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F. ANDREU!, V. CASELLES?, J. M. MAZON!

Abstract

We prove existence and uniqueness of entropy solutions for the Neumann
problem for the quasilinear parabolic equation u; = diva(u, Du), where
a(z,§) = Vef(z,€), and f is a convex function of ¢ with linear growth
as ||£]| — oo, satisfying other additional assumptions. In particular, this
class includes the case where f(z,£) = ¢(2)¥(£), ¢ > 0, ¢ being a convex
function with linear growth as ||£|| — oo.

Key words. Nonlinear parabolic equations, nonlinear semigroups func-
tions of bounded variation.
1. Introduction

Let £2 be a bounded set in IRYN with boundary 92 of class C'. We are
interested in the problem

% =diva(u,Du) in Qr=(0,T)x

@:0 on Sp=(0,T)x 0 M)
an ’

u(0,7) = uop(x) in - ze

where uy € L'(£2), a(z,£) = Vef(2,€), f being a function with linear
growth as ||€|| — oo and a% is the Neumann boundary operator associated
to a(u, Du), i.e.,
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with v the unit outward normal on 912.

Particular instances of this PDE have been studied in [14],[15],[16] and
[25], when N = 1. Let us describe their results in some detail. In [14],[15],
and [25] the authors considered the problem

ou
— = (p(u)b(ug)), in (0,T)x IR
u(0,x) = up(x) in zeR

corresponding to (1) when N = 1 and a(u,u,;) = ¢(u)b(u,), where ¢ :
IR — IR is smooth and strictly positive, and b : IR — IR is a smooth odd
function such that b’ > 0 and lims_, b(s) = b. Such models appear as
models for heat and mass transfer in turbulent fluids [10], or in the theory
of phase transitions where the corresponding free energy functional has a
linear growth rate with respect to the gradient [33]. As the authors observed,
in general, there are no classical solutions of (1), indeed, the combination of
the dependence on v in ¢(u) and the constant behavior of b(u,) as u, — 0o
can cause the formation of discontinuities in finite time (see [14], Theorem
2.3). As noticed in [14], the parabolicity of (2) is so weak when u, — oo than
solutions become discontinuous and behave like solutions of the first order
equation u; = boo(¢(u)), (which can be formally obtained differentiating
the product in (2) and replacing b(u,) by b ). For this reason, they defined
the notion of entropy solution and proved existence ([14]) and uniqueness
([25]) of entropy solutions of (2). Existence was proved for bounded strictly
increasing initial conditions uy : IR — IR such that b(uy) € C(IR) (where
b(u((zo)) = boo if ug is discontinuous at zg), b(uy(z)) — 0 as x — oo
[14]. The entropy condition was written in Oleinik’s form and uniqueness
was proved using suitable test functions constructed by regularizing the
sign of the difference of two solutions (we shall comment at the end of
the paper on the possibility of extending the argument in [25]). Moreover,
the authors show that there exist functions ¢ and initial conditions ug for
which exist solutions of (2) which do not satisfy the entropy condition ([14],
Theorem 2.2). Thus, uniqueness cannot be guaranteed without an additional
condition like the entropy condition.

In [16],[17], the author considered the Neumann problem in an interval
of R

% = (a(u,uz))z in  (0,T7) % (0,1)
U (£,0) = ug(t,1) =0 for ¢t e (0,7) 3)
u(0,z) = uo(x) for x€(0,1)

for functions a(u, v) of class C1%([0,00) x IR) such that Za(u,v) < 0 for
any (u,v) € [0,00) x IR, a(u,0) = 0 (and some other additional assump-
tions). After observing that there are, in general, no classical solutions of
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(1), the author associated an m-accretive operator to —(a(u,uy)), with
Neumann boundary conditions, and proved the existence and uniqueness of
a semigroup solution of (3). However, the accretive operator generating the
semigroup was not characterized in distributional terms. An example of the
equations considered in [16],[17] is the so called plasma equation (see [28])

ou _ ( u®/ %,

o m) in  (0,7) x (0,1), (4)

where the initial condition ug is assumed to be positive. In this case u
represents the temperature of electrons and the form of the conductivity

w20,
Ttulug|
uniqueness results for higher dimensional problems were not considered.
This will be the purpose of the present paper.

a(u,uy) = has the effect of limiting heat flux. Thus, existence and

Thus we shall consider Neumann problem (1) for any open bounded set
2 in IR whose boundary is of class C'!, and we shall prove existence and
uniqueness results for it.

In [5] we have considered the elliptic problem
u—diva(u,Du)=f in £ (5)

with Neumann boundary conditions. By introducing a notion of entropy
solution for (5), we proved in [5] an existence and uniqueness result when
the right hand side f is in L'(2). This result permitted us to associate to
the expression —div a(u, Du) with Neumann boundary conditions an m-
accretive operator B in L'(§2) with dense domain, which, thus, generates
a non-linear contraction semigroup T'(t) in L*(£2) ([13],[22], [23]). This re-
sult permits us to use Crandall-Ligget’s iteration scheme and to define the
function

u(t) :==T(t)up = lim (IJr 3IS’) nuo, ug € L>®(£2).
n—oo n

Then we shall prove that u(t) is an entropy solution of (1) (a notion defined
below), and that entropy solutions are unique. As a technical tool we shall
use the lower semi-continuity results proved in [24] for energy functionals
whose density is a function g(u, Du) convex in Du and with a linear growth
rate in Du.

The case of equations of type

% =diva(z,Du) in (0,T)x £, (6)
where a(xz,§) = Vef(z,€), f(x,-) being a convex function of { with linear
growth as [|£]| — oo has been considered in [2], [3] and [4] (see also [6]),
where existence and uniqueness results of entropy solutions were proved.
The present work can be considered as an extension of these works to the
case where a depends on (u, Du) instead of (z, Du). Entropy or renormalized
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solutions for parabolic problems of types (1) or (6), when f(u,§) or f(z,§)
has a growth of order p > 1 as ||£]| — oo, or corresponding elliptic problems
were considered in [11],[18] and [21] (see also the references therein). The
use of Kruzkov’s technique [31] of doubling variables to prove uniqueness
for parabolic problems was first considered in [20].

Finally, let us explain the plan of the paper. In Section 2 we recall
some basic facts about functions of bounded variation, denoted by BV ({2),
Green’s formula, and lower semi-continuity results for energy functionals
defined in BV (£2). In Section 3 we recall the basic assumptions on the con-
vex function f(z,¢) and its gradient a(z,§) = Vef(2,€). In Section 4 we
define an m-accretive operator in L'(§2) with dense domain associated to
—div a(u, Du) with Neumann boundary condition, hence, generating a con-
traction semigroup in L*(£2). In Section 5 we define the notion of entropy
solution for (1) and we prove existence and uniqueness of entropy solutions
when ug € L>®(§2), or ug € L'(£2), depending on the set of assumptions .
Existence will be proved by means of Crandall-Ligget’s scheme and unique-
ness by means of Kruzhkov’s technique of doubling variables.

2. Preliminaries

We start with some notation. Here £V and H~N~! are, respectively, the
N-dimensional Lebesgue measure and the (N — 1)-dimensional Hausdorff
measure in IRY.

Due to the linear growth condition on the Lagrangian, the natural en-
ergy space to study (1) is the space of functions of bounded variation. We
recall briefly some facts about functions of bounded variation (for further
information we refer to [1], [29] or [37]).

A function u € L'(§2) whose partial derivatives in the sense of distri-
butions are measures with finite total variation in {2 is called a function of
bounded variation. The class of such functions will be denoted by BV ({2).
Thus v € BV (2) if and only if there are Radon measures 1, . .., uy defined
in 2 with finite total mass in {2 and

/uDigodx: —/ pdu; (7)
I7) I7)

for all ¢ € C3°(£2), i =1,..., N. Thus the gradient of u is a vector valued
measure with finite total variation

|Du|(£2) = sup{/ udivpdr o € C5°(2, RN, |p(x)] <1 for x € Q}
7

The space BV (2) is endowed with the norm

lullBv=IullL () +|Dul(£2). (8)
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For u € BV (£2), the gradient Du is a Radon measure that decomposes into
its absolutely continuous and singular parts Du = D%u+ D®u. Then D%u =
Vu LV where Vu is the Radon-Nikodym derivative of the measure Du with
respect to the Lebesgue measure £V. Let us denote by D%u = W|Dsu|
the polar decomposition of D*u, where |D®u| is the total variation measure
of D*u. We also split D*u in two parts: the jump part D/u and the Cantor
part D°u. We denote by S, the set of all z € {2 such that x is not a Lebesgue
point of u. We say that z € (2 is an approzimate jump point of w if there
exist uT(z) # v (x) € IR and v, (z) € SV~ such that

1
lim / w(y) —ut(2)|dy =0
rl0 ‘CN(B;(%VU(@"))) B (z,v.(2)) ula) @l

. 1 B B
1;?& EN(B;(x,l/u(x))) L;(z}yu( ) lu(y) —u™ (x)| dy = 0,
where
B;r(x, vu(z)) ={y € By(z) : (y —z,1y(x)) > 0}
and

B, (x,vu(2)) = {y € By(x) : {y —z,m(z)) <0}

We denote by J, the set of approximate jump points of u. J, is a Borel
subset of S, and HN¥~1(S, \ J,) = 0. We have

Diu= D*ul_J, and D = D’ul_(2\8S.,).
It is well known (see for instance [1]) that
Diu = (ut —u )y, HN 1L J,.

