Q) satisfying
(26), we have that

Je=wt+ [ ot < [ =it [ o on

Proof. We approximate ¢ and i by

d)m,n = Sup{inf{m7 (b}v —7’L}
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and

Y. = sup{inf{m, ¢}, —n},
respectively. We have, ¢, € L®(Q), ¥, n € L®(0Q), are non decreasing in m, non increasing in
n, [ Gmnll Lo @) < 110l ) and [[Ymnll o 00) < 1¥llLr9g)- Then, if m < n, by Propositions 5.1
or 5.4, there exist um, € WHP(Q) N L®(Q), zmn € L®(Q), zmn(®) € Y(umn(z)) ae. in Q and
Winn € LY(ON), Wiy pn(7) € B(tm n(T)) a.e. on 8, such that

/a(m,Dum,n)Dv—i—/ zm’nv—l—/ Wi,V
Q Q o0

4o / hs ! / ot A ! / ‘ (27)
— u v— — u v — (% v— — (% v
m Jo m,n n Jo m,n m Joo m,n n Joq m,n

for any v € WHP(Q). Moreover,

[amnt [ wins [ote [ 0t (29)
Q o0 Q o0

(2, N, p)
A
Fixed m € N, by Propositions 5.1 or 5.4 (ii), {zm n }or,, and {wn, »}22,, are monotone non increas-
ing. Then, by (28) and the Monotone Convergence Theorem, there exists 2, € L*(2), @, € L'(99)
and a subsequence n(m), such that

and

Dty < (I¢llvin@) + 1Ullvieon)) - (29)

2m,n(m) — 2 ||1<i
m,n(m m = m
and

’ m

Thanks again to Proposition 5.1 or 5.4 (ii), 2,, and w,, are non decreasing in m. Now, by (28), we have
that [, |2m| and [, || are bounded. Using again the Monotone Convergence Theorem, there exist
z € LY(Q) and w € L'(99) such that

%,, converges a.e. and in L'(Q) to z

and
1y, converges a.e. and in L' (99) to w.
Consequently,
Zm 1= Zm,n(m) converges to z a.e. and in L'(Q) (30)
and
Wiy, 1= Wiy m(m) CONVErges to w a.e. and in LY(09). (31)

If we set um 1= U n(m)s Pm = Gmon(m) A0 Vi = Yy n(m), then we have

/a(a:,Dum)-Dv—F/zmv—F/ WV
Q Q a0

1 . 1 _ 1 i 1 -
+— | upv——— [ u v+ — UV — —— Uy, U (32)
m.Jja n(m) Jo m Jaq n(m) Joo
= Ymv + / Omv,
a0 Q
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for any v € WHP(Q).

As a consequence of (29),

1 . : 1.p
{um Teas(99) /89 um}m is bounded in W*P(). (33)

Let us see that

1
{meas(@Q) /69 Uy @ M E N} is a bounded sequence. (34)

If (34) does not hold, then, extracting a subsequence if necessary, we can suppose that | o0 Um
converges to +oo (or —oo, respectively). Suppose first that [, un, converges to +oc. Hence, by (33)
we have

Uy, converges to + oo a.e. in 2, and a.e. in ON2.

Moreover, since for m large enough

1 N 1 N 1 N
(1 (o
fm = (“ meas(9Q2) /asz “’") * (measwm /an “) (“m meas(9) /fm “m) ’

by (33), we get
{ / um} is bounded
o2 meN

{/ um} is bounded.
Q meN

In the case |, 5o Wm converges to —oo, we similarly obtain that

and, similarly,

Uy, converges to —oo a.e. in 2, and a.e. in 052,

{/ u:;} and {/ u;} are bounded.
o0 meN Q meN

Therefore, we have z = sup{Ran(vy)} (¢ = inf{Ran(v)}, respectively) and w = sup{Ran(8)} (w =
inf{Ran(8)}, respectively). Now, taking v = 1 as test function in (32), we get