Moreover, if z € J,, then v, (z) = %(m), % being the Radon-Nikodym

derivative of Du with respect to its total variation |Dul.

Let £2 be a bounded open subset of IRY. Given a Borel function g :
2 x R x RN — IR such that

Cliél =D < gla,2,6) < MO+ El) Y (2,2,6) € 2 x Rx RY, (9)

for some constants C' > 0, M > 0, we consider the energy functional
G(u) :z/ g(z,u(z), Vu(x)) dx
0

defined in the Sobolev space W1 (£2). In order to get an integral represen-
tation of the relaxed energy associated with G, i.e.,

G(u) := inf {liminfG(un) D € WHH(D), u, —u € Ll(Q)},

{un} Un—oo
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Dal Maso in [24] introduced the following functional for « € BV (£2):

D
Ry(w) = [ atou(o) Vute) de+ [ & (wuto) @) 1D
0 Q | Dyl
(10)
uq ()
[ st ds ) an ),
Ju u_(x)
where the recession function ¢° of ¢ is defined as
°(x,2,6) = lirél+ tg (x,z, f) , (x,2) € 2 x IR. (11)
t—

It is clear that the function ¢°(z,z,¢) is positively homogeneous of degree
one in &, i.e.

%z, 2, 86) = 89°(x,2,6)  forall z,£ and s > 0.

Let us describe a different way of writing the functional R4(u). Let us
consider the function §: §2 x IR x IR x] — 00,0] — IR defined as

—qg <x,z,—§>t if t<0
32, 2,6,1) = ! (12)
q°(z, 2,€) if t=0.

As it is proved in [24], if g is a Borel function satisfying (9) and g(z, z, ) is
convex in IRYN for all (z,z) € 2 x IR, then one has

Ry(w = [ XB@((x,s>,ij|<x,s>) dlon (2, 5)

- / 3 (. 8),v](z, 5): N(w)]) dHV (z,5),
2xIR

where a, = DXy, with N(u) := {(z,s) € R x 2 : s < uy(x)}
and v|[(z,s); N(u)] is the interior normal to N(u) at (s,x) if it exists, and
v[(x,s); N(u)] = 0 otherwise.

In [24] Dal Maso proved the following result:

Theorem 1. Let 2 be a bounded open subset of IRN. Let g : £2 x IR x
RN — IR be a lower semi-continuous function satisfying (9) and such that
g(x, z,-) is convez in RN for any (z,z) € 2 x IR. Then, G(u) = Ry(u) for
all u € BV (£2) and Ry(u) is lower semi-continuous respect to the L'(§2)-
convergence.

We need to consider the following cut-off functions. For a < b, let
Top(r) := max(min(b,r),a). It is usual to denote T}, = T_j k. In [5] we
have established the following result.
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Proposition 1. Let 2 be a bounded open subset of RN . Let g : £2 x IR x
RN — IR be a lower semi-continuous function satisfying (9) and such that
g(z,2,-) is convex in RN for any (v,z) € 2xIR. Let us define the functional

Rg’b(u) :/ g(x,u(z), VT pu(x))de, ueWhHi(0).
7

For w e BV (12), let
R“b / / (z,8),v[(s,2); N(u)]) dHN"*(2) ds

+/[u<a] (9(z,u(),0) = 9(=, a,0)) dz + / (g(z, u(x),0) — g(=,b,0)) da.

[u>b]

Then Rg’b(u) is lower semi-continuous with respect to the L*(§2)-convergence,
and R;’b coincides with the lower semi-continuous envelope of RZ’b,

Let g : IR x RN — IR be a lower semi-continuous function satisfying
OlEl =D < g(z8 < MA+El) V(28 eRxRY, (14)

for some constants C > 0, M > 0. Given v € BV({2), let us define the
measures

Ry(u, ) = /}R /Q B(2)7 (5, v((5, 2); N(w)]) dH¥ " (z) ds

and

b
abiy, = z)g (s, v|(s,x); N(u N=1(2) ds
Rytu.0)i= [ [ o) (svls.ak N an @)
+/[u<a] @) (9(u(2),0) = 9(a0)) da + [ 6(z) (g(u(x),0) - 0.0)) da

[u=>b]

for any ¢ € C(£2). For simplicity, we shall write

g(u, ¢) = /gb g(u, Du)

and

R (u /¢ g(u, DT, y(u)).

The singular parts respect to the Lebesgue measure £V of these measures
will be denoted by

*(u, ) = /(b g(u, Du)*®

and

(Re®)3( /¢ (u, DT, p(w))?,
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respectively.

We shall need several results from [9] (see also [30]) in order to give a
sense to the integrals of bounded vector fields with divergence in L? inte-
grated with respect to the gradient of a BV function. Let p > 1 and p’ > 1
be such that % + i =1 . Following [9], let

X, (2)={z € L=, RY) : div(z) € LP(2)}. (15)
If z € X,(2) and w € BV(2) N L¥ (£2) we define the functional (z, Dw) :
C§°(£2) — R by the formula

((z, Dw), ¥) ::—/ngadiv(z)dx—/ng-chdx. (16)

Then (z, Dw) is a Radon measure in {2,
/ (z, Dw) = / z-Vwdr YweWhH(02)nL>(N) (17)
2 2

and

’/B(Z,Dw)‘ S/Bl(z,Dw)| < ||z||OO/B|Dw| (18)

for any Borel set B C 2. Moreover, (z, Dw) is absolutely continuous with
respect to | Dw| with Radon-Nikodym derivative 6(z, Dw, x) which is a | Dw|
measurable function from {2 to IR such that

/ (z, Dw) = / 0(z, Dw, z)| Dw| (19)
B B
for any Borel set B C (2. We also have that

16z, Dw, )| (2,1pw)) < 2]lL~(2,my)- (20)
Setting
z- D*u = (z,Du) — (z- Vu) dC",

we see that z - D®u is a bounded measure. Furthermore, in [30] it is proved
that z - D*u is absolutely continuous with respect to |D*u| (and, thus, it is
a singular measure with respect to £V), and

|2 - D*uf < [|z]|oc | Dl (21)
As a consequence of Theorem 2.4 of [9], we have that
if zeX,(2)NC(R,RY), then z-D*u=(z D) dD%|. (22)

In [9], the weak trace on 942 of the normal component of z € X,(2)
is defined. Concretely, it is proved that there exists a linear operator = :
X,(2) — L*°(942) such that

[7(2)[loo < {2l
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v(z)(x) = z(z) -v(z) forallzcdR if zec CY(NR,RY).

We shall denote ~(z)(z) by [z, v](z). Moreover, the following Green’s for-
mula, relating the function [z, ] and the measure (z, Dw), for z € X,(2)
and w € BV (£2) N LP' (£2), is established:

/deiv(z) da:+/Q(Z,Dw) :/{m[z,y]w dHN L (23)

3. Basic assumptions

Here we assume that {2 is an open bounded set in IRY, with boundary
092 of class C', and the Lagrangian f : IR x RN — IR satisfies the following
assumptions, which we shall refer collectively as (H):

(Hy) f is continuous on IR x IRY and is a convex differentiable function of
¢ such that Ve f(z,€) € C(IR x IRYN). Further we require f to satisfy the
linear growth condition

Colléll = Do < f(2,6) < M([lE]l + 1) (24)

for any (2,€) € R x IRY, |z| < R and some positive constants Co, Dy, M
depending on R. Moreover, we assume that f9 exists.

We consider the function a(z,§) = V¢f(2,£) associated to the La-
grangian f. By the convexity of f

a(zvf)(ﬁ_g) Sf(zvn)_f(zvf)a (25)
and the following monotonicity condition is satisfied
(a(z,n) —a(z,£)) - (n—&) > 0. (26)

Moreover, it is easy to see that
la(z,6)| <MV (2,¢) e Rx RN, |2| <R. (27)

We also assume that a(z,0) = 0 for all z € IR. We consider the function
h: IR x RN — IR defined by

By (26), we have
h(z,6) >0 Veée RN, z€ R. (28)
Moreover, from (25) and (24), it follows that
Coll¢ll = D1 < h(z,€) < ME]| (29)

for any (2,¢) € Rx RY, |z| < R, where D; is a positive constant depending
on R, Cy and M being as above.
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(Hy) We assume that g—g(z,g) € C(IR x RN) for any i =1,..., N.

This assumption is not necessary for the case of separated variables de-
scribed in 1.

We assume that
(H3) h(z,&) = h(z, =€), for all z € IR and ¢ € IRY and R exists.
Observe that we have

Coligll < h%(z,€) < M|l for any (2,€) € R x RY, |2| < R.

(Hy) f9(2,€) = h0(2,¢), for all ¢ € RN and all 2 € IR.
(Hs) a(z,&) -n < h%(z,n) for all ¢,n € RN, and all z € R.

(Hg) We assume that h0(z, £) can be written in the form h%(z, &) = p(2)9%(€)
with ¢ a C'-function such that for any R > 0, we have ¢(z) > ar > 0 for
all z € IR, |z| < R, and ¥° being a convex function homogeneous of degree
1.

(H7) For any R > 0, there is a constant C' > 0 such that

(a(z,€) —a(2,8)) - (€ = 9 < Clz— 2| £ = || (30)
for any (z,€),(2,€) € R x RN, |z|,|2] < R.

Observe that, by the monotonicity condition (26) and using (30), it
follows that

(a(z,) —a(2,d) - (€ - &) > =Clz— 2| ¢ = €| (31)
for any (z,¢),(2,€) € R x RY, |z|,|2| < R.

Let us observe that under assumptions (H4) and (Hg), applying the chain
rule for BV-functions (see [1]), we have

Du

Ry(u) = /Qf(u,Vu)dx—H/JO <|Du|) |D* T, (u)], (32)

where J,(r) = [; ¢(s) ds.

Remark 1. An important particular case of Lagrangian f satisfying all as-
sumptions (H) but (Hy), is the one given by f(z,€) = ¢(z)¥(§) with ¢ a
C!-function such that for any R > 0, we have ¢(z) > ar > 0 for all z € IR,
|z| < R, and 9 a convex C'-function such that

Colléll = Do < (&) < M(||¢] +1) VE e RY,
and there exists ¢
0/ey _ 1; S
020 = fim 10 (%)
In this case, if b(&) := V¢ (&), we have a(z,§) = ¢(2)b(§), and h(z,§) =

a(z,&) - & = ¢(2)b(&) - & Then, in order to have that (H) holds we need to
assume that:
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(i) b(=¢&) (=€) =b(€)- € >0 for all ¢ € RN and there exists

lim, b (5) €= y0(e).

t—0t t

(ii) b(§) -n < ¥°(€) - n for all &, € RY.
We note that in this case (Hs) is not necessary to obtain existence and

uniqueness of solutions for problem (1). As we have observed in [5], (H7)
holds.

Remark 2. There are physical models for plasma fusion by inertial confine-
ment in which the temperature evolution of the electrons satisfies an equa-

/
tion of type (1), where a(z,§) = % which corresponds to f(z,£) =

|2|372]€] — |22 In (1 + |2]|€]) [28], (see also [16] for a mathematical study
in the one-dimensional case). It is easy to check that (Hy) (in particular
(24) and (29)) holds for any (z,£) € R x RN with z € [a, R], a > 0, the
constants in (24) and (29) depending on a, R. Note that (Hz) also holds.
We also observe that h%(z,&) = |2|?/2|¢] and (H3)-(Hg) hold. Finally, as
observed in [5], (Hy) for the values of z, 2 € [a, R] and ¢ € IRY. In this case,
the results below will prove existence and uniqueness of entropy solutions
of (1) for any initial condition ug € L*°(§2) such that ug(x) > a > 0 for
some a > 0.

4. The operator associated to —div a(u, Du) with Neumann
boundary conditions

We need to consider the function space
TBV(2):={ue L' () : Ty(u) € BV(2), Vk>0},

and to give a sense to the Radon-Nikodym derivative Vu of a function
u € TBV (£2). Notice that the function space TBV (§2) is closely related to
the space GBV (12) of generalized functions of bounded variation introduced
by E. Di Giorgi and L. Ambrosio ([26], see also [1]). As we observed in [3], for
every u € TBV ({2) there exists a unique measurable function v : 2 — RN
such that

VTi(u) = VX (|| <k} LY —ae. (33)
Hence, for a function u € TBV ({2) we can define Vu as the unique function

v which satisfies (33). This notation will be used throughout in the sequel.

Let us recall the following definitions introduced in [5].

Definition 1. Given v € L(§2), we say that u € L1({2) is an entropy

solution of
v=—diva(u,Du) in 2

(34)
@ =0 on Of2
on
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if u € TBV(£2), a(u, Vu) € X1(£2) and satisfies:
v=—diva(u,Vu) in D(2), (35)
(a(u, Vu), DT, p(u)) > h(u, DT, 1(u)) as measures V a < b, (36)
[a(u, Vu),v] =0 HN! —ae. on 002 (37)

Recall that, since h(z,0) = 0 for any z € IR, h(u, DT, 3(u)) is the density
of the measure sz(u) = Rn(Top(w)). Our assumptions on h permit to

apply the results described by 1, and 1. Hence, it has sense that we write
h(u, DT, 5(u)) which coincides with h(Ty p(u), DT p(u)).

Observe that (36) is equivalent to
a(u, Vu) - D°Ty p(u) > (R;b)s(u) as measures V a < b. (38)

Definition 2. (u,v) € By if and only if u € TBV (), v € L' () and u is
the entropy solution of problem (34).

If (u,v) € By, we have that

/ (w — T(w))v dz < / (a(u, Vu), Dw) — R&*(u), (39)
2 Q

for all w € BV (£2) N L*™°(£2), and any T = Ty 5, a < b. Indeed, this can be
easily proved by multiplying (35) by w — u, using Green’s formula (23) and
(36) (see [9]).

We define the operator B := By N (L>®(£2) x L>(42)), and we denote by
B the closure in L(£2) of the operator B.

Observe that in the definition of entropy solution we required that
a(u, Vu) € X1(£2), and, thus, a(u, Vu) € L°°(£2, RY). This is reasonable
only if we are able to prove that solutions of (40) satisfy it, and this was
proved in [5] under some assumptions. The main result of [5] is the following
existence and uniqueness result.

Theorem 2. Assume that assumptions (H) hold. Then,

(i) for any v € L™(12) there exists a unique entropy solution v € TBV (£2)N
L>(£2) of the problem

u—div a(u,Du) =v in {2

(40)
@ =0 on  Of2.
In
Moreover, if we assume that the bound (27) holds for any (z,£) € IR x
RN, then (40) has a unique entropy solution u € TBV(§2) for any
v e LY0).
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(ii) B is an m-accretive operator in L'(2) with dense domain. Moreover,
if we assume that the bound (27) holds for any (z,€) € IR x IRYN, then
B = Bo.

(iii) Given X > 0, and u € LI(2),1 < q < o0, if v = (I + A\B)"lu, then
[0llg < llullg-

Remark 8. As we observed in [5] (Hz) is not used when f(z,£) = p(2)9 (),
being ¢ a bounded smooth function such that ¢(z) > ag > 0 for all z € IR,
|z| < R (see 1).

Remark 4. 1f a(z,&) = % ([28],[16]), then 2 holds for any v € L*°(2)

such that v > a, for some a > 0.

By 2, and according to the general theory of nonlinear semigroups (c.f.,
e.g., [13]), for any ug € L'(§2) there exists a unique mild solution u €
C([0,T]; L*(£2)) of the abstract Cauchy problem

u'(t) + Bu(t) 30, u(0) = up. (41)
Moreover, u(t) = T(t)uo for all ¢ > 0, being (T'(t));>0 the semigroup in

L' (02) generated by Crandall-Liggett’s exponential formula, i.e.,

T(t)up = lim (I—i— tB) ug,
n

n—oo
and for any ug € L1(£2), 1 < g < oo, we have

IT@)uollq < lluolly V= 0. (42)

5. Existence and uniqueness of solutions of the evolution problem

In this section we give the concept of entropy solution for the Neumann
problem (1) and we state the existence and uniqueness result for this type
of solution.

To make precise our notion of solution we need to recall the following
definitions given in [3].

We define the space

Z(2):={(z,€) € L>(2,R") x BV(2)* : div(z) =¢ in D'(2)}.
We denote R(2) :== WH1(2) N L>(2) N C(N). For (z,&) € Z(2) and
w € R(§2) we define

((2,€), w)an = (§&,w)Bv(2) BV(Q) + /QZ -Vuw dx.
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Then, working as in the proof of Theorem 1.1. of [9], we obtain that if
w,v € R(£2) and w = v on 912 one has

((z,8),w)ae = ((z,£),v)en ¥ (z,§) € Z(£2). (43)

As a consequence of (43), we can give the following definition: Given wu €
BV (2)NL>(£2) and (z,§) € Z(£2), we define ((z,€),u)sq by setting

<(Z7 £)7 U>BQ = <(Z7 g)a w>8.Q;

where w is any function in R((2) such that w = u on 942. In [3] we prove that
there exists a linear operator v : Z(§2) — L>(012), with v(2,§) := 7z,
satisfying

(2,€), whon = /

Vae(@)w(z) dHN ! Y w € BV(2)N L>(N).
o8

In case z € C1(2, RY), we have v,(x) = z(z) - v(z) for all x € 912. Hence,
the function 7, ¢ (z) is the weak trace of the normal component of (z, £). For
simplicity of the notation, we shall denote v, ¢(z) by [z, v|(z).