1/ n 1 / -4 1 i 1 / _
— Uu. — Uu — Uu. — u.
mJo ™ onm)Jo " omJeq " n(m) Joq "
= / Om + U, — / Zm — / Wi,
Q o9 Q o9

and we get a contradiction with (26). Hence, (34) is true. By (33) and (34), we have {||wm|lwir)}m
is bounded. Therefore, there exists a subsequence, that we denote equal, such that

and

Uy, — u weakly in WP (Q),

Uy, — w in LP(Q) and a.e. in £,

Uy, — w in LP(0Q) and a.e. in 0.
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Moreover, arguing as in Proposition 5.1, it is not difficult to see that {Du,,} is a Cauchy sequence in
measure. Then, up to extraction of a subsequence, Du,, converges to Du a.e. in ). Consequently, we
obtain that

a(., Du,,) converges weakly in Lp/(Q)N and a.e. in 2 to a(., Du).

From these convergences, we finish the proof of existence.

The proof of (ii) is a consequence of the existence result, Propositions 5.1 or 5.4 (ii), and the
uniqueness result. O

Remark 5.7 For positive data ¢ and 1, it is not necessary the assumption D(y) = D(8) = R, that
is, we can improve the above result in the following way. Assume [0, 4+o00[C D(v) and Ri‘ 5 > 0. Let

[0, +-00[C D(5) or a smooth. For any 0 < ¢ € V1PQ) and 0 < ¢ € VIP(IQ) with [, ¢+ [, 0 < RY 5,

there exists a weak solution of problem (Sgi) A similar result holds for non positive data.

We also have existence and uniqueness of weak solutions if R” ; = R,Jyr 5> that is when y(r)=p6(r)=0
for any r € R.

Theorem 5.8 For any ¢ € VIP(Q) and ¢ € VIP(9Q) with
/ o+ | =0, (35)
Q o9

there exists a unique (up to a constant) weak solution u € W1P(Q) of the problem
—div a(z,Du) = ¢ in

a(z,Du) -n=1 on 0N
/Qa(x,Du)-Dv:/QQwv—&—/Q@J,

Proof. Let us approximate ¢ by ¢, = T (d) — mam and ¥ by ¥, = T,,(¢), where o, =
Jo T () + [50 T (tp). Observe that

in the sense that

for all v e WHP(Q).

li m =
LRm o 0 (36)
and
[on+ [ m=o (37)
Q o0
By Proposition 5.1, there exist u,, € W1P(2) N L>(Q2) such that
1 1
/ a(z, Du,,) - Dv + —/ UV + — UV = Vmv —|—/ Om, (38)
Q mJa m Jaoq a0 9)

for any v € W1P(Q).

Taking v = u,, as test function in (38), using (36) and the Poincaré inequality, it is easy to see that

1 : : 1p
{um moas(9) ./89 um}m is bounded in WP (). (39)
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Let us also see that

1
{meas(@ﬂ) /aQ Ump @ ME N} is a bounded sequence. (40)

If (40) does not hold, then, extracting a subsequence if necessary, we can suppose that f 5o Wm converges
to +o00 (or —oo, respectively). Suppose first that faﬂ Uy, converges to +oco. Hence, as in the proof of

Theorem 5.6, we have
{/ um} is bounded.
Q meN

Now, taking v = m in (38) and using (37), it follows that

lim U, = +00,
m—+o0 [o

which is a contradiction. Similarly, we get a contradiction in the case |, 90 Um converging to —oo. Hence,
(40) is true. By (39) and (40), we have {[|t,[lw1.»(Q)}m is bounded, and we can finish as in the proof
of Theorem 5.6. ]

Remark 5.9 Taking into account the arguments used in Remark 3.4, we get that [u, z, w| in the above
results (including also the case 8 = D) satisfies

[ [ el < [ Joul+ [ ool (ol o + 1Duls) D0l
Q o0 Q o0

for all v € WHP(Q), and

c(Q,N,p)

-1
I1Dull7s ) < \

(lI¢llvee@) + 1Yllvie@a))

for some ¢(2, N, p) > 0.