We need to consider the space BV ({2),, defined as BV (£2) N L?(12)
endowed with the norm

lwllsv(2), = llwlL2(2) + [Dw|(£2).
It is easy to see that L?(£2) C BV (£2)3; and
lwllpv ey < llwllL2o) Y w e L*(12). (44)

It is well known (see [35]) that the dual space (LI(O,T;BV(Q)Q))* is
isometric to the space L°°(0,T; BV (£2);, BV (£2)2) of all weakly* measur-
able functions f : [0,7] — BV(£2)3, such that v(f) € L°°(]0,T]), where
v(f) denotes the supremum of the set {|[(w, f)| : [w|pv(2), < 1} in the
vector lattice of measurable real functions. Moreover, the dual pairing of
the isometric is defined by

T
(w, f) = / (w(t), () dt,

for w € L'(0,T; BV (£2)2) and f € L>®(0,T; BV (£2)3, BV (£2)2).

By L. (0, T, BV(£2)) we denote the space of weakly measurable functions
f:[0,T] - BV(£2) (ie., t € [0,T] =< f(t),¢ > is measurable for every
¢ € BV(£2)*) such that foT |/ (®)||dt < oo. Observe that, since BV ({2)
has a separable predual (see [1]), it follows easily that the map ¢t € [0,T] —
[ £ ()| is measurable. By Lj,, (0, T, BV(£2)) we denote the space of weakly

measurable functions f : [0,7] — BV ({2) such that the map ¢ € [0,7] —
£l is in Lj,, (10, T'])

loc

Let us recall the following definitions given in [3].
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Definition 3. Let ¥ € L'(0,T, BV (£2)). We say ¥ admits a weak deriva-
tive in the space L. (0,T, BV (£2)) N L*>(Qr) if there is a function © €

LL (0,7, BV (2))NL>*(Qr) such that ¥(t / O(s)ds, the integral being
taken as a Pettis integral ([27]).

Definition 4. Let ¢ € (Ll(O,T, BV(Q)Q))*. We say that £ is the time
derivative in the space (L'(0,T), BV(Q)Q)* of a function u € L1((0,T) x £2)

if
/OT<§(t)7W(t))dt:—/OT/Qu(ux)@(t?x)dxdt

for all test functions ¥ € L'(0,T, BV (£2)) with compact support in time,
which admit a weak derivative © € L. (0,T, BV (£2)) N L>=(Q7).

Note that if w € L1(0,T, BV (£2)) N L>=(Qr) and z € L=(Qr, RY) is
such that there exists £ € (L*(0,7, BV(Q))* with div(z) = £ in D'(Qr),
we can define, associated to the pair (z,&), the distribution (z, Dw) in Qr

by

T T
(2. Dw), $) == — / (), w(t)o(t)) dt — / / Z z@,x)w(t,x)w(t,@(Z;u.
for all ¢ € D(Qr).

Definition 5. Let £ € (L'(0,T, BV( )2))" and z € L=(Qr, RN). We say
that £ = div(z) in (L'(0,T, BV (£2), " if (z, Dw) is a Radon measure in Qr
with normal boundary values [z v] € L>((0,T) x 0), such that

/T(Z,Dw)+/()T<£(t),w(t))dt:/OT /(m[z(t,m),u}w(t,x)dHN_ldt,

for all w € L1(0,T, BV (£2)) N L®(Q1).

Our concept of solution for problem (1) is the following.

Definition 6. A measurable function u : (0,7) x {2 — IR is an entropy
solution of (1) in Qr = (0,T) x 2 if u € C([0,T]; L*($2)), Tr(u(-)) €
Liye,(0, T, BV (£2)) for all k > 0, and there exists £ € (L*(0,T, BV (£2))"

such that:

(i) (a(u(t),Vu(t)),£(t)) € Z(82) and [a(u(t), Vu(t)),v] = 0 ae. int €
[0, 71,
(ii) ¢ is the time derivative of u in (L'(0,T, BV(Q)g))* in the sense of
Definition 4,
(i) & = diva(u(t), Vu(t)) in the sense of Definition 5, and
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(iv) the following inequality is satisfied

T T
_/O /Qj"“‘(“(t)_l)’ltdxdﬂ/o /Qn(ﬂh(u(t),DTk(u(t)_z))dt

—l—/o /Q a(u(t), Vu(t)) - Vn(t) Tk (u(t) — 1) dxdt <0

foralll € IR k > 0, for all n € C*°(Qr), with n >0, n(t,z) = ¢(t)p(x),
being ¢ € D(]0,T[), p € C*°(£2), and k > 0, where ji(r) = / Tk (s) ds.
0

We have the following existence and uniqueness result.

Theorem 3. Assume we are under assumptions (H). Then, for any initial
datum ug € L*°({2) there exists a unique entropy solution u of (1) in Qr =
(0,T) x £2 for every T > 0 such that u(0) = ug. Moreover, if we assume
that the bound (27) holds for any (z,€) € IR x RN, then for any initial
datum ug € L*(£2) there exists a unique entropy solution u of (1) in Qr =
(0,T) x £2 for every T > 0 such that u(0) = ug.

If u(t), u(t) are the entropy solutions corresponding to initial data uy,
Uy € L1(02), respectively, then

[|u(t) —a(t)]|1 < |Juo — ol for all ¢>0. (46)

Note that, by 2, if ug € L>(£2) we have ||u(t)|co < ||0]]co-

As in 3 we observe that (Hs) is not required if f(z,£) = ¢(2)¥(€) is as
in 1. Using 4 we also observe that 3 holds when a(z,£) = % for any

ug € L>®(£2), up > a, for some a > 0.
Proof. Existence of entropy solutions.

Let us point out that both sets of assumptions can be considered within
the same proof. In case that assumptions (H) hold, we are considering ug €
L*°(£2), hence the vector fields of type a(u, Vu) are bounded, and this bound
is also true when considering that (27) holds for any (z,&) € IR x IRY.

Given ug € LY(92), let u(t) = T(t)uo, being (T(t));>0 the semigroup
in L'(§2) generated by the m-accretive operator B. Then, according to the
general theory of nonlinear semigroups ([13]), we have that u(t) is a mild-
solution of the abstract Cauchy problem

o' (t) + Bu(t) 30, u(0) = up. (47)

Observe that, by Theorem 2, in any of the considered cases we have

t —n
T(t)uo = nh—>Holo (I + nBo) UQ.
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Let us prove that u is an entropy solution of (1) in Q7. We divide the
proof in several steps.

Step 1. Let T'> 0, K > 1, At:%,tn:nAt,n:O,...,Kfl. We define

inductively u"*!, n =0, ..., K, to be the unique entropy solution of
n+l _ ,n
% —div a(u""'l, Du"'H) =0 in 02
48
8un+1 ( )
3 =0 on 012,
Ui

where u® = ug € L'(£2). Recall that |[u™||; < |Jupl|/1 for all n. We define

K—-1
'LLK(t) = UOX[tmtl](t) + Z unX(tn,th](t)'
n=1

We know that € (t) converges uniformly to u € C([0, T], L*(£2)) and ||u(t)||; <
l[uoll1-

If we define
K-1 n+1 n
U —u
£K (t) = Z At X(tn’thrl] (t)
n=0
and

since u™*! is the entropy solution of (48), we have
8 (t) = div(z®(t)) in D'(0) (49)
h(u (t + At), DT, ,(u (t + At)) < (25 (t), DT, yu (t + At))  (50)
[z (t),v] =0 HN! —ae. on 912 (51)

Since ||z5 (t)||oo < M for all K € IN and a.e. t € [0, T], we may assume
that
K 0 N *
z* —z e L®(Qr,R") weakly™. (52)

Step 2. Given w € BV (£2)2, from (49) and (51), it follows that

/Q K (tw da

IEX W) lpvi; <M ¥ KeN and te0,T).