Taking f = D and «(r) = 0 for all » € R in Theorem 5.6 for a smooth, and taking into account
Remark 5.9, we have the following result in the line of Proposition C (iv) of [9].

Corollary 5.10 a is smooth if and only if for any ¢ € V1P(Q) there exists T(¢) € VIP(9Q) such that
the weak solution u of
—div a(z,Du) = ¢ in

u=0 on 0f),

is a weak solution of
—div a(xz,Du) =¢ inQ

a(z,Du)-n=T(¢) on ON.
Moreover, the map T : V1P(Q) — V1IP(0Q) satisfies

[ @) -1 < [ (0 o0,

for all ¢1, o € VIP().
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In the case ¥ = 0 we have the following result, which is similar to the one obtained by Bénilan,
Crandall and Sack in [9] for the Laplacian operator and L'(2)-data.

Theorem 5.11 Assume D(3) =R or a smooth. Let R 5 < Rjﬁ.

(i) For any ¢ € V¥P(Q) such that [, ¢ € R 3, there exists a weak solution [u, z,w] of problem (S;:g),
with z << @.

(ii) For any [u1,21,wi] weak solution of problem (S;fo); 1 € VIP(Q), [4d1 € Ryp, and any

[ug, 22, wa] weak solution of problem (ngg); B2 € VEP(Q), [ ¢2 € Ryg, we have that

L=+ [ =)< [ oo

Taking into account Remark 5.3, we obtain the following existence theorem for Dirichlet boundary
condition.

Theorem 5.12 Assume D(8) = {0}. For any ¢ € VVP(Q), there exists a unique [u, 2] = [ug p, 2p,p) €
WyP(Q) x VIP(Q), z € y(u) ae. in Q, such that

/a(x,Du)-Dv—i—/zv:/(bv,
) Q Q
for all v e WP ().

Moreover, if ¢1,pa € VIP(Q), then

/(Zm,wl — Zgy )T < /((bl — )" (41)
Q Q

5.3 [Existence of entropy solutions

Let us see the existence results of entropy solutions for data in L'.

Theorem 5.13 Assume D(v) = R, and D(B) = R or a smooth. Let also assume that, if [0,+o00[C

D), . 0 : 0

kll)rfoo’y (k) = +o0 and kEI-sI-looﬂ (k) = +o0, (42)
and if | — 00,0] C D(p),

khrfl (k) = —co and kliEn B(k) = —oo. (43)

Then,
(i) for any ¢ € L*(Q) and 1 € L*(0N), there exists an entropy solution [u, z,w] of problem (5;75)

(ii) For any [u1,z1,w1] entropy solution of problem (S;fm)’ ¢1 € LYQ), v1 € LY9Q), and any

[ug, 22, ws] entropy solution of problem (S(Zf%), ¢ € L1(Q), 1o € LY(0R), we have that

J R I e R e AT O
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Proof. Observe that, under the assumptions of the theorem, we have R, g = R.
We divide the proof in several steps.

Step 1. Let us approximate ¢ by ¢y, := T, (¢) and ¢ by ¥, := T5,,(¢0). Then, by Theorem 5.6, there
exist u,, € WHP(Q), 2, € VIP(Q), 2, (2) € Y(um()) a.e. in Q, and wy, € VIP(9Q), wp,(z) € B(um(x))
a.e. on 02, such that

/ a(z, Duy,) - Dv + / Zm —|—/ WV = Vv +/ Omv, (44)
Q Q 90 990 Q
for any v € WHP(Q).
Moreover,
[ [ wis [ wis [ o (45
Q Ele) a0 Q
and
/ |Z7L_Zm|+/ |wn_wm|é/ |¢n_¢m|+/ |¢n_¢m‘
Q oQ a0 Q
Consequently
Zm — 2z in LY(Q)
(46)
Wy, — w in L1(09Q).
Taking v = T (u,,) in (44), we obtain
3 [ DTGP < k(I + 100, VE €N, (47)

By (47), we have {T}(u,)} is bounded in WP (). Then, we can suppose that there exists o, € W1P(£2)
such that W
T (uy,) converges to o, weakly in W (Q),

Tx(uy,) converges to oy in LP(Q2) and a.e. in Q

and
Ty (up,) converges to oy in LP(9Q) and a.e. in 9.

Step 2. Let us see that u,, converges almost every where in 2.

If D(B) is bounded from above by r;, using the Poincaré inequality and (47),

+\p* +\\p*
meas{z € Q0 : a,j(a:):k}g/ (Ukzgliminf/ M
o kP moJa kp

= k‘CTl* lim inf </BQ T ((um) ™) + </Q |DTk((um)+)|p> 1/p>

1/p\*"
< % <r1meas(8ﬂ) + (lek) ) VEk >0,

p*

A

where p* = NN—% and C is independent of k£ and m.
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If D(f3) is unbounded from above, then, we are supposing limy_, 1 7°(k) = +o00. Therefore, for
k > 0 large enough (in order to have 4°(k) > 0), by (45) we have

o) k) = 207 (2))

meas{z € Q : k
(2eQ : of @)=k} V°(K)

1
70 (k)

liminf/ﬂvo(Tk((um)Jr)) < (Il + 1ell1)-

(k) m
Consequently, in any case, there exists g(k) > 0, limg— o g(k) = 0, such that

meas{z € Q : o (z) =k} < g(k) Vk>D0. (48)

Similarly, if D(/) is bounded from below or assumption (43) holds, we can prove that there exists
g(k) as above such that
meas{z € Q : o, (z) =k} < g(k) Vk>O0. (49)

Note that we have proved (48) and (49) in any case. Consequently, there exists g(k) > 0 with
limy 400 g(k) = 0, such that

meas{z € Q : |ox(z)| =k} <g(k) Vk>D0.

Therefore, if we define u(x) = op(z) on {z € Q : |ox(z)| < k}, then
U, converges to u a.e. in €2, (50)

and we have that
Ty (u) converges weakly in W?(Q) to Ty (u),

Tk (uy,) converges in LP(Q) and a.e. in Q to Ty (u)

and
Ty (um,) converges in LP(09Q) and a.e. in 0Q to Ty (u).

Consequently, u € T1P(Q).

Arguing as in Proposition 5.1, it is not difficult to see that {Du,,} is a Cauchy sequence in measure.
Similarly, we can prove that DT} (u,,) converges in measure to DT (u). Then, up to extraction of a
subsequence, Du,, converges to Du a.e. in §). Consequently, we obtain that

a(., DT}, (um)) converges weakly in L ()N and a.e. in © to a(., DTy (u)). (51)

Step 3. Let us see now that u € 7,-7(Q). On the one hand we have that u,, — u a.e. in . On the
other hand, since DTy (uy,) is bounded in LP(Q?) and DTy (uy,) — DT (u) in measure, it follows from
[5, Lemma 6.1] that DTy (u,) — DTy (u) in L1(Q). Next, let us see that u,, converges a.e. in 9. Let
suppose first that D(8) is bounded from above by 7, then, by (47), there exists a constant C3 such
that

+
meas{z € I : o} (z) =k} < / Tk
oo k
+ .
< liminf / Tel(um)") _ rimeas(Of) -y,
m a0 k k
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If D() is unbounded from above, then, we are supposing limg_. o, 8°(k) = +o0. Therefore, for
k > 0 large enough (in order to have 3%(k) > 0), by (45) we have

3o (2))
o ¢ of(z) =k} = R0
meas{ac S O () } {z€8Q : o (z)=k}} (k)

< — liminf BT ((um) ™)) < !

1
g mint [ iy 9l + ).

We work similarly if D(8) is bounded from below or assumption (43) holds, and, in any case, there
exists g(k) > 0, limy_ 4 (k) = 0, such that
meas{z € Q0 : |ox(x)| =k} < g(k) Vk>D0.
Hence, if we define v(z) = T (u)(z) on {z € 9Q : |Ti(u)(x)| < k}, then
Uy, converges to v a.e. in 0. (52)
Consequently, u € T,.7(Q).