_ ‘_/Q(ZK(t),Dw)‘ < Mlwl|pyv(a),-

Thus,
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Consequently, {¢X} is a bounded sequence in L>(0,7; BV (£2)5). Now,
since the space L™ (0,T; BV (£2)5) is a vector subspace of the dual space
(L*(0,T; BV(Q)Q))*, we can find a subnet £ of ¢ such that

¥ — €€ (L0, T; BV(2)2))"  weakly*. (53)

Given € D(Qr), since n € L1 (0,T; BV (£2)2), we have

(6.1 = i) = tim [ (€"(0)n(0) a

= hm/ / EX¥()n(t) dadt = hm/ / div(z ) dzdt

=— hm/ / ) dxdt = / z - Vn dedt = (div,(z),n).
Qr

Hence,
¢ =div,(z) in D'(Qr). (54)

On the other hand, if we take n(t,z) = ¢(t)¢(z) with ¢ € D(]0,T[) and
1 € D(12), the same calculation as above shows that

£(t) = divy(2(t))  in D/(2) ae tel0,T). (55)

Consequently, (z(t),&(t)) € Z(§2) for almost all ¢ € [0, T, therefore we can
consider [z(t), v] defined.

Let us see now that £ is the time derivative of u in the sense of the
4. Let ¥ € L'Y(0,T, BV (£2)) be the weak derivative of the function © €
t

LL(0, T, BV(2))NL>(Qr),ie., ¥(t) = / O(s)ds, the integral being taken
0
as a Pettis integral, ¥ has compact support in time. We have

T K-1 p4q n
u —Uu
— X £ (t) dz dt
I > el (¥
/ / t—i—At )—u (t)y_j(t)dxdt
tn+1 tn+1
=5 Z/ / — At) dmds—— Z/ / t) dedt
t tn tn
tr+1
- A
At/ / (s t) dxds
n+1
/ / U (t—At)—w da;dt—— / / u ()W (t) dedt
2 (9
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/;K/ t_AAti ) 4y thlt/tlu(’W(t)dt

Lettlng K — 00, the first term in the above series of 1nequahtles converges to
fo ), ¥(t))dt, while the last term converges to — fo [ ©(t, x)u(t, z) dudt.

We obtaln
T T
/O (€(), W(t))dt = — /0 /Q O(t, w)ult, z) duds. (56)

Step 8. The boundary condition. Let us now prove that

z(t),v] =0 HN"T —ae. ondR, ae tel0,T]. (57)

Indeed, if w € BV (£2) N L*>(£2), and v € R(§2) such that vy = wysn, we
have that

/Ot(z“(S),w>aQ ds = At<div( ) ds +/0 / - Vv dzds.

Hence

hm/ st—/ ds+/ / -V dxds
=/<( anS—// viw dHN " ds.
0 a0

On the other hand, since z%(s) € X;({2), if we apply Green’s formula we

have that
t
/<le( // - Vo dzds.
0

Consequently,

(58)

/<za<> Was ds = 0.
0

Taking limits in a, we get

/ / viw dHN"1ds = 0 (59)
a0

for all w € BV(2) N L*>®(£2) and t € [0,T]. Now, if w € L'(912), we take
wy, € BV(§2) N L*(£2) such that wypo = Ti(w), and letting k — oo, it

follows that
/ / v]w dHN"tds =0
a0

for all w € L'(0£2) and t € [0, T]. Therefore, (57) holds.

Step 4. Next, we prove that & = div(z) in (Ll(O7 T, BV(Q)Q))* in the sense
of the Definition 5. To do that, let us first observe that (z, Dw), defined by



20 F. Andreu et al.

(45), is a Radon measure in Qr for all w € L} (0, T, BV (2))NL>®(Qr). Let
b € D(Qr), then

T T
(2. Dw), ¢) = - / (), w(t)o(t)) di— / /Q o(t,2)-V(t, 2)w(t,z) duds
T T
. / () — €(0), w(t)b(e)) di — / (€ (1), w(t)o(t)) dt
0 0

—/()T/Qz(t,x) -Vo(t,x)w(t,z) dxdt

T

T
. / (E(t) — € (1), w(t)d(t)) di + / (2 (1), Dw(t)), (¢)) dt
0 0

+ /0 ' /Q 2% (t, ) Vo(t, 2)w(t, ) dedt — /0 ' /Q 2(t,x)- Vo (t, v)w(t, z) drdt

Then, taking limits in «, and using (53), we get

((z, Dw), ) =11g1/0 ((z°(1), Dw(t)), ¢(t)) dt. (60)

Therefore, under any set of assumptions of the Theorem, we have

T
(2, Dw), 6)] < M[lloe / Duw(t)] dt.

Hence, (z, Dw) is a Radon measure in Q7. Moreover, from (60), applying
Green’s formula we obtain that

/T(Z,Dw) = liorén /OT(za(t),Dw(t)) dt

= —hm/ / div(za(t ) dzdt = /0T<§(t),w(t)> dt,

that is,
T
| @pwy+ [ €. i=o. (61)
T 0

Step 5. Let p = T, be any cut-off function, let j be the primitive of p. Let
0 < ¢ e D((0,T) x ). Multiplying (48) by p(u™*1)¢(t,z), t € (tn,tns1]
integrating in (t,,tp41] X 2 and adding from n = 0 to n = K — 1, we have

Z/t"“/Q — ¢dxdt+/ /Q WK (t+ At))g) dt

(62)

0.
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Since ¢ has compact support in time in (0,7), for K large enough we have

/"“/ — g dadt < Z/n“/ —)qﬁdﬂvdt
/tml/ u (t + At) b dedi — / / #dmdt.

Hence, from (62) it follows that

WKt 2=t =4Y
/ / + At)) dt</ / A(E_At)

(63)
Let U be an ultrafilter in IV containing the Fréchet filter. We recall that
if {a,}n is a bounded sequence in IR, then {a,}, is convergent along the
ultrafilter & and limy, defines a bounded linear operator on £*°(IN) ([34],
Chapter IV). Moreover, since U contains the Fréchet filter any convergent
sequence {ay}, also converges along U and limy a, = lim,_, a,. Using
(63), and taking limits in (62) along the ultrafilter I, we obtain

hm / / uf (t + At))¢) dt < / / t) dzdt, (64)

which in turn gives

hm/ /¢ uF (t+ At)) dt
< /OT /Q () (t) dadt — / / Vop(u(t)) dudt.

Next, let us prove that p(u(-)) € LloC »(0, T, BV (£2)). Given € > 0, if we
take in (63) 0<¢eD((0,T)) such that ¢(t) =1 for t € (¢,T — ¢€), we get

/Ti/ W (4 ALY dt
S/OT/Qj(uK(t))dedtSMe.

This implies that

(65)

{(z" (t), Dp(u® (t + At))} is a bounded sequence in L}, .((0,T), My(£2)),

where M, (§2) denotes the space of bounded Radon measures in 2. Thus,
there is p, € My(Qr) such that

lm/i/ WK (E+ AD)) = (17,9,
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On the other hand, having in mind (29) and (50), we obtain that

/T / \D(p(u (£ + At))| dt < .. (66)

Moreover, by Lemma 5 of [3], the map ¢ — [|p(u” (t))|| sy () is measurable,
then by the Fatou’s Lemma and (66), it follows that

T—e
/ hmlnf/ |D(p(u® (t + At) )|dt<hm1nf/ / |D(p (t+At))|dt§M6.

K—oo
(67)
Now, since the total variation is lower semi-continuous in L'(f2), we have

[ 1Dptu(e)] < tmint [ 1Dpa (),

thus we deduce that p(u(t)) € BV (£2) for almost all ¢t € (0,7) and conse-
quently u(t) € TBV(2). Then, by (67), applying again Lemma 5 of [3], we
obtain that

P(ul) € Lige (0, T, BV (£2)). (68)

Step 6. Identification of the vector field. Let us now prove that

z(t) = a(u(t), Vu(t)) a.e. t€(0,T). (69)
Let 0< ¢ € CL(0,T)x 2)and g€ C([0,T]x 2), and C? with respect to
x. Let =Ty, a < b (in case that v € L*°(§2) we could dismiss the use of

the cut-off functions T p). For simplicity, we write 7"(r) to mean x4 (7).
As in the proof of Theorem 2 (see [5]), let

Ja; (@, 7) 1= /Orai(s,Vg(x))ds, and J@al (x,r) = / 830] (s,Vg(z))ds

1,7 € {1,..., N}. For simplicity, let us write

Dy Ja(z, T(u® (t + At))) :=
Norog (70)
Z [Jai (z, T(uS (t + At))) — Joa, (x, T(u (t + At)))} .

i1 81’1 dz;

Let us make some remarks concerning the measure Dy J, (x, T'(u (t+ At))),
which using Volpert’s averaged superposition

a(T(u™ (t + At)), Vg())

1
= /0 a(r(T(u(t+ AT + (1 — 1) (T (t + At))) ", Vg(x)) dr
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and chain’s rule for BV functions ([1], Theorem 3.96) as we did in the proof
of Theorem 2 (see [5]), can be written as

D2Ja(x7 T(UK(t + At)))

= a(uf (t+At), Vg)- VT (uf (t+At))+a(T (u® (t+At)), Vg(z))- DT (u (t+ At)).

In particular, we observe that the absolutely continuous part of
DyJa(z, T(u™ (t + At)))

is
a(u(t + At),Vg) - VT (u (t + At)).
We note that using (50) and (26) we have

//¢> K(t+ At)) — g)) dt

—/OT/QQS[DgJa(J;,T(uK(t—f—At)))—a(uK(t+At),Vg)-Vg] dt
/ /qs K(t+ At), DT (u" (t + At))) — 2" (t) - Vg] dt
+ /O ' /Q ga(uX (t1+At), Vg)-(Vg—VT (" (1+At))) dadi— /O ’ /Q (DT, T(u (t4-At))))* dt
/ Qqs Bt 4+ At), Vu (t + A)) (VT (u (t + At)) — Vg) dx dt
/OT/Qgﬁa(uK(HAt),vg).(VT(uK(t+At))Vg) dxdt
/ /qs K(t+ At), DT (u" (t + At)))* — (DaJa(z, T(u" (t + At))))*] dt

/ / S(a(uk (t4-At), VuK (1+-At)) —a(uX (HHAL), Vg))-Vg (1=T" (u (t+At)))

/ /qs K(t+ At), DT (u (t + At)))* — (DaJa(z, T(u" (t + At))))*] dt.
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On the other hand, by (Hs), (Hs

functions,

(DQJa('ra T(uK

=a(T(u®

1
_ /O a(r (T (™ (A1) +(1—7) (T (t+-At))~, V() -
< /1 B0 <T(T(UK(t F A+ (1 — )T (E+ AD))-,
0

_ /O o (T (A +(1—7) (T (W (A1) ") dr 1 <

(t+ A1))))°

(t+ At)), Vg(x)) -
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) and using the chain rule for BV-

— a(T(uX (t + At)), Vg(z)) - D’ T(u¥ (t + At))

DST(uX (t+ Ab)) . &
DT R+ A P T (E+AD)]
DT (uf(t + At)) .
| DT (uf (t + At))|dT | DT (u® (t+At))|
DT (u® (t + At)) .
| DT (u (t + At))|> dr |DT (u" (t+At))|

DST (u®
| DT (u

(t+ At))
(t + At))]

) | DT (u® (t+At))|

(t+ At))

o DT(u*
=¥ (|DT(uK

= h(T(u®

Consequently,

{ Lot

Moreover, we have

f fyoe
< [ e

t—l—At

t—l—At

t+At

(t+ At)), DT (u

A ) 1D g e+ a0

(t+ At))* = h(u® (t + At), DT (u® (t + At)))*.

DT (u® (t + At)))* — (DaJa(z, T(u (t + At))))*] dt > 0.

uf (t+AL))—a(u (t+At), Vg))-Vg (1-T' (u (t+At)))

u (t+At))—a(uf (t+At), Vg))-Vg (1-T" (u™ (t+A)) T (u(t))

T
wamwA A¢u—rwm»
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Therefore, we obtain that

/ / Kt 4+ A)) — g)) dt

7/ / ¢ [Dada(z, T(u™(t + At))) — a(u” (t + At),Vg) - Vg| dt

/ / dla(u(t + At), Vu (t + At)) — a(uf(t + At),Vg)) - Vg (1 — T'(u®

M| Vgl / /Q 6(1—T'(u(t)) > 0
(71)

Our purpose is to take limits as K — oo in the above inequality. We
assume that ¢(t, z) = n(t)p(x), where n € D(0,T), p € D(£2), 7 >0, p > 0.
Let j denote the primitive of T'. First, integrating by parts in the first term,
for At small enough we have

(t+ At)))

' (u(t))

/ / ¢(z K(t+At)) / / K (t+At)—9)z" (t)- V. b(t) dodt

/ / (1) K (t+At))—g)div(z" (t)) dzdt = / / K (t4At))

//¢ Kt 1 At)) — )€ (¢) dadt.
Now,

/ S() (T (WX (¢ + At)) — g)eX (¢) dwdt
(9]

/ /qb (t+ At)) (HAt dt—/ /¢ )geX
//¢ t—l—At dt—/ /425 ng
[ LA on [ oo
Hence,

/T/Q¢(ZK(t),D K (t+At)) / Q““_At A= A0 =00 (% (1)) ar
//¢> (t)g€"™(t) dt—// K(t 4+ Ab)) — )25 (t) - Voo(t) dzdt.

2 (t)-

V. o(t) dzdt
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Then, from (71) it follows that

T e [ s

/ / Kt + At)) — 9)z"(t) - Vo o(t) dedt
+/ / ¢ [~ DoJa(z, T(u® (t + At))) + a(u (t + At),Vg) - Vg] dt

/ / dla(u (t + At), VuX (t + At)) — a(u (t + At), Vg)) - Vg (1 — T' (uX (¢ + At)))T" (u(t))

+M[|Vg]loo / /Q 6(1—T'(u(t))) > 0.
(72)

Letting K — oo in (72), observing that the integral involving the term (1 —

T’ (uf (t+At)))T (u(t)) goes to zero, and having in mind that DgJa(z, T (u® (t+
At))) — DaJa(z, T'(u(t + At))) weakly as measures as in the proof of 2 (see
[5]), we obtain

//¢ dt+/ t)g:£(1) dt// #)-Voo(t) dudt

4 / /Q & [ DaJa(z, T(u(t))) + a(u(t), Vg) - V] dt

T
+M||Vg]loe / /Q 6 (1—T'(u(t))) > 0

Now, using (61), we get

/T/ @' (1)7( dt—/ /¢ ) - Vg dzdt
/ / o(t) dadt
(73)

+ / /Q 6 [~ DaJa(r, T(u(t))) + a(u(t), Vg) - Vg dt

+ M| Vgl / /Q 6(1—T'(u(t)) >0

For any 7 > 0, we define the function 7", as the Dunford integral (see

[27])

0= 2 [ aeTs) ds € BY(2)"

T
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that is,

o (@.w) = = [ ()T (u(e).w) ds

T

for any w € BV (§2)*. Then 0" € C([ T); BV (£2)). Moreover, 0" (t) €
L?(02), and, thus, n7(t) € BV (£2)2. In [3] we prove that n” admits a weak
derivative in L (0,7, BV (£2)) N L°°( 7).

On the other hand,

/ /¢ dt—lli%/ / =7 =0 ;) p() dadt
:lli%/ /Qj(u(tJrTz)Tj(u(f))n(t)p(z) —

Now, by (56) we have

// ut+ 1) =3O )y o) dedt < // ult+7) = vl oo (2) dadt
/ / t*T)”(t::) ) dwdt = A / £) dadt

=—/ €Oy (O dt = — tim [ (€5 (0), 7 (0) dt

0 K=o Jo

K—oo T

- i [ L e [ e sa

= [0 [ raene - Vapdeasa

w2 ) [ oo, asar
[ L[ e / T(u()a(t) - Vpda ds di

+ lim / /t T / VT (u(s)) + DT (u(s))] da ds dt

K—oo
< / ! / Tn(S) / T(u(s))2(t) - Vopda ds dt

e[ 3o [ mereraeasasae [ 2 [ oo [ oo dsar

~ " lm OT <div (K (1)), pt /t iTn(s)T(u(s))ds> dt



28 F. Andreu et al.

Then, from (74) it follows that

T
/ v dt</0 n(t)/QT(u(t))Z(t)-prdxdt

—I—/O n(t)/g z(t) - VT (u (t))dwdt—i—/o n(t)/QpM|DST(u(t))|dt.

Hence, taking into account (73), we obtain

0< /0 n(®) /Q T(u()2(t) - Vop da dt + / n(®) /Q p2(t) - VT(u(t)) dz dt

+/0T77()/pM|DT )| dt— / /¢> t)-Vg dadt— / / t) dudt

4 / /Q & [ DaJa(w, T(u(t))) + a(u(t), Vg) - V] dt

T T
+ M| Vgl / /Q¢><1—T’<u<t>>>= / n(t) /Q pa(t) - VT(u(t)) dz dt

T T
+ [t [ oo Tl = [ne) [ p@att) - vodod

4 / n(t) /Q pla) [~a(u, V) - (VT(u(t)) — Vg)] dudt— / n(t) /Q p(DaJa(, T(u(t))))* di

T
+M||Vg]oe / /Qszﬁ(l—T’(U(t)))

T
:/ Tl(t)/ p(x)(2(t) —a(u(t), Vg)) - (VT (u(t)) — Vg) drdt
0 2

4 / n(t) /Q p(M|D*T(u(t))| — (DaJa(e, T(u(t))))") dt

T
+M||Vg]oe / /Q 6 (1— T/ (u(t)))

for all ¢(t,x) = n(t)p(z), n € D(,T), p € D(12), n,p > 0. Thus, the
measure

([z(2) —a(u(t), Vg)] - V(T (u(t)) — g) + M|DT (u(t))| — (D2 Ja(z, T(u(t))))”)
+M|[Vgllso (1 = T"(u(t))) > 0.
Then its absolutely continuous part
[2(t) — a(u(t), Vg)] - V(u(t) — g) + M[[Vgllos (1 = T"(u(t))) > 0.
In particular, for = € [a < u(t) < b] we have

[2(t) — a(u(t), V)] - V(u(t) —g) >0 ae..
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Since this holds for any values of a, b with a < b, we have that the inequality
holds a.e. in £2. Since we may take a countable set dense in C*([0, T] x £2), we
have that the above inequality holds for all (¢,z) € S where S C (0,T) x {2
is such that £N((0,7) x 2\ S) = 0, and all ¢ € C*([0,7] x ). Now,
fixed (t,z) € S, and given y € RN, there is g € C*([0,7] x §2) such that
Vy(t,z) =y. Then

(z(t,z) —a(u(t),y)) - (Vu(t,z) —y) >0 Vye RN and V(t,z) € S.

and, by an application of the Minty-Browder’s method in IRY, it follows
that

z(t,z) = a(u(t, z), Vu(t, x)) ae. (t,z)€ Qr,
and (69) follows.