Since zy (z) € y(um(x)) a.e. in Q and w,,(x) € B(um(x)) a.e. in I, from (46), (50), (52) and from
the maximal monotonicity of v and 3, we deduce that z(x) € y(u(z)) a.e. in Q and w(z) € f(u(x)) a.e.
in 0f).

Step 4. Finally, let us prove that [u, z, w] is an entropy solution relative to D(f3) of (S;f;) To do that,
we introduce the class F of functions S € C?(R) N L*°(R) satisfying

S(0)=0, 0<S" <1, S'(s) =0 for s large enough,

S(—s) = —S5(s), and S§”(s) <0 for s > 0.

Let v € WLP(Q) N L*°(Q), v(z) € D(B) a.e. in 9Q, and S € F. Taking S(u,, — v) as test function in
(44), we get

/Qa(a:,Dum) - DS (upm, —v) +/ 2mS (U, — v) +/ Wi S (U, — V)

Q 19)
(53)
= Ym S (U, — v) + / Om S (Um — ).
o0 Q
We can write the first term of (53) as
/ a(x, Duy,) - Dum S’ (uy, —v) — / a(x, Duy,) - DvS'(Uy, — v). (54)
Q Q
Since u,, — u and Du,, — Du a.e., Fatou’s Lemma yields
/ a(x, Du) - DuS'(u —v) < liminf/ a(x, Duy,) - DS’ (um — v).
Q m— 00 Q
The second term of (54) is estimated as follows. Let 7 := ||vloc + ||S]|co- By (51)
a(z, DTyun,) — a(z, DT,u)  weakly in LP (). (55)

On the other hand,
|DvS’ (uy, — v)| < |Dv| € LP(Q).
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Then, by the Dominated Convergence Theorem, we have
DS’ (ty, —v) — DvS'(u—v) in LP(Q)V. (56)

Hence, by (55) and (56), it follows that

lim [ a(z, Dup) - DvS'(uy, —v) = / a(z, Du) - DvS'(u — v).

Therefore, applying again the Dominated Convergence Theorem in the other terms of (53), we obtain

/Qa(x,Du)-DS(ufv)+/QzS(u—v)+/mwS(u—v)

< wS(u—v)—F/Q(bS(u—v).

o0

From here, to conclude, we only need to apply the technique used in the proof of [5, Lemma 3.2].

The proof of (ii) is a consequence of the existence result, Theorem 5.6 (ii), and the uniqueness result.
[l

Remark 5.14 In Theorem 5.13, if the data ¢ and ¢ are non negative (non positive, respectively),
then assumption (43) ((42), respectively) is not necessary. That is, only assuming [0, +oo[C D(7y),
[0, +00[C D(B) or a smooth, and assumption (42) if [0, 4+oo[C D(3), for any 0 < ¢ € L*(Q) and
0 < v € LY(09), there exists an entropy solution of problem (S;i) A similar result holds for non
positive data.

Taking into account Theorem 5.13 and Corollay 5.10, we have the following result.

Corollary 5.15 a is smooth if and only if for any ¢ € L*(Q) there exists T(¢) € L1(99Q) such that the
entropy solution u of

—div a(z,Du) = ¢ in

u=20 on 012,

is an entropy solution of
—div a(z,Du) =¢ in

a(z,Du)-n=T(¢) on ON.
Moreover, the map T : L*(Q) — L'(99) satisfies

/(T(cbl) CT(d))t < /(¢1 )t
Q Q

for all g1, ¢2 € LY(Q), and T (VI?(Q)) C VIP(9Q).

In the case ¥ = 0 we have the following result.
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Theorem 5.16 Assume D(8) = R or a is smooth. Let also assume that, if [0, +o0o[C D(v) N D(3), the
assumption (42) holds, and, if | — 00,0] C D(y) N D(B) the assumption (43) holds. Then,

(i) for any ¢ € LY(Q), there exists an entropy solution [u, z,w] of problem (S(Z:g), with z << ¢.