Step 7. u(t) satisfies the entropy inequalities.

Lemma 1. As above, let p =Ty, a < b. We have

z- Vp(u) + f(p(u), Dp(u))® < pp.

In other words,

tp > h(u, Dp(u)).
Proof. By (50) we have
B(t) - Dop(u” (t + A1) > f(u™ (t + At), Dp(u™ (t + At)))*

for all t € (0,7T). Let 0 < ¢ € Co(Qr). Taking the above inequality into
account and the convexity of f, we compute

// ¢d$dt<// uS (t + At)) ¢ dadt

/ Fp(uE (t+A)), Vp(u(t))) 6 dadt— / Fp(uE (t4+A1)), Vp(uK (t4+-At))) 6 dadt
2 2
T
< / (25 (1), Dp(uX (t+At)) di— / 6 (uE (14 AL), Dp(u (14-A1)))* dt
(9] 0
/ Fp(uE (t+-A)), Vp(u(t))) b dadt— / FuE (t4+A8)), Vp(uK (t4+-At))) 6 dadt
2 2
/ (25 (), Dp(u (t+At)) di+ / FpuS (t+A8)), Vp(u(t))) ¢ dadt
(9]

02

T
- / [ 01w ¢+ Ar). Dp(u 1+ Ar)) ar.

Letting K — oo and using that

T T
| [ st Dtue) de < timint [ [ ortou (e+20), o -+ An) de
0 9] 0 (0]
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/ /Q (t)) ¢ dadt

T T
< (. &)+ / Fp(ult)), Vp(u(t))) dedt— / o/ (p(u(t)), Dp(u(t))) dt
0 (93 0 0

(tips / | sttt Do(u)* ar

and the proof of the lemma is complete. O

we obtain

From the above lemma, using (65) we obtain that the mild-solution «
satisfies the entropy inequalities

/oT /g ¢h(u, Dp(u)) dt <
/oT /Qj(“(t) t) dadt — / / -

for any cut-off function p and any ¢ a smooth function of compact support
in time, in particular of the form ¢(t,z) = ¢1(t)p(x), ¢1 € D((0,T)), p €
C1(02). Now, given [ E B and k > 0, if we take in (75) p(r) := Ty(r — 1) =

(75)

Ty g4k (r )—l and j(r fl s) ds, we obtain that
/ /jk —lntdxdﬂ—/ / £), DTi(u(t) — 1)) dt
+ [ att). wu) - wn) i) - et <o

and this concludes the proof of existence of solutions of (1).

Uniqueness of entropy solutions.

Let u be an entropy solution of (1) corresponding to the initial condi-
tions ug € L1(£2), and let W be the semigroup solution of (1) corresponding
to the initial condition wy € L>°({2). Notice that, by the existence proof, @ is
also an entropy solution of (1). Then, there exist &, & € (Ll((), T, BV(Q)Q)*
such that if z(t) = a(u(t), Vu(t)) and z(t) := a(u(t), Vu(t)), we have
(z(t),£(¢)), (Z(t),£(t)) € Z(£2) for almost all ¢ € [0, T] and

[z(t),v] = [Z(t),v] =0 a.e.in t€[0,T], (76)
£,€ are the time derivatives of u, @ in (Ll(O,T,BV(Q)g))*,resp.7 (77)

¢ =divz(t) and € = divZ(t) in the sense of 5, (78)
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and, if [,y € IR, then

_ /OT /Q joult) — ) + /0 ' /Q n(t)h(u(t), DT, (u(t) — 1))

+/O /Qz(t)-Vn(t) Te(u(t) —1;) <0,
d

arn

_ /OT /g Ge(@(t) — lo)n: + /0 r /(277(t)h(ﬂ(t),DTe(U(t))—l2)

T
+/O /Qz(t)~vn(t) T.(a(t) — 1) < 0,

31

(79)

(80)

for all n € C*°(Qr), with 7 > 0, n(t,z) = ¢(t)p(z), being ¢ € D(]0,T]),

pe (), and j(r) = /0 T,(s) ds.

We choose two different pairs of variables (¢,z), (s,y) and consider u,
z as functions in (¢,z), @, Z in (s,y). Let 0 < ¢ € D(]0,T), pn a classical
sequence of mollifiers in RN and p,, a sequence of mollifiers in IR. Define

alt, 2,5,9) = pu( — )ult - sm(tgs).

For (s,y) fixed, if we take in (79) Iy = u(s,y) we get

T
[ ) s,
0 0
+A /anh(u(t,a:LDmTe(u(t,x) _E(S,y))) dt

T
—|—/O /Q z(t,x) - Von, Te(u(t,z) —u(s,y)) dxdt < 0.

Similarly, for (¢,x) fixed, if we take in (80) Iy = u(t, z) we get

- / / Je(@(s,y) — ult, 2))(m)s dyds
0 N
T
4 / /Q nnh(T(s,y), DyTe(u(s, y) — u(t,z))) ds

T
+ / /Q 2(s,y) - Vit To(a(s, ) — u(t, z)) dyds < 0.
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Now, since Te(—r) = —T(r), je(—r) = je(r) and h(z, &) = h(z, —£), we can
rewrite the last inequality as

T
_/ / Je(ult, ) —u(s,y))(mm)s dyds
0 [0}
T
+/0 /()nnh(ﬂ(s,y),DyTe(u(t,:r)fﬂ(s,y)))ds (83)

—/ / Z(s,y) - Vynn Te(u(t, z) — (s, y)) dyds < 0.
0o Jo

Integrating (81) in (s,y), (83) in (¢,z), adding the two inequalities and
taking into account that Vg n, + Vyn, = 0, we have

- / Ge(ult, ) — w(s,9)) (e + (1))
QrxQr

+ / nmh(u(t, ), DT (u(t, ) — (s, 1))
QrXQr

+ / nah(@(s,y), DyTo(u(t, ) — (s, 1)) (84)
QrXxQr

+ /QT < Or Z(Sa y) : Vﬂ?nTe(U(tv l‘) - ﬂ(& y))

- / a(t,7) - Vynn T (ult, ) — (s, ) < 0.
QT XQr

Now, by Green’s formula and the identities z(t,z) = a(u(t,z), Vu(t, z)),
z(s,y) = a(u(s,y), Vu(s,y)), we have

J, = / 2(5,9)-Vann T (u(t, 2)—u(s, y))+/ mmh(u(t, z), Dy Te(u(t, ) —u(s,y)))
QrXQr Q

TXQT

—/ z(t, 2)-Vynn Te(u(tyﬂ?)—ﬂ(&y))Jr/ mh((s,y), DyTe(u(t, x)—u(s, y)))
QrXQr QrXQr

—— [ (e, DT ult ) ~ s, ))
QT XQr
+/ nnh(u(t,:c),DmTE(u(t,x)fﬂ(s,y)))+/ nn(z(tvx)vDyTE(u(tvx)fﬁ(say)))
QT *XQT QT xQr

4 / nnh(u(s,y), DyTe(u(t, ) — (s, y)))
QT XQr

= / M (Te)' (ult, 2) (s, y))[2(t, 2) —2(s,y)] - (Voult, ) — Vy (s, y))
QT XQr
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—/ MnZ(s,y)-DiTe(u(t, z)—u(s, Z/))+/ Mmh(u(t, ), Dy Te(ult, ©)—u(s, y)))®
QT XQT QT xXQr

+/ nnz(t,x)-DZTe(u(um)—ﬂ(&y))—i—/ nnh(ﬂ(sﬂy)7DyTe(u(t7x>_a(S7y)))s
QrXQr Q

TXQr
=Jy+J2+ T

Let us analyze the term

B [ sy DTt e)-als.)t [ (o), DT () -a(s, )"
QrXQr QrXQr
Let us define uc(t, x, s,v) := T_ciq(s,y),e+u(s,y) (u(t, 2)). Observe that, since

w € L>®(Qr), we have that u(t,-, s,y) € BV ({2). Since
Te (u(ta .Z’) - H(57 y)) = T—E-i-ﬂ(s,y)x-l-ﬂ(s,y) (’U;(t, :Zj)) - ﬂ(sv y))7

we have

Di(Te(u(t,x) —u(s,y)) = Diuc(t, z,s,y)

For simplicity, we shall not always write all arguments of these functions.
On the other hand, by (Hs) and (Hg), we have

= s = P57 o a8 s
Z(Say) : Dxue(tvxasvy) = (Z(Say) : Dxue(t7x757y)) |D;cue(t7x757y)‘

< p(a(s,)v° (Druclt.a,,9) ) [Diuclt,,5,).