(ii) For any [u1,21,w1] entropy solution of problem (S;fo); 1 € LY), and any [ug, 22,ws] entropy
solution of problem (ngo), ¢ € LY(Q), we have that

/Q(Zl —z9)" +/as2(w1 —wy) < /Q(¢1 —¢a2)™.

Remark 5.17 In Theorems 5.13 and 5.16, it is not difficult to see that (42) can be substituted by one
of the following assumptions,

(42") 0<a<1, 179>0: 7%r) Vr > ro,
42"y 30 <a<1,m9>0: Br) Vr >
and (43) can be substituted by one of the following assumptions,
(43) I0<a<l, rg>0: A%r) < —(—r)* V¥r < —ry,
(43" 0 <a<lrg>0: BOr) < —(—r)* Vr < —ro.

>re
>re

T0;

If D(B) = {0}, taking into account Theorem 5.12, it can be proved the following result given by
Bénilan et al. in [5] for Dirichlet boundary condition.

Theorem 5.18 Assume D(3) = {0}. For any ¢ € L*(Q), there exists a unique entropy solution [u, 2]
of

—div a(z, Du) +v(u) 3¢ in

u=0 on 09,

in the sense given by Bénilan et al. in [5].

Remark 5.19 Observe that in all the above existence results, we have that if [ug, 21, w1] and [ug, 22, wo)
are entropy solutions of problems (Sg;ﬂ »,) and (ng ) Tespectively, with ¢1 < ¢2 and )1 < 92, then
there exists a constance C' such that u; < ug + C.

Some extensions

Following the ideas developed in this work, it is possible to find a larger class of entropy solutions when
0 is only assumed to have closed domain.

Definition 5.20 Let ¢ € L'(Q) and ¢ € L'(dQ). A triple of functions [u, z,w] € T,-7(Q) x L'(€) x
LY(0Q) is an entropy solution relative to D(f3) of problem (S;Z) if z(z) € y(u(x)) a.e. in Q, w(x) €
B(u(z)) a.e. in O£ and

/Q a(z, Du) - DTy, (u — v) —I—/

A 2Tk (u — v) +/ wTy(u —v)

o0

< wTk(u—v)—F/(ka(u—v) Yk > 0,
o0 Q

for all v € L>®(Q) N WP(Q), v(z) € D(B) a.e. in IO.
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For this concept of solution we can prove the following result.

Theorem 5.21 Assume D(3) is closed and D(8) C D(v). Let also assume that if [0,4+00[C D(8) the
assumption (42) holds, and if | — 00,0] C D(B) the assumption (43) holds. Then,

(i) for any ¢ € L* () and ¢ € L' (9Q) there exists an entropy solution [u, z,w] = [Up ypy Zpp, Wep)
relative to D(8) of problem (S;g) Moreover,

3°(inf D(8)) < w < 3°(sup D(B))

/zi+/ w* < ¢i+/¢i.
Q o0 o Q

(ii) Given ¢1, P2 € L1 (Q) and 1,12 € L*(09),

and

A(%ﬁﬂl& - Z¢2,¢2)+ + /é)g(wm,wfz - w¢2,¢2)+ < /89(1#1 - '1/12)+ + / (¢1 - ¢2)+~

Q

(iii) For any [u1,z1,w1] entropy solution relative to D(B) of problem (ngd)l), ¢ € LYQ), ¢ €

LY(09), and any [uz, z2,ws] entropy solution relative to D(B) of problem (S’gfm), ba € L1 (),
y € L1(09), we have that

/Q(zl —z29)T < /m(qp1 — )t + /Q(¢1 — o).

Remark 5.22 In general, for this concept of solution we do not have uniqueness of w, as the following
example shows.

Let v and S be such that v(0) = [0,1] and 5(0) =] — 00,0] and let 0 < ¢ < 1 and 1 < 0. Then, for
any w such that ¢ < w <0, [0, $,w] is an entropy solution relative to D(/3).
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