Hence,

—
Bz [ mpals, ) (Diuthn ) IDsu(t. )
QrXQr

+/ Mnh(u(t, z), Dyuc(t, x, s,y)))°

QT XQT

— [ttt )0 (DEuews, ) 1Dt 5,0)
QT XQTr

I
[ matats, )0 (Do) IDsult . 5,0)
QrXxQr

(ue)™ (2) _ N )
o ' [ / Rio=e S ED ( /Mm o(r) dT> 0 (Dfuctor,s.0)) D;uea,x,s,y)ﬂ

| ([ metats. e (Do) Ipiuctea. 5.0

_ 721 2,2
=J7 +J5
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where J2'! denotes the first and second terms of the above expression, and
J2? the third and fourth terms. Let us write S = T |g||—c, || - Now, since
 is Lipschitz continuous, we have

I
|J,,2L’1| S / ﬁn|90(u(ta$))—<ﬂ(ﬂ(8,y))WO (Diue(tast,y)) |D;u€(t,$,8,y)|
QTXQT
<R, / Ju(t, z) — (s, )| | DSue(t, 2)|
QrxQr

—r [ ut,2) ~ (s, )] [ DES ult,2))|
7 (et (s ) <ult,e)<e+T(s,9)}

<_ EJETL | S(U(i,:[))|
[ x
T {7e+u(s,y)<u(t,a§)<e+u(s,y)}

T e+u(s,y)
(R, /Q ) ( /0 ( [ o, PRS0 0) 2 /\})d>\> dt) dyds,

(for some constant R,, > 0) which yields
1
—J* > 0(e) Vne N, (85)
€

where o(e€) is an expression that tends to 0 as e — 0F.

On the other hand, working in a similar way as before,
%Jfﬂ > o(e) Vne . (86)
Then, by (85) and (86), we get
%JZ >o(e) VnelN. (87)
In a similar way, we obtain
%JS >o(e) VneN, (88)
where

T = / Mnz(t, )-DyTe(u(t, z)—u(s, y))+/ mh(U(s,y), DyTe(ut, z)=u(s, y)))".
QrxQr Q

TXQT

Now let us compute J}. By (31) it follows that

T 12/ 1 (Te)' (ult, 2)—u(s,y))[2(t, 2)—2(s,y)] (VoS (ult, ©)) = Vyu(s, y))
QrXxQr

> —C/ 1 (Te)' (ult, 2)—=u(s,y))ult, 2)=u(s, y)| | VoS (ult, ) = Vyu(s, y)||
QT *xQr
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> —C€/Q o mn(Te) (u(t, ©) = (s, y)) [ VaS(u(t, z)) — Vyu(s,y)|.
TXET

Since V;S(u), V,u are both integrable, we have that
1
—Jl>o(e) VnelN. (89)
€

From (87), (88) and (89), it follows that
1
—Jp >o0(e) VneN,
€

which yields, taking into account (84),

! / Je(ult,2) —1(5, 1)) (9)e + (1)) +0(€) 0. (90)
QrxQr

€
Letting € — 0T in (90), it yields
/ fu(t, =) — (5, 9)] (a)e + (1)) > 0. (91)
QrxQr

Then, since

(e + (10)e = e = ialt = 96 (5.

passing to the limit in (91) as n — +00, we obtain
/ lult, ) — Tt )| @' (£) dadt > 0.

T

Since this is true for all 0 < ¢ € D(]0,T[), we have
d _

4 | i) ~ate.a)l <o

Hence
/ lu(t, z) —u(t,z)| dx < / luo(x) — o ()| dx for all ¢t > 0.
2 7

In particular, let wy,(t) := T'(t)ug, where up,, € L*(£2) and ug, — ug
in L1(£2). By the above estimate, we have

/ lu(t, z) — un(t)| de < / lug — wo | dx for all ¢>0.
9] i[9}

Consequently, letting n — oo, we obtain that u(t) = T(t)ug. We have
proved that entropy solutions coincide with semigroup solutions. Estimate
(46) follows. O
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Remark 5. When applying Kruzhkov’s method, if instead of multiplying by
T.(u(t,z) — u(s,y)) we multiply by T.(u(t,z) — u(s,y))™, we obtain the
estimate

/ (u(t,x) —u(t,z))" dx < / (ug(z) —To(x)) " dw, Vt>0. (92)
Ie; o)

Remark 6. Note that the proof of 3 shows that under assumptions (H) we
have uniqueness of entropy solutions of (1). Moreover, given ug € L'(2),
if there exists an entropy solution u(¢) of (1) such that w(0) = wg, then
u(t) = T(t)up for all t > 0. Now, we only know that u(¢) is an entropy
solution (in which case u(t) = T'(t)up) if we assume that the bound (27)
holds for any (z,€) € IR x RN, or ug € L>(£2). It is an open problem if
u(t) = T(t)uo is an entropy solution for all ug € L*(£2) under assumptions

Remark 7. The following question was raised by one of the referees: can we
adapt the uniqueness proof in [25] (for (2)) to the case of several space vari-
ables? Indeed, it is difficult to give a complete answer, but we can comment
on the main difficulties raised by this extension.

1) The uniqueness proof in [25] is based on the fact that solutions u are BV
n (¢, z). This implies that the set of jump points of u is countably rectifiable
and the proof exploits (as we also do) the structure of BV functions. We
know that there exist solutions of (1) such that Ty (u(t)) € BV (£2) for
almost any ¢t € (0,7) and any &k > 0. If u € L*((0,T) x §2), then we
know that u(t) € BV (£2) for almost any ¢ € (0,7). But we do not know
if uy is a Radon measure, i.e., we do not know if v € BV ((0,T) x £2) (or
Ti(u) € BV((0,T) x £2) for any k > 0). This seems plausible (and it is
further supported by the results in [7,8]) but we do not have a proof of it.

2) Even in the case a(z, &) = p(2)¥(€), z € R, £ € RY, we do not know if
¥(Vu) is continuous. This result was needed to prove a Rankine-Hugoniot
formula on the discontinuities of the solution u (Lemma 3.2 in [25]). The con-
tinuity of ¢(Vu) was used to compute averages of products like p(u)y(Vu).
The only thing we know is that diva(u(t), Vu(t)) € BV (£2)*. Even if we
know that diva(u(t), Vu(t)), or equivalently u,, is a Radon measure (which
in view of the examples in [7,8] seems plausible), or even a function in
L'(£2), we would need to make possible the computations in [25], Lemma
3.2. The computations involved would require to prove some normal trace
theorems for vector fields whose divergence is a Radon measure (even in
the simpler case where the divergence is in L' the trace theorems should be
proved).

3) The uniqueness proof in [25] is based on a suitable choice of test functions
constructed by regularizing the sign of the difference of two solutions. The
entropy conditions are imposed in Oleinik’s form. The extension of Oleinik’s
entropy conditions to the case of scalar conservation laws in several space
variables was done by Volpert [36] who proved uniqueness of such entropy so-
lutions in case that they are in BV with respect to space and time variables.
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In the formulation of Kruzhkov [31] those entropy conditions are written as
a family of integral inequalities which coincide with Volpert’s conditions in
case that our solutions are in BV with respect to (¢, z), but extend them

since they are valid for functions which are only in Lzloc in (¢, z). In this gen-

eral context, Kruzhkov’s formulation of entropy conditions [31] seems more
adapted and permits to prove uniqueness by means of the doubling variables
technique introduced in [31]. This approach has been pursued for degener-
ate parabolic and elliptic equations in [20,21,11], to quote some works. The
extension to the case of equations of type (6) where a(z,&) = V¢ f(z, ),
f(z,-) being a convex function of & with linear growth as [|£|| — oo has
been considered in [2,3] (see also [6]) where solutions are considered in a
sense analogous to 6 and uniqueness is proved using the doubling variables
technique. In general, in this case, as in the present paper, we do not know
if the solution w is BV in (¢, ). Thus, the remaining question is if we can
prove in some cases that solutions of (1) are BV in (¢, x) and the uniqueness
proof given by P. Dal Passo in [25] can be extended to this case. This is an
interesting question and deserves further exploration.
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